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Abstract

We study the minimum distance of binary error correcting codes from the following
perspectives:

e The problem of deriving bounds on the minimum distance of a code given
constraints on the computational complexity of its encoder.

e The minimum distance of linear codes that are symmetric in the sense of being
invariant under the action of a group on the bits of the codewords.

e The derandomization capabilities of probability measures on the Hamming cube
based on binary linear codes with good distance properties, and their variations.

Highlights of our results include:

e A general theorem that asserts that if the encoder uses linear time and sub-linear
memory in the general binary branching program model, then the minimum
distance of the code cannot grow linearly with the block length when the rate
is nonvanishing.

e New upper bounds on the minimum distance of various types of Turbo-like
codes.

e The first ensemble of asymptotically good Turbo like codes. We prove that
depth-three serially concatenated Turbo codes can be asymptotically good.

e The first ensemble of asymptotically good codes that are ideals in the group
algebra of a group. We argue that, for infinitely many block lengths, a random
ideal in the group algebra of the dihedral group is an asymptotically good rate
half code with a high probability.

e An explicit rate-half code whose codewords are in one-to-one correspondence
with special hyperelliptic curves over a finite field of prime order where the
number of zeros of a codeword corresponds to the number of rational points.



A sharp O(k~'/2) upper bound on the probability that a random binary string
generated according to a k-wise independent probability measure has any given
weight.

e An assertion saying that any sufficiently log-wise independent probability mea-
sure looks random to all polynomially small read-once DNF formulas.

e An elaborate study of the problem of derandomizability of ACy, by any suffi-
ciently polylog-wise independent probability measure.

e An elaborate study of the problem of approximability of high-degree parity
functions on binary linear codes by low-degree polynomials with coefficients in
fields of odd characteristics.
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Chapter 1

Introduction

Error correcting codes are essential for the design of reliable communication systems
and are playing an increasingly important role in areas of complexity theory such as
the study of pseudorandomness. The minimum distance of an error correcting code is
the minimum Hamming distance between two distinct codewords. It is a fundamental
parameter of code design that determines the maximum number of errors that can

be corrected under any decoding algorithm.

In this thesis we study the minimum distance of binary error correcting codes

from the following points of view:

e The problem of deriving bounds on the minimum distance of a code given

constraints on the computational complexity of its encoder with applications to

Turbo-like codes.

e The minimum distance of linear codes that are symmetric in the sense of being

invariant under the action of a group on the bits of the codewords.

e The derandomization capabilities of probability measures on the Hamming cube
having the small bias property, the limited independence property, or the al-
most limited independence property. Classical constructions of such probability

measures are based purely on binary linear codes with good distance properties.
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1.1 Overview of Results

1.1.1 On the minimum distance of Turbo-like codes

The low-complexity and near-capacity performance of Turbo codes has led to a rev-
olution in coding theory. However, the most useful Turbo codes have been observed
to have low minimum distance.

We derive in Chapter 2 worst-case upper bounds on the minimum distance of par-
allel concatenated Turbo codes, serially concatenated Turbo codes, repeat-accumulate
codes, repeat-convolute codes, and generalizations of these codes obtained by allowing
non-linear and large-memory constituent codes.

We show that parallel-concatenated Turbo codes and repeat-convolute codes with
sublinear memory are asymptotically bad.

We also show that depth-two serially concatenated codes with constant-memory
outer codes and sublinear-memory inner codes are asymptotically bad.

In contrast, we prove that depth-three serially concatenated codes obtained by
concatenating a repetition code with two accumulator codes through random permu-
tations can be asymptotically good.

We generalize in Chapter 3 the bound corresponding to parallel-concatenated
Turbo codes and repeat-convolute codes to the much more general setting of an
arbitrary encoder that uses linear-time and sublinear memory.

The results reported in Chapter 2 will appear in a joint work with M. Mahdiam
and D. Spielman [BMS03] that contains also others results that hold in the special

setting of linear parallel concatenated Turbo codes.

1.1.2 Encoding complexity versus minimum distance

A natural extension of the problem in Chapter 2 is the the following question: What
can we say about the growth of the minimum distance of a binary error correcting
code given constraints on the computational complexity of its encoder?

We focus in Chapter 3 mainly on the time-space complexity of the encoder. In
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this setting, the question is a natural tradeoff question between the parameters: code
minimum distance, code rate, encoding time, and encoding space.

We establish a bound on the minimum distance of a binary error correcting code
given constraints on the computational time-space complexity of its encoder in the
general binary branching program model.

The bound we obtain implies a general theorem that asserts that if the encoder
uses linear time and sublinear space in the most general sense, then the minimum
distance of the code cannot grow linearly with the block length when the rate is
nonvanishing, i.e., the the code cannot be asymptotically good.

Our argument is based on branching program techniques introduced by Ajtai
[Ajt99]. We consider also the case when the encoder is a constant-depth AND-OR
circuit.

The results reported in Chapter 3 will appear in a joint work with S. Mitter
[BM03a].

1.1.3 Some symmetric codes with good distance

Linear codes that are symmetric in the sense of being invariant under the action of
some group on the bits of the codewords have been studied extensively before, yet
we still know very little about how the group structure can be exploited in order
to establish bounds on the minimum distance or to come up with efficient decoding
algorithms. One example of such codes are codes that are invariant under the action
of some group on itself. When the group is cyclic these are cyclic codes. Another
example is when we have a group acting on more than one copy of itself. When
the group is cyclic these are quasi-cyclic codes. The main reason behind looking at
such codes is the presence of an underlying symmetry structure. An ideal goal one
hopes to achieve is to come up with an explicit construction of codes which achieves
the binary GV (Gilbert-Varshamov) bound. This is a very open question since no
such codes are known. Even explicitly constructing new asymptotically good codes is
very desirable since there are only two known classes of constructions: concatenated

algebraic geometric codes and their variations, and expander codes.
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We study in Chapter 4 randomized and explicit constructions of binary linear
codes that are invariant under the action of some group on the bits of the codewords.
We study a nonabelian randomized construction corresponding to the action of the
dihedral group on a single copy of itself, a randomized abelian construction based on
the action of an abelian group on a number of disjoint copies of itself, and a related
explicit construction.

Cyclic codes have been extensively studied over the last 40 years, yet it is still
an open question whether there exist asymptotically good binary cyclic codes. We
argue that by using a group slightly stronger than a cyclic group, namely the dihedral
group, the existence of asymptotically good codes that are invariant under the action
of the group on itself can be guaranteed. In particular, we show that, for infinitely
many block lengths, a random ideal in the binary group algebra of the dihedral group
is an asymptotically good rate-half code with a high probability.

We argue also that a random code that is invariant under the action of an abelian
group G of odd order on k disjoint copies of itself satisfies the rate-1/k binary Gilbert-
Varshamov bound with a high probability under a condition on the family of groups.
The underlying condition is in terms of the growth of the smallest dimension of a
nontrivial Fo-representation of the group and is satisfied by roughly most abelian
groups of odd order, and specifically by almost all cyclic groups of prime order.

The explicit code we study is a specific nondegenerate element of above codes
ensemble in the setting when G is cyclic of prime order p and k = 2. It is based
on quadratic residues. For nondegeneracy reasons, we conjecture that this explicit
code is asymptotically good and probably achieves the binary GV bound. We show
that the codewords in this specific code are in one to one correspondence with special
hyperelliptic curves over the finite field of order p, where the number of zeros of a
codeword corresponds to the number of rational points. This suggests a conjecture
about a bound tighter than the general estimates obtainable from Weil’s theorem for

the underlying class of curves.

The results reported in Chapter 4 will appear in a joint work with S. Mitter
[BMO3b].
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1.1.4 On the pseudorandomness based on minimum distance

The notion of indistinguishability was introduced in the eighties by [BM82, Yao82].
A probability measure p on {0, 1}" is said to e-fool a boolean function f: {0,1}" —
{0, 1} if the probability that f takes the value 1, when z is selected according u, is
e-close to the true probability that f takes the value 1 when x is selected uniformly

at random.

