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Abstract

Much of human knowledge is organized into sophisticatetesys that are often
called intuitive theories. We propose that intuitive thesrare mentally repre-
sented in a logical language, and that the subjective codtplef a theory is
determined by the length of its representation in this laiggu This complexity
measure helps to explain how theories are learned fromaoe#tdata, and how
they support inductive inferences about unobserved ogisti We describe two
experiments that test our approach, and show that it prevadeetter account of
human learning and reasoning than an approach developeddmyn@n [1].

What is a theory, and what makes one theory better than arfofheestions like these are of obvious
interest to philosophers of science but are also discusggudyrhologists, who have argued that
everyday knowledge is organized into rich and complex systthat are similar in many respects
to scienti c theories. Even young children, for instanceyé systematic beliefs about domains
including folk physics, folk biology, and folk psychologg][ Intuitive theories like these play many

of the same roles as scienti ¢ theories: in particular, batids of theories are used to explain and
encode observations of the world, and to predict future asiens.

This paper explores the nature, use and acquisition of sittygories. Consider, for instance, an
anthropologist who has just begun to study the social straaif a remote tribe, and observes that
certain words are used to indicate relationships betwdeotsd pairs of individuals. Suppose that
termT1( ; ) can be glossed ascestor ( ; ), and thafT2( ; ) can be glossed dgend (; ). The
anthropologist might discover that the rst term is traivét and that the second term is symmetric
with a few exceptions. Suppose that tefg{ ; ) can be glossed aefers _to ( ; ), and that the tribe
divides into two castes such that members of the second defgeto members of the rst caste. In
this case the anthropologist might discover two latent epte¢aste _1( ) andcaste _2( )) along
with the relationship between these concepts.

As these examples suggest, a theory can be de ned as a sybtamscand concepts that specify
the relationships between the elements in some domain [@wMWconsider how these theories are
learned, how they are used to encode relational data, andheywsupport predictions about unob-
served relations. Our approach to all three problems reliethe notion of subjective complexity.
We propose that theory learners prefer simple theoriesptaple remember relational data in terms
of the simplest underlying theory, and that people extendrtgly observed data set according to
the simplest theory that is consistent with their obseovei There is no guarantee that a single
measure of subjective complexity can do all of the work thatrequire [3]. This paper, however,
explores the strong hypothesis that a single measure itlesu

Our formal treatment of subjective complexity begins with juestion of how theories are mentally
represented. We suggest that theories are representechélsgical language, and propose a spe-
ci ¢ rst-order language that serves as a hypothesis abloaittanguage of thought.” We then pursue
the idea that the subjective complexity of a theory corregigdo the length of its representation in
this language. Our approach therefore builds on the worketdrigan [4], and is related to other
psychological applications of the notion of Kolmogorov qaexity [5]. The complexity measure
we describe can be used to de ne a probability distributieer@ space of theories, and we develop
a model of theory acquisition by using this distribution las prior for a Bayesian learner. We also
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Figure 1: Six possible extensions for a binary prediddte ). In each case, the objects in the
domain are represented as digits, and a pair sudlé aglicates thaR(1; 6) is true. Below each set
of pairs, the simplest theory according to our complexityamge is shown.

show how the same Bayesian approach helps to explain howiekesupport inductive generaliza-
tion: given a set of observations, future observations (ehgther one individual defers to another)
can be predicted using the posterior distribution over gaes of theories.

We test our approach by developing two experiments whergledearn and make predictions
about binary and ternary relations. As far as we know, theaggth of Goodman [1] is the only
other measure of theory complexity that has previously lested as a psychological model [6].
We show that our experiments support our approach and ras&kerges for this alternative model.