In the late eighties and early nineties, the following basic pseudorandomness no-
tions was introduced by [Vaz86, NN93] as special purpose generators to derandomize
some randomized algorithms whose analyses can be made to work when only limited
independence is assumed. A probability measure p on {0,1}" is said to have the
d-almost k-wise independence property if u can §/2-fool all parity functions on k or
fewer of the n bits. The d-almost n-wise independence is called the d-bias property.
The 0-almost k-wise independence property is called the k-wise independence prop-
erty. Saying that p has the k-wise independence property is equivalent to saying that
any k or fewer of the n binary random variables are statistically independent, and

each of those random variables is equally likely to be 0 or 1.

Classical constructions of such probability measures are based on linear codes
with good distance properties [Vaz86, NN93, AGHP92|. For instance, if C' is a block-
length-n binary linear code whose dual has minimum distance above k, then the
uniform distribution on the codewords of C' is k-wise independent as a probability

measure on {0, 1}".

We study in Chapter 5 the derandomization capabilities of probability measures
on the Hamming cube having the k-wise independence property, the d-bias property,
or the d-almost k-wise independence property. Mostly, the questions we consider are
about statements that hold for any probability measure having one of those prop-
erties. The exceptions are when we focus on linear-codes-based k-wise independent

probability measures.

The d-almost k-wise independence property is the weakest of these properties,

and it is necessarily satisfied by any pseudorandom generator for suitable values of
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k and 0. The k-wise independence property is stronger, but when k is relatively
small, the two notions are loosely speaking equivalent in the sense that statements
about foolablity by the k-wise independence property can be translated to statements
about foolablity by the d-almost k-wise independence property. The d-bias property is
stronger than the d-almost k-wise independence property, and it is necessarily satisfied
by any pseudorandom generator for log-depth circuits or randomized bounded-space
computations for suitable values of . Thus, in general, understanding the power and
the limitations of such pseudorandomness properties is of fundamental importance
due to their basic nature.

We note first that linear-programming duality can be used to get a purely analyti-
cal characterization of the class of boolean function that can be fooled by the d-almost
k-wise independence property. The characterization is necessary and sufficient and
is in terms of tight average sandwichability between real valued functions with low
degree and small Li-norm in the Fourier domain.

Then we characterize the location of classical linear-codes-based constructions of
k-wise independent probability measures in the convex polytope of all such measures,
and its subpolytope consisting of those measures whose Fourier transform is nonneg-
ative.

In terms of limitations, we prove that the exponentially-small-bias property is not
sufficient to fool small log-depth circuits nor the weakest branching programs.

From a concrete viewpoint, we prove first that any sufficiently log-wise indepen-
dent probability measure looks random to all polynomially small read-once DNF for-
mulas. The setting is naturally extendable to almost k-wise independent probability
measures. We give an application related to the distribution of quadratic-residues.

Then we establish a very sharp upper bound on the probability that a random
binary string generated according to a k-wise independent probability measure has
any given weight. The setting is naturally extendable to almost k-wise independent
probability measures. We give applications related to the distribution of quadratic-
residues and the weight distribution of linear codes.

We consider also the problem of derandomizability of AC by arbitrary k-wise in-
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dependent probability measures, when £ is made polylogaritmically large enough. We
reduce this problem to a conjecture about the the symmetry of the optimum of some
symmetric optimization problem with linear constraints and a nonlinear objective
function.

Finally, we study of the problem of approximability of high-degree parity functions
on high-dual-distance binary linear codes by low-degree polynomials with coefficients
in fields of odd characteristics. This problem has applications to the ability of binary
linear codes with sufficiently large dual distance to derandomize ACy, or low-degree
polynomial equations on binary input variables with coefficients in small finite fields
of odd order. Among other results, we relax this problem into essentially a single
low-dimensional low-complexity linear program in terms of Krawtchouk polynomials.

The problem of bounding the optimum of the linear program remains open.

1.2 Error correcting codes basic language

In this section, we assemble various basic notions, definitions, and classical con-
ventions about error correcting codes that we will be using. For an introduction
to the theory of error correcting codes see [Lin99, MS92, Spi96n, Sud01]. See also
[Gal63, Sti93, VY00] for specialized treatments, and [PHB98] for a partially exhaus-
tive treatment.

All codes we will consider in this thesis are binary codes. So, unless otherwise
specified, a code means a binary code.

One way to specify a binary code is by an injective map {0,1}™ — {0, 1}" called
the encoder. The encoder maps binary strings of length m to binary strings of length
n. We call m the message length, n the block length, and the ratio m/n the rate.
The strings in the image of the encoder are the codewords. The code is the image of
encoder in {0,1}", i.e., the set of codewords. The encoder is called systematic if the
n codeword-coordinates can be permuted in such a way that the projection of the
encoder on the first m codeword-coordinates is the identity map.

If the encoder is not specified then a block length n code simply means a subset of
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{0,1}", i.e., a set of binary strings of length n that are called codewords. In this case,
the rate of the code is defined as r = %log M, where M is the number of codewords
and log means here and elsewhere in this thesis the binary logarithm. Usually, the
encoder is not specified only when the code is linear because in such a case there is
a relatively acceptable way of encoding in quadratic time. A code is called linear if
is Fo-linear, i.e., linear as an Fy-vector space, or equivalently if it is a subgroup of
(z/2z)", which we simply denote by Z. Associated with a linear code are the dual
code, and matrices called a generator matrix and a parity check matrix. The dual
code of block-length-n linear code () is another block-length-n linear code denoted
by Q1, and defined as the set of all binary strings y of length n s.t. Y0, z;y; = 0
(mod 2), for each codeword x of Q). A generator matriz of a linear code is any matrix
realization of an Fo-linear encoder of the code. A parity check matrix of a linear code

is any matrix whose Null space is the code as an Fy-vector space.

In Chapters 2 and 3, a code will be specified by an encoder, which is not necessarily
linear. By abuse of notation we will call the encoder a code when there is no possibility
of confusion. In Chapters 4 and 5, a code will be a linear code that is specified as a

set of strings.

The minimum distance of a code is the minimum Hamming distance between two
distinct codewords, where the Hamming distance between two binary strings of the
same length is the number of positions where they disagree. When the code is linear,
the minimum distance of the code is also equal to the minimum Hamming weight of
a nonzero codeword, where the Hamming weight (which we simply denote by weight)
of a binary string means the Hamming distance between this string and the all zeros
string, i.e., the number of nonzero coordinates of the string.

The minimum relative distance of a code is its minimum distance normalized by
the block length, i.e., the ratio of the minimum distance and the block length.

When speaking about a code, we always mean implicitly that we have an infinite
family of codes indexed by the block length. We do not require that each positive
integer be a block length, we simply require that there are infinitely many block

lengths. The rate (minimum relative distance, respectively) of an infinite family of
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codes means the lim-inf of the rate (minimum relative distance, respectively) of a
code in the family as the block length tends to infinity.

The rate of a code reveals the amount of redundancy added, and the minimum
distance reveals the maximum number of errors that can be corrected under any
decoding algorithm in a worst case sense.

Rate and minimum distance are conflicting parameters. An infinite family of
codes is called asymptotically good if both its rate and its minimum distance are
strictly positive. This is equivalent to saying that the fraction of redundancy added
is bounded by a constant, and the minimum distance of the code grows linearly with
the block length. If an infinite family of codes is not asymptotically good, it is called
asymptotically bad.

By abuse of notation, when asymptotic statements are made, a code means implic-
itly an infinite family of codes. For instance, “an asymptotically good code” means
“an asymptotically good infinite family of codes”, and “a code satisfying the GV
bound” means “an infinite family of codes satisfying the GV bound” (See the GV
bound definition below).

The main objective of combinatorial coding theory is to construct asymptotically
good codes with efficient encoding and decoding algorithms, where complexity is
measured in terms of the growth of the block length.

We say that a family of codes of rate r and minimum relative distance ¢ satisfies
or achieves the binary GV (Gilbert-Varshamov) bound if r > 1 — h(J), where h is the
binary entropy function, i.e., h(x) = —zlogz — (1 — z)log (1 — z).

The existence of families codes satisfying the binary GV bound follows easily by
counting. In fact, a random linear code satisfies the GV bound with a high probabil-
ity. A random linear code means the linear code whose generator matrix is selected
uniformly at random. Since we will be using the expression “high probability”, it is
appropriate here to explain its meaning. When saying that an outcome of a proba-
bilistic experiment happens with a high probability, we mean that we have an infinite
family of probabilistic experiments indexed by the integers n in some infinite set to-

gether with an infinite family of outcomes such that the probability that an outcome

21



happens approaches 1 as n tends to infinity.

It is an old open question whether the binary GV bound is tight, i.e., it is
not known if there are families of codes with better rate versus minimum distance
tradeoffs'!. Some people believe it is tight. The best known upper bound is the
MRRW (McEliece, Rodemich, Rumsey, and Welch) bound [MRRW77] on Delsarte
LP (Linear Programming) bound [Del73]. The MRRW bound says that any infi-
nite family of codes of rate r and minimum relative distance § must satisfy r <
1—h(1/2 - \/6(1 - 4)).

Another old open question is how to explicitly construct codes that satisfy the GV
bound. Here it is appropriate to make it clear what ezplicit means. For simplicity,
assume that we are talking about linear codes. The weakest notion of an explicit
linear code (i.e., an infinite family of linear codes) requires that there is a polynomial
time algorithm that, when given any integer n, outputs a generator matrix for the
code at block length n if n is a feasible block length. Note that complexity is measured
here in terms of n, i.e., not in terms of the length of the representation of n. This
notion is satisfactory, but it can be strengthened by requiring that the algorithm uses
logarithmic space only. It is trendy however to use the word explicit in the sense of
algebraically explicit which, in addition to being algorithmically explicit, means that

that the construction is number theoretic in nature.

'Recall that we are not talking about nonbinary codes. The analog of the GV bound over
nonbinary alphabets is known to be not tight. The construction of algebraic geometric codes from
modular curves, by Tsfasman, Valdut, and Zink [TVZ82], beats the GV bound on alphabets of size
49. One interpretation of this phenomenon is that the Hamming distance is not the sharpest metric
in the nonbinary alphabets case.
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Chapter 2

On the Minimum Distance of

Turbo-Like Codes

We derive in this chapter worst-case upper bounds on the minimum distance of paral-
lel concatenated Turbo codes, serially concatenated Turbo codes, repeat-accumulate
codes, repeat-convolute codes, and generalizations of these codes obtained by allowing

non-linear and large-memory constituent codes.

We show that parallel-concatenated Turbo codes and repeat-convolute codes with

sublinear memory are asymptotically bad.

We also show that depth-two serially concatenated codes with constant-memory

outer codes and sublinear-memory inner codes are asymptotically bad.

In contrast, we prove that depth-three serially concatenated codes obtained by
concatenating a repetition code with two accumulator codes through random permu-

tations can be asymptotically good.

We will generalize in Chapter 3 the bound corresponding to parallel-concatenated
Turbo codes and repeat-convolute codes to the much more general setting of an

arbitrary encoder that uses linear-time and sublinear memory.
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2.1 Introduction

The low-complexity and near-capacity performance of Turbo codes [BGT93, VY00]
has led to a revolution in coding theory. However, the most useful Turbo codes have
been observed to have low minimum distance. In this chapter, we provide general
conditions under which many constructions of turbo-like codes, including families
of serially-concatenated Turbo-like codes [BDMP98] and Repeat-Accumulate (RA)
codes [DIJMOI8, JM99, KU97|, must be asymptotically bad. We also present a simple
family of depth-3 serially concatenated Turbo-like codes that are asymptotically good.

Our work is motivated by the analyses of randomly constructed parallel and se-
rially concatenated Turbo codes by Kahale and Urbanke [KU97] and of Turbo codes
with two branches by Breiling [Bre01]. Kahale and Urbanke provided estimates on
the probable minimum distance of randomly generated parallel concatenated Turbo
codes with a constant number of branches. They also provided similar estimates for
the minimum distance of the random concatenation of two convolutional codes with
bounded memory. Breiling proved that the parallel concatenation of two convolu-
tional codes with bounded memory always has logarithmic minimum distance. We
note that both of these bounds are for linear codes with low memory.

These analyses naturally lead to the following four questions:

e Better than random? Do there exist asymptotically good parallel concate-
nated Turbo codes with more than two branches or do there exist asymptotically

good repeat-convolute or repeat-accumulate codes?

Note that the result of Breiling only applies to Turbo codes with two branches
and the results of Kahale and Urbanke do not preclude the existence of codes

that are better than the randomly generated codes.

e Larger memory? What happens if we allow the memories of the constituent

convolutional codes to grow with the block length?

All the previous bounds become vacuous if the memory even grows logarithmi-

cally with the block length.
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e Nonlinearity? Can the minimum distance of Turbo-like codes be improved

by the use of nonlinear constituent encoders, such as automata encoders?

e Concatenation depth? Can one obtain asymptotically good codes by serially

concatenating a repetition code with two levels of convolutional codes?

We will give essentially negative answers to the first three questions and a positive
answer to the last one. For parallel concatenations and depth-2 serial concatenations
of convolutional and automata codes, we prove upper bounds on the minimum dis-
tance of the resulting codes in terms of the memories of the constituent codes. We
show that parallel concatenated codes and repeat-convolute codes are asymptotically
bad if their constituent codes have sublinear memory. This bound even holds if the
constituent codes are nonlinear. We also show that depth-two serially concatenated
convolutional codes are asymptotically bad if their inner code has sublinear memory
and their outer code has constant memory. In contrast, we show that depth-three
concatenations of constant-memory codes can be asymptotically good. In particular,
we prove this for the random concatenation of a repetition code with two accumulator

codes.

2.1.1 Turbo-like codes

The fundamental components of the codes we consider in this chapter are convo-
lutional codes (as block codes) and their nonlinear generalizations, which we call
automata codes. The fundamental parameter of a convolutional code that we will
measure is its memory—the number of registers in its encoder. The memory can also
be defined to be the binary logarithm of the number of states in the encoder’s state
diagram. A general automata encoder is obtained by considering an encoder with
any deterministic state diagram. We will consider automata encoders that read one
bit at each time step, and output a constant number of bits at each time step. These
are also described as deterministic automata or transducers with one input bit and a
constant number of output bits on each transition. We will again define the memory

of an automata encoder to be the binary logarithm of its number of states.
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Given k convolutional codes @)1, ..., Qk, a message length n, and k permutations
m, ..., of length n, we can define the parallel concatenated Turbo code with k
branches [BGT93, VY00] Po, .. 0..m...m t0 be the code that encodes a binary mes-
sage x to (z,Q1(m (x)),..., Qr(mk(x))), where m;(z) denotes the permutation of the
bits in z according to m; and @Q;(y) denotes the output of the convolutional code Q;
on input y.

Given an integer k, we define the repeat-k-times code, 7y, to be the code that just
repeats each of its input bits k£ times. Given a convolutional code (), a message length
n, and a permutation 7 of length kn, we define the repeat-convolute code [DJMIS],
Ch.r.q to be the code that maps an input = € {0,1}" to (x, Q(m(r¢(x)))). That is,
each bit of the input is repeated k times, the resulting kn bits are permuted, and then
fed through the convolutional encoder. We also assume that the input x is outputed
as well. While some implementations do not include x in the output, its exclusion
cannot improve the minimum distance so we assume it appears. The number k is

called the repetition factor of the code.

When the convolutional code @ is the accumulator (i.e., the map Q(z); = X0, @),
this code is called a repeat-accumulate (RA) code [DJM9S]. We remark that a paral-
lel concatenated Turbo code with k branches can be simulated by a repeat-convolute
code with repetition factor k£ whose encoder is a product of the encoders in the parallel
code.