1 Theory complexity: a representation length approach

Intuitive theories correspond to mental representatidrsome sort, and our rst task is to char-
acterize the elements used to build these representatitasexplore the idea that a theory is a
system of statements in a logical language, and six exanapéeshown in Fig. 1. The theory in
Fig. 1b is related to thelefers _to (; ) example already described. Here we are interested in a
domain including 9 elements, and a two place predi€itg) that is true of all and only the 15
pairs shownRis de ned using a unary predicallewhich is true of only three elements; 7, and

8. The theory includes a clause which states B3 Y) is true for all pairsXYsuch thatT(X) is
false andT(Y) is true. The theory in Fig. 1c is very similar, but includesaaiditional clause which
speci es thatR(1; 1) is true, and an exception which speci es tit; 6) is false. Formally, each
theory we consider is a collection of function-free de nitlauses. All variables are universally
guanti ed: for instance, the claudgX;2) RXY);RY;2) is equivalent to the logical formula
8x8y8z(Rx;z) RXy) "™ RYy;z)). For readability, the theories in Fig. 1 include parenthe-
ses and arrows, but note that these symbols are unnecessbhoaa be removed. Our proposed
language includes only predicate symbols, variable systmmnstant symbols, and a period that
indicates when one clause nishes and another begins.

Each theory in Fig. 1 speci es the extension of one or morelipeges. The extension of predicate
Pis de ned in terms of predicate* (which captures the basic rules that lead to membershi) in
and predicat® (which captures exceptions to these rules). The resultitension ofPis de ned



asP" nP , or the set difference o andP .! OnceP has been de ned, later clauses in the
theory may refer td or its negatiorP. To ensure that our semantics is well-de ned, the predgcate
in any valid theory must permit an ordering so that the deamitof any predicate does not refer to
predicates that follow it in the order. Formally, the deioit of each predicate* or P can refer
only to itself (recursive de nitions are allowed) and to gmgdicateMor MwhereM< P.

Once we have committed to a speci ¢ language, the subjectiveplexity of a theory is assumed to
correspond to the number of symbols in its representatianhfve chosen a language where there
is one symbol for each position in a theory where a predicatéable or constant appears, and one
symbol to indicate when each clause ends. Given this largyuhg subjective complexity(T) of
theoryT is equal to the sum of the number of clauses in the theory anddmber of positions in
the theory where a predicate, variable or constant appears:

c(T) = #clauses (T)+ #pred _slots (T)+ #var slots (T)+ #const slots (T): (1)

For instance, the claus®€X 2) RXY); RY; 2): contributes ten symbols towards the complexity
of a theory (three predicate symbols, six variable symlasid,one period). Other languages might
be considered: for instance, we could use a language whigh ue symbols (e.g. ve bits) to
represent each predicate, variable and constant, and ort®é{e.g. one bit) to indicate the end of
a clause. Our approach to subjective complexity depentisaily on the representation language,
but once a language has been chosen the complexity measuniqugly speci ed.

Although our approach is closely related to the notion ofrK@yjorov complexity and to Minimum
Message Length (MML) and Minimum Description Length (MDLpmoaches, we refer to it as a
Representation Length (RL) approach. A RL approach indedsommitment to a speci ¢ language
that is proposed as a psychological hypothesis, but thése approaches aspire towards results that
do not depend on the language cho$dhis sometimes suggested that the notion of Kolmogorov
complexity provides a more suitable framework for psychalal research than the RL approach,
precisely because it allows for results that do not depera gpeci ¢ description language [8]. We
subscribe to the opposite view. Mental representatiorsupnably rely on some particular language,
and identifying this language is a central challenge forchsjogical research.

The language we described should be considered as a terggidroximation of the language of
thought. Other languages can and should be explored, blamguage has several appealing prop-
erties. Feldman [4] has argued that de nite clauses arehmggically natural, and working with
these representations allows our approach to account Yeraleclassic results from the concept
learning literature. For instance, our language leadsd@thkdiction that conjunctive concepts are
easier to learn than disjunctive conceptsy8)orking with de nite clauses also ensures that each of
our theories has a unique minimal model, which means thabttension of a theory can be de ned
in a particularly simple way. Finally, human learners dealgfully with noise and exceptions, and
our language provides a simple way to handle exceptions.