Given two convolutional encoders ), and @); that output h, and h; bits per time
step respectively, an integer n, and a permutation 7 of length h,n, we define the depth-
two serially concatenated Turbo code  BDMPI8, VYO00] Cg, g, » to be the rate 1/h,h;
code that maps an input = € {0,1}" to the codeword Q;(m(Q,(x))). The codes Q,
and @; are called outer and inner codes, respectively. A classical example of serially
concatenated Turbo codes, and that considered in [KU97], is a rate 1/4 code given
by the map (7(x, Lo(x)), L;(7((z, Lo(z)))), where L, and L, are rate-1 convolutional
codes. This fits into our framework with Q,(z) = (z, L,(x)) and Q;(z) = (z, L;(z)).

One can allow greater depth in serial concatenation. The only codes of greater

depth that we consider will be repeat-accumulate-accumulate codes (RAA). These
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are specified by a repetition factor k, an integer n, and two permutations 7, and 7 of
length kn. Setting ()1 and @) to be accumulators, the resulting code maps an input
z t0 Qa(ma(Q1(mi(rk()))))-

We can generalize each of these constructions by allowing the component codes
to be automata codes. In this case, we will refer to the resulting codes as parallel
concatenated Turbo-like codes, repeat convolute-like codes, and serially concatenated
Turbo-like codes. We refer to all the codes in this family as Turbo-like codes.

In practice, some extra bits are often appended to the input x of a Turbo-like code
so as to guarantee that some of the encoders return to the zero state. As this addition
does not substantially increase the minimum distance of the resulting code, we will
not consider this technicality in this chapter. Note that this technicality easily fits in

the encoding model that we will study in the next chapter.

2.1.2 Previous work

Kahale and Urbanke [KU97| proved that if one builds a parallel concatenated Turbo
code from a random interleaver and convolutional encoders of memory at most M,

L and at least

then the resulting code has minimum distance at most O(2Mn!=2/*)
Q(n'~%*) with high probability. For rate 1/4 serially concatenated Turbo codes of
the form mentioned in the previous section with a random interleaver, they proved
that the resulting code has minimum distance at most O(2in!'=%/%) and at least
Q(n'~%4) with high probability, where d, is the free distance of the outer code and
M; is the inner code memory.

For parallel concatenated Turbo codes with two branches, Breiling [Bre01] proved
that no construction could be much better than a random code: if the constituent
codes have memory M, then the minimum distance of the resulting code is O(2 logn).

Serially concatenated codes of depth greater than 2 were studied by Pfister and
Siegel [PS99], who performed experimental analyses of the serial concatenation of

repetition codes with [ levels of accumulators connected by random interleavers, and

theoretical analyses of of concatenations of a repetition code with certain rate-1 codes

1O(f(n)) means O(f(n)log®® n).
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for large [. Their experimental results indicate that the average minimum distance of
the ensemble starts becoming good for [ > 2, which is consistent with our theorem.
For certain rate-1 codes and [ going to infinity, they proved their codes could become
asymptotically good.

In many arguments, we use techniques introduced Ajtai [Ajt99] to prove time-

space trade-offs for branching programs.

2.1.3 Summary of results

In Section 2.2, we upper bound the minimum distance of repeat-convolute-like codes.
We prove that repeat-convolute-like codes of message length n, memory M, and
repetition factor k have minimum distance at most O(n'~Y/*M'*) and therefore
such codes are asymptotically bad when k is constant and M is sublinear in n. Note
that M sublinear in n corresponds to the case when the size of the corresponding
trellis is subexponential, and so it includes the cases in which the codes have natural
subexponential time iterative decoding algorithm. As parallel concatenated Turbo-
like codes in which the component codes have memory M can be encoded by repeat-
convolute codes with memory kM, we find that these are also asymptotically bad
for k£ constant and M sublinear in n. This proof uses techniques introduced by
Ajtai [Ajt99] for obtaining time-space trade-offs for branching programs. Comparing
our upper bound with the O(2M n'~2/F) high-probability upper bound of Kahale and
Urbanke for parallel concatenated codes, we see that our bound has a much better
dependence on M and a slightly worse dependence on k. A similar relation holds
between our bound and the O(2™ logn) upper bound of Breiling [Bre01].

In Section 2.3.1, we study serially concatenated Turbo-like codes with two levels,
and prove that if the outer code has memory M, and the inner code has memory M;,
then the resulting code has minimum distance at most O (n!=1/he(Mo+2) pplt/ho(Mot2)y
Accordingly, we see that such codes are asymptotically bad when M,, h, and h; are
constants and M; is sublinear in n. The proof uses similar techniques to those used
in Section 2.2. When specialized to the classical rate 1/4 construction of serially

concatenated Turbo codes considered by Kahale and Urbanke [KU97], our bound on
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repeat k-times permutation automata ———

Figure 2-1: Repeat-convolute-like code.

the minimum distance becomes O (n!=Y/@Mo+4) N1/ CMoFDy * Comparing this with the
high-probability O(nl_Q/ do9Mi) ypper bound of Kahale and Urbanke, we see that our
bound is better in terms of M;, and comparable in terms of d,.

Finally, in Section 2.3.2, we show that serially concatenated codes of depth greater
than two can be asymptotically good, even if the constituent codes are repetition codes
and accumulators. In particular, we prove that randomly constructed RAA codes are
asymptotically good with constant probability.

We conclude with some open questions.

2.2 An upper bound on the minimum distance of
repeat-convolute-like codes

In this section we consider codes that are obtained by serially concatenating a repeat-
k-times code ry with any code @ that can be encoded by an automata (transducer)
with at most 2 states and one output bit per transition. More precisely, if @ is such
an encoder, 7 is a permutation, and 7y, is the repeat-k-times map, we define Cj, - ¢ to
be the code that maps a string x to Cj r o(z) = (x, Q(7(rx(x)))). See Figure 2-1
This class of codes contains repeat-convolute codes and repeat-accumulate code
when () is a convolutional code. It also contains parallel concatenated Turbo codes: a
parallel concatenated Turbo code with k£ branches and memory M can be encoded by
a repeat-convolute-like code with repetition factor k and memory kM by interleaving

the permutations on the k£ branches.

Theorem 2.2.1 Let k > 2 be a constant integer, () an automata encoder with at

most 2M states, n an integer, and ™ a permutation of length kn.
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If n > 2*kM, then the minimum distance of the code Cy ¢ is at most

RY R CREVALH\V AL L) o, gy S

Proof. To prove this theorem, we make use of the techniques introduced by
Ajtai [Ajt99] for proving time-space trade-offs for branching programs. In particular,
for an input x of length n, the encoding action of () is naturally divided into kn time
steps in which the automata reads a bit of 7(z), outputs a bit, and changes state.
For convenience, we will let I = {1,...,kn} denote the set of time steps, and we will

let s;(z) denote the state of () on input 7(r(z)) at the end of the i’th time step.

Let C denote the code Cj .. To prove the claimed bound on the minimum
distance of C', we will prove the existence of two input strings, x and y, a set U C
{1,...,n} of size at most 2¥k(M +1), and J C I of size at most 3k>n* V¥ (M +1)V/k 1k
such that z and y may only differ on bits with indices in U and s;(z) and s;(x) may

only differ on time steps with indices in J.

To construct the set J, we first divide the set of time steps I into b consecutive
intervals, where b is a parameter we will specify later. We choose these intervals so
that each has size |kn/b| or [kn/b]|. For example, if k =2, n =4, and b = 3 we can
divide I = {1,...,8} into the intervals [1, 3], [4,6], and [7, 8].

For each index of an input bit ¢ € {1,...,n}, we let S; denote the set of time
intervals in which @) reads input bit i. As each bit appears k times, the sets .S; each
have size at most k. As there are b intervals, there are at most b* possible k-sets
of intervals, where by a k-set we mean a set of cardinality k. So, there exists a set
U cC{1,...,n} of size at least n/b* and a set of intervals, S, such that for all i € U,
S; = S. Let U be such a set with |U| = [n/b’ﬂ and let T' be the corresponding set of
intervals. Let [ = |T'|. The set J will be the union of the intervals in 7".

Let t1,...,t; be the last times in the time intervals in 7" (e.g., in the above example
the last time of the interval [4,6] is 6). For each z € {0,1}", that is zero outside U,
we consider the vector of states of @ at times t1,...,# on input m(ri(z)): {s;,(z)}_,.