Any concrete proposal about the language of thought shoaldmredictions about memory, learn-
ing and reasoning. Suppose that dateDséists the extensions of one or more predicates, and that a
theory is a “candidate theory” f@ if it correctly de nes the extensions of all predicate€dn Note

that a candidate theory may well include latent predicate®édipates that do not appearbn but

are useful for de ning the predicates that have been obdgef will assume that humans encode
D in terms of the simplest candidate theory By and that the dif culty of memorizind is deter-
mined by the subjective complexity of this theory. Our ag@to can and should be tested against
classic results from the memory literature. Unlike someeptipproaches to complexity [10], for
instance, our model predicts that a sequendeitefms is about equally easy to remember regardless
of whether the items are drawn from a set of size 2, a set oflfizer a set of size 1000 [11].

The extension oP" is the smallest set that satis es all of the clauses that d&heand the extension of
P is de ned similarly. To simplify our notation, Fig. 1 us&to refer to botrPandP* , andPto refer toP and
P . Any instance oPthat appears in a clause de niijs really an instance d® , and any instance ¢¥that
appears in a clause de nirfgis really an instance @@ .

2MDL approaches also commit to a speci ¢ language, but this languagfeis mtended to be as general
as possible. See, for instance, the discussion of universal code@nmwéld et al. [7].

3A conjunctive concepd( ) can be de ned using a single clausgX)  A(X); B(X): The shortest de nition
of a disjunctive concept requires two clausBsX)  AX): DX  B(X):



To develop a model of inductive learning and reasoning, Wwe t& Bayesian approach, and use
our complexity measure to de ne a prior distribution ovengobthesis space of theorieB(T) /

2 <T) 4 Given this prior distribution, we can use Bayesian infeeetw make predictions about
unobserved relations and to discover the théothat best accounts for the observations in data set
D [12, 13]. Suppose that we have a likelihood functi®(DjT) which speci es how the examples

in D were generated from some underlying thedry The best explanation for the daiais the
theory that maximizes the posterior distributiBTjD) / P(DjT)P(T). If we need to predict
whether ground terng is likely to be true? we can sum over the space of theories:

X X
P(gD)= P(gT)P(TD)= % P(DIT)P(T) @
T T:92T

where the nal sum is over all theori&is that make ground termtrue.

1.1 Related work

The theories we consider are closely related to logic pragraand methods for Inductive Logic
Programming (ILP) explore how these programs can be ledragdexamples [14]. ILP algorithms
are often inspired by the idea of searching for the shorestryy that accounts for the available data,
and ILP is occasionally cast as the problem of minimizingxgplieit MDL criterion [10]. Although
ILP algorithms are rarely considered as cognitive modb&sRL approach has a long psychological
history, and is proposed by Chomsky [15] and Leeuwenberpdi®ng others.

Formal measures of complexity have been developed in maladg [@7], and there is at least one
other psychological account of theory complexity. Goodrfigrdeveloped a complexity measure
that was originally a philosophical proposal about sciertkieories, but was later tested as a model
of subjective complexity [6]. A detailed description of shineasure is not possible here, but we
attempt to give a avor of the approach. Suppose thhasisis a set of predicates. The starting
point for Goodman's model is the intuition that baBi4 is at least as complex as ba82 if B1
can be used to de nB2. Goodman argues that this intuition is awed, but his modeflaunded
on a re nement of this intuition. For instance, since thedsinpredicate in Fig. 1b can be de ned
in terms of two unary predicates, Goodman's approach reguhat the complexity of the binary
predicate is no more than the sum of the complexities of tleeumary predicates.

We will use Goodman's model as a baseline for evaluating eur approach, and a comparison
between these two models should be informed by both theatetnd empirical considerations.
On the theoretical side, our approach relies on a simpleciptan for deciding which structural
properties are relevant to the measurement of complexitg: rélevant properties are those with
short logical representations. Goodman's approach imratps no such principle, and he proposes
somewhat arbitrarily that re exivity and symmetry are argdhe relevant structural properties but
that transitivity is not. A second reason for preferring owsdel is that it makes contact with a
general principle—the idea that simplicity is related toresgntation length—that has found many
applications across psychology, machine learning, andgphy.

2 Experimental results

We designed two experiments to explore settings where péeain, remember, and make inductive
inferences about relational data. Although theories ofemsist of systems of many interlocking
relations, we keep our experiments simple by asking subjiectearn and reason about a single
relation at a time. Despite this restriction, our experitaestill make contact with several issues
raised by systems of relations. As ttlefers _to( ; ) example suggests, a single relation may be
best explained as the observable tip of a system involvingraklatent predicates (e.gaste _1( )
andcaste _2()).

“To ensure that this distribution can be normalized, we assume that thereésipper bound on the number
of predicate symbols, variable symbols, and constants, and on the rigétheories we will consider. There
will therefore be a nite number of possible theories, and our prior wilBbelid probability distribution.

SA ground term is a term such &68; 9) that does not include any variables.
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Figure 2: (a) Average time in seconds to learn the six setgynlF (b) Average ratings of set com-
plexity. (c) Complexity scores according to our represeémmalength (RL) model. (d) Complexity
scores according to Goodman's model.

2.1 Experiment 1: memory and induction

In our rst experiment, we studied the subjective complgxf six binary relations that display a
range of structural properties, including re exivity, symetry, and transitivity.

Materials and Methods. 18 adults participated in this experiment. Subjects wegeired to learn
the 6 sets shown in Fig. 1, and to make inductive inferencestadmach set. Although Fig. 1 shows
pairs of digits, the experiment used letter pairs, and tkierte for each condition and the order
in which these conditions were presented were randomizembssubjects. The pairs for each
condition were initially laid out randomly on screen, andijsets could drag them around and
organize them to help them understand the structure of thé\sany stage, subjects could enter a
test phase where they were asked to list the 15 pairs belpbhgthe current set. Subjects who made
an error on the test were returned to the learning phaser @fteinutes had elapsed, subjects were
allowed to pass the test regardless of how many errors theg ma

After passing the test, subjects were asked to rate the exibpbf the set compared to other sets
with 15 pairs. Ratings were provided on a 7 point scale. Subjeere then asked to imagine that
a new letter (e.g. letted) had belonged to the current alphabet, and were given twactive tasks.
First they were asked to enter between 1 and 10 novel pairshtéy might have expected to see
(each novel pair was required to include the new letter).tltey were told about a novel pair that
belonged to the set (e.g. p&t), and were again asked to enter up to 10 additional pairghiest
might have expected to see.

Results. The average time needed to learn each set is shown in Fign@aatngs of set complexity
are shown in Fig. 2b. Itis encouraging that these measued gonverging results, but they may be
confounded since subjects rated the complexity of a set iatedy after learning it. The complex-
ities plotted in Fig. 2c are the complexities of the theogkewn in Fig. 1, which we believe to be
the simplest theories according to our complexity meastine. nal plot in Fig. 2 shows complex-
ities according to Goodman's model, which assigns eachrpiredation an integer between 0 and
4. There are several differences between these modelsisianice, Goodman's account incorrectly
predicts that the exception case is the hardest of the sixpurumodel acknowledges that a sim-
ple theory remains simple if a handful of exceptions are ddd@oodman's account also predicts
that transitivity is not an important structural regulgribut our model correctly predicts that the
transitive set is simpler than the same set with some of thre paversed (the random set).

Results for the inductive task are shown in Fig. 3. The ravwolumns show the number of subjects
who listed each novel pair. The remaining two columns shaevptobability of set membership

predicted by our model. To generate these predictions, \péeabEquation 2 and summed over
a set of theories created by systematically extending tberitss shown in Fig. 1. Each extended
theory includes up to one additional clause for each préglioahe base theory, and each additional
clause includes at most two predicate slots. For instaraeh) extended theory for the bipartite
case is created by choosing whether or not to add the clE§®¢eand adding up to one clause for
predicateR® For the rst inductive task, the likelihood ter@d(DjT) (see Equation 2) is set to 0

for all theories that are not consistent with the pairs olesgiduring training, and to a constant for
all remaining theories. For the second task we assumed itiadthat the novel pair observed is

5R9;X), R2;9),andR(X;9) RX 2) are three possible additions.
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Figure 3: Data and model predictions for the induction tasExperiment 1. Columns 1 and 3
show predictions before any pairs involving the new letter @gbserved. Columns 2 and 4 show
predictions after a single novel pair (marked with a gray) imobserved to belong to the set. The
model plots for each condition include correlations wita buman data.

sampled at random from all pairs involving the new leftekll model predictions were computed
using Mace4 [18] to generate the extension of each theorsidered.