As the number of such possible sequences is at most 2M! and the number of = that
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are zero outside U is 2/Y!, if

Ul > oMl (2.1)

then there should exist two different strings x and y that are both zero outside of U

and such that sy, (z) = s¢,(y) for i = 1,...,1. To make sure that (2.1) is satisfied, we

[

Our assumption that n > 2¥kM ensures that b > 1. Now, since

set

e r and y agree outside U,
e the bits in U only appear in time intervals in 7', and

e () traverses the same states at the ends of time intervals in 7" on inputs 7 (ry(z))

and 7 (1 (y)),

() must traverse the same states at all times in intervals outside 7" on inputs 7 (ry(x))
and 7(rg(y)). Thus, the bits output by @ in time steps outside intervals in 7" must
be the same on inputs m(rg(x)) and 7(ri(y)). So Q(7(rr(z))) and Q(mw(rk(y))) can
only disagree on bits output during times in the intervals in 7', and hence on at most

[ [kn/b] bits. This means that the distance between C(z) and C(y) is at most

Ul +1[kn/b] < [bﬁk]m[z{n/b},as U] = [n/b*] and I < k,
n kE*n
< = >
< gtlt etk
2
< A WL
o \1/k n \1/k 1
) )
1/k
2 _n_
< - -+ knl (#1) th+1
1/k n \VE o \/k
()" =) () )" -1

N VN n \1/k
< — (25 P (25 +h+1
(ﬁ) (ﬁ ik ) (ﬁ)l/k (ﬁ ik )
< " 2’f+2k27n+k+1 as n > 28EM
G I o



IN

RN + 2k VR ARV L f 41,

< 32 VEMYE L OREM 4+ k41,

as k'/F < 3/2. n

Corollary 2.2.2 Let k be a constant. Then, every repeat-convolute code with input
length n and memory M and repetition factor k and every parallel concatenated Turbo
code with input length n, convolutional encoder memory M and k branches has mini-
mum distance O(n'~Y*MY*). Thus, such codes cannot be asymptotically good for M

sublinear in n.

This means that if we allow M to grow like logn, or even like n'=¢ for some
€ > 0, the minimum relative distance of the code will still go to zero. Moreover, M
sublinear in n corresponds to the case in which the size of the corresponding trellis
is subexponential, and therefore it includes all the cases in which such codes have
subexponential-time iterative decoding algorithms.

It is interesting to compare our bound with that obtained by Kahale and Ur-
banke [KU97], who proved that a randomly chosen Turbo code with k& branches has
minimum distance O(2Mn!'=2/%) with high probability. Theorem 2.2.1 has a much
better dependence on M and a slightly worse dependence on n. A similar compari-
son can be made with the bound of Breiling [Bre01], who proved that every parallel

concatenated Turbo code with k& = 2 branches has minimum distance O(2 logn).

2.3 The minimum distance of serially concatenated

Turbo-like codes

In this section, we consider codes that are obtained by serially concatenating convo-
lutional codes and, more generally, automata codes. In Section 2.3.1, we prove an
upper bound on the minimum distance of the concatenation of a low-memory outer

automata encoder with an arbitrary inner automata encoder. In particular, we prove
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that if the memory of the outer code is constant and the memory of the inner code
is sublinear, then the code is asymptotically bad. In contrast, in Section 2.3.2, we
prove that if the input is first passed through a repetition code and a random permu-
tation, then the code is asymptotically good with constant probability, even if both

convolutional encoders are accumulators.

2.3.1 An upper bound on the minimum distance when the

outer code is weak

In this section, we consider the serial concatenation of automata codes. We assume
that each automata outputs a constant number of bits per transition. This class of
codes includes the standard serially concatenated Turbo codes, and includes those
introduced by Benedetto, Divsalar, Montorsi and Pollara [BDMP98] and studied
by Kahale and Urbanke [KU97|. If the outer code has constant memory and the
inner code has sublinear memory, then our bound implies that the code cannot be
asymptotically good.

Formally, we assume that @, (Q;, respectively) is an automata encoder with at
most 2Me (2Mi | respectively) states and h, (h;, respectively) output bits per transition.
For an integer n and a permutation 7 of length h,n, we define Cg, g, ~ to be the
code that encodes a string x € {0,1}" to the string Cg, g,~(z) = Q:(7(Qs(x))) €
{0, 1}1ehin, We will assume without loss of generality that Q,, Q;, and 7 are such that
this mapping is an injective mapping. The encoders (), and @); are called the outer

and inner encoders, respectively.

Theorem 2.3.1 Let QQ, be an automata encoder with at most 2™ states that outputs
h, bits at each time step, and let Q; be an automata encoder with at most 2Mi states
that outputs h; bits at each time step. For any positive integer n and any permutation

7 of length nh,, the minimum distance of the code Cq, o, r 15 at most

1
l——— 1 s Tio(Mo
3h2hi(M, + 2)n'~ Foliora) N[ oMot
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In particular, if M, is constant (and h; and hy are constants), the minimum distance
of the code Cq, g, x 15

1
-t V[ Fo(oF2)
O(n ho(Mo+2) i )7

and consequently any such family of codes Cy r ¢ 1s asymptotically bad as long as M,;

18 sublinear in n.

Proof. The proof follows the same outline as the proof of Theorem 2.2.1. We begin
by setting I, = {1,...,n} to be the set of times steps in the computation of @,
on input z € {0,1}", and setting I, = {1,...,h,n} to be the set of times steps in
the computation of Q; on input 7 (Q,(x)) € {0,1}"". We similarly, let {s((f)(x)}tgo
denote the sequence of states traversed by (), on input z and {sgt)(x)}tgi denote the
sequence of states traversed by @); on input 7 (Q,(x)).

To prove the claimed bound on the minimum distance of Cq, ¢, », we will prove
the existence of two distinct input strings z and y, aset V C {1,...,n}, aset J, C I,,
and a set J; C I; such that = and y are both 0 on bits not in V, s®(z) and s (y)
only differ for ¢ € J,, and s\ (x) and s\ (y) only differ for ¢ € J;. The minimum
distance bound will then follow from an upper bound on the size of J;.

To construct these sets, we make use of parameters m, and m; to be determined

later. We first partition the set I, into b, def

|n/m,| intervals each of size m, or
m, + 1, and we partition the set I; into b; def |nho/m;]| intervals each of size m; or
m; + 1.

As @, outputs at most (m, + 1)h, bits during the time steps in an interval in [,
the bits output by @), during an interval in I, are read by @); during at most (m,+1)h,
intervals in I;. As there are fewer than (b;) ™1k sets of at most (m, +1)h, intervals
in I;, there exists a set of at least b,/(b;)™* Y intervals in I, such that all the bits
output by @), during these intervals are read by ); during a single set of at most
(mg + 1)h, intervals in I;. Let U denote the set of at least b,/ (b;) ™oV intervals in
I, and let T" denote the corresponding set of at most (m, + 1)h, intervals in I;. We

then let V' denote the set of input bits read by @, during the intervals in U. As all

the intervals in I, have size at least m,, we have |V| > m, |U|. The set J° will be the
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union of the intervals in T and J* will be the union of the intervals in U.

Let {u]}‘fi‘l and {tj}‘jT:‘l denote the last time steps in the intervals in U and T

. n . . . U4 |U‘
respectively. For each x € {0,1}" that is zero outside V', we consider (sg ’ )(SL’)) _

j=1’
. , T
the sequence of states traversed by (), on x at times uy,...,uy|, and, (sgt’)(x)) o
J:
the sequence of states traversed by @; on input m(Q,(x)) at times t1,...,t7. There
are at most 2MelVI2MiT| sych pairs of sequences. So, if
MolUIMIITI < olVI, (2.2)

then there are two distinct  and y in {0,1}" that are both 0 outside V and a
pair of sequences (sgtj ))21 and (sguj ))Lil such that s (z) = s (y) = s for all
1<j <|T| and sg"j)(at) = sguj)(y) = &) for all 1 < j < |U|. This means that the
bits output and states traversed by (), on inputs x and y are the same at time steps
outside the time intervals in U, and therefore the bits output and states traversed by

Q; on inputs m(Q,(z)) and 7(Q,(y)) are the same outside time steps in intervals in

T. Thus

0 < d(Coi00n (%), Cauor(y)) < mihi [T| < (mo + 1)mihohi, (2.3)

As this bound assumes (2.2), we will now show that for

m, = M,+1, and

1— 1 1
m; = 3hon  (Mot2ko (MZ.>(J\/IO+2)}107

this assumption is true.