The supporting material includes predictions for a modetllaon the Goodman complexity measure
and an exemplar model which assumes that the new letterajilii like one of the old lettesThe
exemplar model outperforms our model in the random corditemd makes accurate predictions
about three other conditions. Overall, however, our moéelgoms better than the two baselines.
Here we focus on two important predictions that are not watidied by the exemplar model. In
the symmetry condition, almost all subjects predict ffabelongs to the set after learning tt&t
belongs to the set, suggesting that they have learned araetbsile. In the transitive condition,
most subjects predict that pair through76 belong to the set after learning thét belongs to the
set. Our model accounts for this result, but the exemplaratiogs no basis for making predictions
about letter7, since this letter is now known to be unlike any of the others.

2.2 Experiment 2: learning from positive examples

During the learning phase of our rst experiment, subjeetsrhed a theory based on positive ex-
amples (the theory included all pairs they had seen) andimegaxamples (the theory ruled out all

pairs they had not seen). Often, however, humans learni¢isdosised on positive examples alone.
Suppose, for instance, that our anthropologist has spénadew hours with a new tribe. She may

have observed several pairs who are obviously friends,Hild realize that many other pairs of

friends have not yet interacted in her presence.

"For the second task,(DT) is set to O for theories that are inconsistent with the training pairs and teeorie
which do not include the observed novel pair. For all remaining thed?iédjT) is set tonl, wheren is the
total number of novel pairs that are consistent With

8Supporting material is available aivw.charleskemp.com

»



a) RXXX: b)) RXX1: ¢ RXxXY: d RXY.2: € R23X:

111 222 221 331 221 443 231 456 231 234
333444 441 551 552 663 615 344 235 236
c 7 7 7 7
©
IS
S
T 1 1 1 1 1
NN ~ o 0o~ ~ o 0o~ ~ o 0o~ ~o 0o~
~NN~N~ M NI~ Mm ~NN~N~ O M ~NIN~N~ M ~NN~N M
~NNN~NNA NN~NNMNNA ~NNNMNNA NNN~NNA ~NNNMNNA
0 0 0 0 0
—
Z-10 -10 5 0.1 -10
-20 I\Hoomr\'zo I\HOO(DI\_:LO I\mel\_o'z I\HOO(DI\_ZO N~ 00O N
~NN~N~ M NN~ M ~NN~N~ M NN~ M NN~ M
[ N Y Y ~NN~N~NNA ~NN~N~NNA ~NN~N~NNA ~NN~N~NNA

Figure 4: Data and model predictions for Experiment 2. The fdples observed for each set are
shown at the top of the gure. The rst row of plots shows awggaatings on a scale from 1 (very
unlikely to belong to the set) to 7 (very likely). Model pretibns are plotted as log probabilities.

Our framework can handle cases like these if we assume thalatiaD in Equation 2 are sampled
from the ground terms that are true according to the undeglyieory. We follow [10] and [13]
and use a distributioR (DjT) which assumes that the exampledDinare randomly sampled with
replacement from the ground terms that are true. This sagplésumption encourages our model
to identify the theory with the smallest extension that isipatible with all of the training examples.
We tested this approach by designing an experiment whemediesawere given sets of examples that
were compatible with several underlying theories.

Materials and Methods. 15 adults participated in this experiment immediatelyrafiking Experi-
ment 1. In each of ve conditions, subjects were told abowtao$ triples built from an alphabet of
9 letters. They were shown four triples that belonged to #i€fg. 4), and told that the set might
include triples that they had not seen. Subjects then gawesaon a seven point scale to indicate
whether ve additional triples (see Fig. 4) were likely toltweg to the set.