Our setting of m, reduces (2.2) to

35



which would be implied by

bo
W > (mo + ]-)hoMz (24)

To derive this inequality, we first note that since %% < 3 for x > 1,
m; > honl—(Moiz)ﬁo (((mo + 1)ho)2Mi)—(Moi2)ho‘

Rearranging terms, we find this implies

n ot s _nhy
(me + 1)2h2M; m;

Again rearranging terms, we obtain
n > b (4 1202 M; > 0T (my, + 1)mgh M 4 m,

which implies

2| 5 e, + 0,06
Mo

b(mo+1)ho

By now dividing both sides by and recalling b, = Uj J, we derive (2.4).

Finally, the bound on the minimum distance of the code now follows by substi-

tuting the chosen values for m, and m; into (2.3).

We now compare this with the high-probability upper bound of O(nl_z/ do9Mi) on
the minimum distance of rate 1/4 random serially concatenated codes obtained by
Kahale and Urbanke [KU97]. In their case, we have h, = h; = 2, and our upper bound

1-1/(2Mo+4) M}/(2M0+4))

becomes O(n . We note that the dependence of our bound on

d, is comparable, and the dependence of our bound on M; is much better.
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repeat
— > permute
k-times

accumulate accumulate ——»

permute

Yy
\
Yy

Figure 2-2: RAA code.

2.3.2 A strong outer code: when serially concatenated Turbo-

like codes become asymptotically good

The proof technique used in Theorem 2.3.1 fails if the outer code is not a convolution
code or encodable by a small finite automata. This suggests that by strengthening
the outer code one might be able to construct asymptotically good codes. In fact, we
will prove that the serial concatenation of an outer repeat-accumulate code with an
inner accumulator yields an asymptotically good code with some positive probability.

Let £ > 2 be an integer, r; be the repeat-k-times map, )1 and ()2 be accu-
mulators?, n be an integer, and m; and m be permutations of length kn. We de-
fine Cy r, x, to be the code that maps input strings x € {0,1}" to Cynym(x) =
Q2 (m2(Q1(m1(ri(2))))). We call Cy x, r, an RAA (Repeat, Accumulate, and Accumu-
late) code We note that this code has rate 1/k. See Figure 2-2.

In contrast with the codes analyzed in Theorem 2.3.1, these RAA codes have a
repeat-accumulate code, Cy r,(y) = Q1(m1(rk(z)) where those analyzed in Theorem

2.3.1 merely have an automata encoder.

Theorem 2.3.2 Let k > 2 and n be integers, and let m, and my be permutations of
length kn chosen uniformly at random. Then for each constant § > 0, there exists
a constant € > 0 and an integer ngy, such that the RAA code C r, », has minimum
distance at least en with probability at least 1 — O for all n > ny.

So specifically, there exists an infinite family of asymptotically good RRA codes.

2While ) and @5 are identical as codes, we give them different names to indicate their different
roles in the construction.
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Proof. Conditions bounding the size of € will be appear throughout the proof.

Let E, denote the expected number of nonzero codewords in Cj r, », of weight
less than or equal to en. Taking a union bound over inputs and applying linearity of
expectation, we see that the probability the minimum distance of Cj , r, is less than
en is at most F,. Thus, we will bound this probability by bounding F,.

To bound E.,,, we use techniques introduced by Divsalar, Jin and McEliece [DJM9S]
for computing the expected input-output weight enumerator of random Turbo-like
codes. For an accumulator code of message length N, let AEUN}E denote the number of

inputs of weight w on which the output of the accumulator has weight h. Divsalar,

Jin and McEliece [DJMO98]| prove that

A= (L) e ) .

where (Z) is defined to be zero if a < b. Therefore, if the input to () is a random

string of length NV and weight w, the probability that the output has weight h is

?]%,v)ﬁ _ (g”/;j)(gjsj;ﬂll). (2.6)

Now consider a fixed input x to the encoder for Cj , »,. If  has length n and
weight w and 7 is a random permutation of length kn, then m(r(z)) is a random
string of length kn and weight kw. This random string is the input to the accumulator
Q1. Therefore, by (2.6), for any hy the probability that the output of )1 has weight
hy is A,(CIZL% ./ (]]:Z) If this happens, the input to )2 will be a random string of weight
hy, and therefore, again by (2.6), the probability that the output of Q2 has weight h
will be equal to Aﬁﬁ"}z (];:) Thus, for any fixed input string = of weight w, and any
fixed h; and h, the probability over the choice of m; and 75 that the output of ()1 has
weight hy and the output of Q)2 (which is also the output of Cy ., ,) has weight h is

equal to
A Al
() ()
Thus, by the linearity of expectation, the expected number of nonzero codewords
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of Ci r, x, of weight at most en equals

n  kn en Alkn) - g (kn) 2en 2h1/k en (n)Algkn;l Aé}m})}
Z Z ( ) :wvhln hi,h _ w nuh 1n 1, ’
izt () () (e ()

kw h1 kw hl

as the terms with [hy/2] > h or [kw/2] > h; are zero. Using the inequalities

(z) < (ex/y)Y, (Lygsz) < (dex/y)Y and ((y/;—l) < (dex/y)Y, for positive integers z
and y, we bound this sum by

E, = 22% zhszz": (i) i) ( kZl/Ej—l)kSﬁﬁﬁ)(mfﬁwl—l)

h1=1 w= 1 h=1 (kw) (hl)

9%en 2hi/k en (n) (4ekn)kw/2 (4eh1)kw/2 (4ekn)th1/2J (h )[hlm 1
1

2 20 - "

— n kw kn h1
i 5 ()

2en 2h1/k en 46\/7 kw [h1/2] (4e)h1—1h1
EES(CE (e

h1=1 w=1 h=1

IA

The summand in the above expression is at maximum when h = en. Therefore,

2en [h1/2] hi—1 2h1/k kw
Eon < en (ﬂ) V21 by (4e) 3 <n> <4€m>
hi=1 kn en w=1 k\/ﬁ
2en hy 2h1/k n de/R kw
< hy (46 e/k;) < ) < 1)
h1Z:1 w=1 \W k\/ﬁ
2en hy 2h1/k ne\ v 46\/}1,7 kw
< hy (46\/6//{3) (—) < 1)
h1Z—1 w=1 w k\/ﬁ
2en by 2h/k [ o (4e 1— k/Qhk/2
= Zhl (46 e/k;) (k)
hi=1 w=1 w
2en h1 T
< Z hy (46 e/k;) Q—hIe(%)k Ry as (g) < e¥le
hi=1 k z
1
2 2en hy 45.2 nlk/Q)hk/2
< - (462 e/k:) e ( ’ ) , (2.7)
k hi=1
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since h? < eM for all hy > 1. To bound (2.7), note that the sum has the form
S=> ate’,
=1

k
where o = 4e?\/e/k, 3 = (%) n'=*?2 | =% and m = 2en. If we can guarantee that

x+1_B(z+1)! < 1 x Bt 2.8
(6% (& -~ 2a (& 3 ( ° )

forallz =1,...,m — 1, we can use the bound
S < 2ae”. (2.9)

We can express (2.8) as 3((z +1)" — ') < Ins-. Thus (2.8) holds for all the desired

values of z if 3((m + 1) —m!) <In 5, or equivalently

l 1\ 1
Oom <1+—> 1| <In—,
m 2a
which can be guaranteed when

1
206m!~t <In % and [ <m, (2.10)

via the bounds

1\! l l
(1+—> <elm<l4(e—1)—<1+2—,
m m m

where we need [ < m in the second inequality. Going back to (2.7), we get via (2.9)
and (2.10) that

i) ke 162/ (42) wiure

= : (2.11)

when
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or, equivalently, when

1 4e\" Vk k
LN FN ok/2-1) k/2-1 _ Y < 9en. '
In = <2k: ( p ) 2 ) € 21n o2 and 5 = 2en (2.12)

It follows from (2.11) and (2.12), that for each k > 2, and for each constant § > 0,
there is constant € > 0 such E,, < d when n is sufficiently large.
|
While the constants we obtain are not particularly sharp, they are sufficient to
prove the existence of asymptotically good families of serially concatenated turbo-
like codes of depth 3. This result should be compared with the work of Pfister and
Siegel [PS99], who performed experimental analyses of the serial concatenation of
repetition codes with [ levels of accumulators connected by random interleavers, and
theoretical analyses of of concatenations of a repetition code with certain rate-1 codes
for large [. Their experimental results indicate that the average minimum distance of
the ensemble starts becoming good for [ > 2, which is consistent with our theorem.
For certain rate-1 codes and [ going to infinity, they proved their codes could become

asymptotically good. In contrast, we prove this for [ = 2 and accumulator codes.