Results. Average ratings and model predictions are shown in Fig. 4ddfipredictions for each
condition were computed using Equation 2 and summing ovpaeesof theories that included the
ve theories shown at the top of Fig. 4, variants of these tedries which stated that certain pairs
of slots could not be occupied by the same constamd theories that included no variables but
merely enumerated up to 5 tripl&s.

Although there are general theories liRgX Y; Z) that are compatible with the triples observed in all
ve conditions, Fig. 4 shows that people were sensitive ftedént regularities in each caseWe
focus on one condition (Fig. 4b) that exposes the strengitisv@aknesses of our model. According
to our model, the two most probable theories given the sifdethis condition ar®X; X; 1) and the
closely related variant that rules o&l; 1; 1): The next most probable theory X, X Y): These
predictions are consistent with people's judgments #¥dtis very likely to belong to the set, and
that 778 is the next most likely option. Unlike our model, howeverppke considei777 to be
substantially less likely thaf78 to belong to the set. This result may suggest that the vaoifnt
R(X; X Y) that rules ouR(X; X; X) deserves a higher prior probability than our model recaggido
better account for cases like this, it may be worth considelinguages where any two variables
that belong to the same clause but have different names efestto different entities.

3 Discussion and Conclusion

There are many psychological models of concept learnind2413], but few that use representa-
tions rich enough to capture the content of intuitive thesriWe suggested that intuitive theories
are mentally represented in a rst-order logical language] proposed a speci ¢ hypothesis about

°0ne such theory includes two clausBEX: X Y): RX X X):

%0ne such theory is the following list of clausé¥2; 2; 1): R(3; 3;1): R4;4;1): R5;5;1): R7;7,7):

H1gimilar results have been found with 9-month old infants. Cases like Figmd#c have been tested in an
infant language-learning study where the stimuli were three-syllableystfir®]. 9-month old infants exposed
to strings like the four in Fig. 4c generalized to other strings consistent witthéwoeyR(X; X, Y), but infants in
the condition corresponding to Fig. 4b generalized only to strings consigiirthe theoryR(X X 1):



this “language of thought.” We assumed that the subjectivepiexity of a theory depends on the
length of its representation in this language, and desgelaperiments which suggest that the result-
ing complexity measure helps to explain how theories amnézhand used for inductive inference.

Our experiments deliberately used stimuli that minimizeithuence of prior knowledge. Theories,
however, are cumulative, and the theory that seems simjplestearner will often depend on her
background knowledge. Our approach provides a naturakgtacbackground knowledge to be
inserted. A learner can be supplied with a stock of backgiqunedicates, and the shortest repre-
sentation for a data set will depend on which backgroundipagées are available. Since different
sets of predicates will lead to different predictions alsulijective complexity, empirical results can
help to determine the background knowledge that peoplg o given class of problems.

Future work should aim to re ne the representation langusagecomplexity measure we proposed.
We expect that something like our approach will be suitabiariodeling a broad class of intuitive
theories, but the speci ¢ framework presented here can stizertainly be improved. Future work
should also consider different strategies for searchiegstrace of theories. Some of the strate-
gies developed in the ILP literature should be relevant,[bd} a detailed investigation of search
algorithms seems premature until our approach has held agditional empirical tests. It is com-
paratively easy to establish whether the theories thatiamgles according to our approach are also
considered simple by people, and our experiments have matktan this direction. It is much
harder to establish that our approach captures most of #wei#ls that are subjectively simple, and
more exhaustive experiments are needed before this camcticesn be drawn.

Boolean concept learning has been studied for more tharydgyrs [4, 9], and many psychologists
have made empirical and theoretical contributions to tkid. An even greater effort will be needed
to crack the problem of theory learning, since the space toftive theories is much richer than

the space of Boolean concepts. The dif culty of this problehould not be underestimated, but
computational approaches can contribute part of the swiuti
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