2.4 Open questions

e Can the RAA codes described in Section 2.3.2 be efficiently decoded by iterative

decoding, or any other algorithm?

e Can one obtain depth-3 serially concatenated codes with better minimum dis-
tance by replacing the accumulators in the RAA codes with small convolutional

codes? Also, can one improve the minimum distance bounds on the RAA codes?

e [f one allows the memory of the outer code in a depth-2 serially concatenated
code to grow logarithmically with the block length, can one obtain an asymp-

totically good code?
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Chapter 3

Encoding Complexity Versus

Minimum Distance

We establish in this chapter a bound on the minimum distance of a binary error
correcting code given constraints on the computational time-space complexity of its
encoder in the general binary branching program model.

The bound we obtain asserts that if the encoder uses linear time and sublinear
memory in the most general sense, then the minimum distance of the code cannot
grow linearly with the block length when the rate is nonvanishing, i.e., the code
cannot be asymptotically good.

The bound extends the bound we obtained in Chapter 2 on the minimum dis-
tance of parallel-concatenated Turbo codes and repeat-convolute codes to the much
the more general setting of an arbitrary encoder that uses linear-time and sublinear
memory. Our argument is based on branching program techniques introduced by
Ajtai [Ajt99]. We also consider the case of constant-depth AND-OR circuits encoders

with unbounded fanin.

3.1 Introduction

In this chapter, we consider the following question:

What can we say about the growth of the minimum distance of a binary
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error correcting code given constraints on the computational complexity

of its encoder?

We concentrate mainly on the time-space complexity of the encoder. In this
setting, the question is a natural tradeoffs question between the parameters: code
minimum distance, code rate, encoding time, and encoding space.

From a practical perspective, this question is important since there are popular
error correcting codes that have low time-space encoding complexity. We are referring
here to Turbo codes, or more precisely to parallel concatenated Turbo codes intro-
duced by Berrou, Glavieux, and Thitimajshima in [BGT93|, and repeat-convolute
codes introduced by Divsalar, Jin, and McEliece in [DJM98]. This low time-space
encoding complexity is crucial for the corresponding iterative decoding algorithms be-
cause these algorithms process the state space representation of the encoder. Sharp
bounds on the minimum distance of Turbo codes were first obtained by Kahale and
Urbanke [KU97] when the underlying interleavers are chosen uniformly at random
and the memory of the constituent convolutional codes is is bounded by a constant.
In Chapter 2, we derived strong bounds on the minimum distance of Turbo like codes
in variety of cases. One of these cases is the well structured setting of generalized
repeat-convolute codes where the convolutional code is replaced by an arbitrary au-
tomaton. We argued that such codes are asymptotically bad when the memory of
the automaton is sublinear and the number of repetitions is constant.

In this chapter, we extend this particular result to the much more general set-
ting where the encoder is a binary branching program, or equivalently a nonuniform
random-access machine with binary input registers.

We establish a general theorem that asserts that if the encoder is a binary branch-
ing program that uses linear time and sublinear space, then the minimum distance of
the code cannot grow linearly with the block length when the rate is nonvanishing. In
other words, the code cannot be asymptotically good in such a case, which is a rather
surprising result. In general we derive a bound relating the involved parameters.

Our proof is based on the branching programs techniques introduced in the recent

breakthrough of Ajtai [Ajt99].
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We also consider the case of constant-depth AND-OR circuits encoders with un-
bounded fanin. We conclude with a conjecture about the strongest possible time-space

tradeoffs for encoding asymptotically good codes.

3.1.1 Branching program encoders

By a code we mean in this chapter an infinite family of binary codes where each code
is specified by an encoder. See Section 1.2 for the basic notions and conventions.

Consider a code specified by an encoding map C' : {0,1}" — {0,1}™. By a
branching program encoder (binary by default, i.e., 2-way) B computing C' we mean a
connected directed acyclic graph with a single source and multiple sinks, together with
a set of n binary input variables and a set of m binary output variables satisfying the
following. There are exactly two arrows leaving each non-sink node, the first labeled
with a one and the second with a zero. Every non-sink node is associated with an
input variable. Some of the nodes are associated with output variables (possibly more
than one variable per node), in which case the nodes are labeled by zeros or ones.
The nodes of the graph are called states, the source is called the start state, and the
sinks are called the end states. The branching program B computes C' as follows.
The computation starts by reading the value of the variable associated with the start
state and moving according to its value to the next state and so on by reading more
bits, while outputting when an output node is reached, until an end state is reached.
We may want to assume that on any input each output variable will be set at least
once, or we can assume that the output variables are arbitrarily preset. We stress
here that we are allowing the branching program to set an output variable more than
once.

The computation of the branching program on an input is the corresponding se-
quence of states starting with the start state and ending with an end state. The
length of a computation is its number of states, and its time is its number of states
plus the total number of times each output variable is set along the way.

The length of the branching program is the maximum length of a computation.

The time t of the branching program is the maximum time of a computation. The
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size S of the branching program is the total number of states. The memory or the

space M of a branching program is M = log S.

Remark 3.1.1 The codes encodable by such general branching programs correspond
to those encodable by random-access machines with bounded read-write space and
binary input registers, where the time of the branching program is the worst case
running time, and its size is ©(2M), M being the number read-write bits. Note
that the machine has two types of read-only bits, those corresponding to the input
message, and those corresponding to the code description. Complexity is measured
in terms of the number of bits of the first type. Note that we are not restricting the
size of the read-only bits corresponding to the code description. This is not a problem
since we are deriving lower bounds. See Example 3.1.5 for some consequences of this

unlimited read-only space.

3.1.1.1 Some special types of branching programs

The branching program is called leveled if the states are divided into an ordered
collection of sets each called a level where edges are between consecutive levels only.
In such a case, the width of the branching program is the maximum number of states

per level.

The branching program is called oblivious if the input variables (and the output
variables) are read (respectively, set) in the same order regardless of the input under
consideration. Thus an oblivious branching program is naturally leveled in such a
way that all the nodes in the same level read the same input variables, and set the

same output variables.

The branching program is called a read-k-times branching program if each input

variable is read at most k£ times on any input.

The branching program is called a write-w-times if at most w output variables are

set per state.
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3.1.1.2 Examples

Example 3.1.2 The trellis of a convolutional code is an oblivious, read-once, and
write-once branching program. The trellis of a systematic convolutional code is an

oblivious, read-once, and write-2-times branching program.

Example 3.1.3 Parallel concatenated Turbo codes are encodable by low complexity
oblivious branching programs as follows. A parallel concatenated Turbo code [BGT93]
C with a constant number k of branches, message length n, and memory M is
specified by k permutations my,..., 7 each on n bits and a rate 1 convolutional
code @ (the component code) of memory M,. For x in {0,1}", C encodes z as
C(z) = (z,Q(m(x)),...,Q(m(z))), where m;(z) is the string obtained by permuting
the bits of x according to the permutation 7;, and Q(y) is the output of the convolu-
tional encoder () on the input string y. Thus C' is naturally encodable by an oblivious
read-k-times write-2-times branching program B. The states of B are copies of those
of the automaton, and B is naturally leveled. B has length kn and time ©(n). The
width of B is 2M0, and its size is at most kn2™. Note that the same holds if we

follow the technicality of appending a terminating sequence to the input.

Example 3.1.4 Repeat-convolute codes fit in the same picture. A repeat-convolute
code [DJM9S8] consists of a repeat-k-times code, a convolutional code, and a permuta-
tion. More precisely, a repeat-convolute code C' of message length n and memory M
is specified by a constant integer k, a permutation 7 on kn bits, and a convolutional
encoder @ of memory M. For z in {0,1}", C encodes = as C(x) = (z, Q(7(r(x)))),
where 7 is the repeat-k-times map, i.e., r(z) is the concatenation of k copies of z.
As in Example 3.1.3, C' is naturally encodable by a leveled, oblivious, read-k-times,
write-2-times, length-kn, time-©(n), and width-2*° branching program whose size is

at most kn2Mo.

Example 3.1.5 Any code can be trivially encoded in the binary branching program
model in linear time and linear space by a tree branching program that on any input,

outputs the whole codeword at the corresponding leaf. This makes sense in the
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random-access machine with binary input registers encoding model because we are not
counting the read-only space needed to store the code description (See Remark 3.1.1).
It is worth noting here that when this read-only space is taken into consideration,
we know from the work of Spielman [Spi96] that there exists an asymptotically good

code encodable in linear time and linear space.

Example 3.1.6 Any linear code is naturally encodable by a leveled, oblivious, width-

2, quadratic-time, and write-once branching program.

3.1.2 Main result

Theorem 3.1.7 Let C : {0,1}" — {0,1}™ be a code (i.e., an injective function)
encodable (i.e., computable) by a branching program B of size S = S(n), timet = t(n),
and length | =1(n) (sol <t).

If t(n) = ©(n), then the minimum distance of C' is

\_l/lnj
0 ((log S) n) .
n

Therefore, C is asymptotically bad when S(n) = 2°™ and t(n) = O(n).

More generally, if t(n) = Q(n), then the minimum distance of C' is

o) (27)")

1761

Thus, C'is asymptotically bad also when S(n) = 2° ") and t(n) = O(nlog'~®n),

for all €1,e5 > 0.

Note that [ does not appear in the bound in the more general case since t is an
upper bound on /.

In other words linear time and sublinear space for encoding imply that the code is
asymptotically bad, i.e., the minimum distance cannot grow linearly with the block

length when the rate is nonvanishing.
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Note that when the time is linear, the sublinear memory requirement is asymp-

totically tight for encoding asymptotically good codes (See Example 3.1.5).

3.1.2.1 Application to Turbo-like codes

By applying Theorem 3.1.7 to parallel concatenated Turbo codes and repeat-convolute
codes (See Examples 3.1.3 and 3.1.4), we can recover the corresponding bound in
Chapter 2 as follows.

The minimum distance of a parallel concatenated Turbo code with a constant
number k of branches, message length n, and memory M is O(n'~" kMé/ k) because
the size of the corresponding branching program is at most kn2M°. Similarly, the
minimum distance of a repeat-convolute code with k repetitions, message length n,
and memory M, is O(n'~ /5 M),

So both types of codes will be asymptotically bad in any reasonable setting, i.e.,
as long as M, is sublinear in n. Note that the situation when M, is sublinear in n
corresponds to the case when the underlying trellis has subexponential size, i.e., when
the corresponding iterative Turbo decoding algorithm has subexponential running

time.

3.2 Proof of Theorem 3.1.7

3.2.1 Ajtai proof techniques for the Hamming distance prob-

lem

We use branching program techniques introduced by Ajtai in [Ajt99]. More specif-
ically, we are referring to the branching program techniques that Ajtai introduced
to show that there is no O(n)-time and o(nlogn)-space R-way branching program,
R = n° (c some absolute constant), that decides on the Hamming distance problem:
given n strings in {0, 1}1°6 % decide whether any (distinct) two of them are at Alog R
Hamming distance apart (A another absolute constant related to c).

Even though this is a decision problem in the setting of R-way branching programs,
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while ours is not a decision problem and is in the setting of 2-way branching programs,
the techniques introduced by Ajtai are behind the proof we describe below.
We refer the reader to Ajtai’s paper [Ajt99)].

3.2.2 Objects under consideration and terminologies

We will start by making the branching program leveled !. Recall from Section 3.1.1
that this means that the states are partitioned into [ consecutive sets of states each
called a level in such a way that edges (i.e., transitions) occur only between consecutive
levels.

We will divide the branching program into blocks. By divide, we mean partition,
and by a block we mean a set of consecutive levels. For a given block, we will be
looking at states in the lower boundary level of the block. By the lower boundary
level of a block we mean mean the last (with respect to the levels ordering) level
(which is a set of states) in the block (which is a set of levels).

Given an input, we will be looking at the computation of the branching program
on this input, which as we explained in Section 3.1.1 is defined to be the corresponding
sequence of states starting with the start state and ending with an end state. So,
in the leveled case, each computation takes exactly [ steps, i.e., it contains exactly [
states.

Fix an input z, and consider the corresponding computation of the branching
program B on x. Fix also a set L of levels or a set T" of blocks. By an input bit or
variable (respectively, output bit or variable) accessed or read (respectively, set) in
L or T during the computation of B on x (or equivalently by L setting the input bit

during the computation and so on ...), all that we mean is that there is a state in the

IThis can be done by a classical procedure. Construct a leveled directed graph of { levels where
each level consists of a copy of all the nodes of the original branching program together with the
related output labels. Connect the nodes in each two consecutive levels according to the the graph
of the original branching program. Associate the end states not in the last level with arbitrary input
variables. Connect the end states in any tow consecutive levels by two arrows labeled respectively by
one and zero. Finally, remove all the nodes (together with the related edges) that are not accessible
from the start sate in the first level or can not reach an end state in the last level. The start state
of the new branching program is the remaining state in the first level, and its end states are those
remaining in the last level.
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computation that belongs to a level in L or a level in a block in T" where the value of
the input variable is read in order to move to another state (respectively, the value
of the output variable is set).

Finally, by a computation which contains a sequence of states, we mean that each
state in this sequence appears in the computation. Note that here the order does not
matter since the states in a computation are distinct because the branching program

is acyclic.

3.2.3 The oblivious case argument

Recall that an oblivious branching program is naturally leveled in such a way that all
the nodes in the same level read the same input variables, and set the same output
variables.

Since the proof of Theorem 3.1.7 is relatively long, it is instructive to look first
at the very special case when B is oblivious. This case is very restrictive compared
to a general branching program. To restrict the setting further, assume that B is
read-k-times and write-w-times, where £k = O(1) and w = O(1).

The argument we used in Chapter 2 to bound the minimum distance of repeat-
convolute codes was in the setting of automata. More specifically, we studied the case
of a repeat-convolute code where the convolutional code is replaced by an arbitrary
automaton. Even though the automata setting is less general than the case we are
considering in this section, the argument naturally extends as follows.

Assume that B is a read-k-times, write-w-times, and oblivious branching program,
where k = O(1) and w = O(1). Thus n <[ < kn and m < wn. We want to argue
that the minimum distance of C' is O(n(}82)1/k),

Let W be the width of B, thus W < .S. We will exhibit two distinct input strings
that map to two codewords at distance O(n(logTW)l/ *) apart. We will do this by finding
a nonempty set of input variables U, a subset J of levels, and two distinct strings z;
and xo in {0,1}" such that z; and zy agree outside U, and the computations of B
on x; and zo agree outside J. This will give us the desired bound on the minimum

distance. J will be constructed as a union of intervals from a partition of B that we
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define next.

Partition B into b consecutive blocks, each consisting of s; or s, levels, where
s1 = |kn/b| and sy = [kn/b]. Assume for now that b is arbitrary as long as s; > 1.

We will optimize on the integer b later.

Each of the n input variables is read by B in at most k£ blocks. Recall that B is
oblivious. Thus, for any specific variable, these blocks will be the same irrespective
of the setting of the input variables. There are at most b* k-set of blocks. Here by
a k-set of blocks, we mean a set of blocks of cardinality at most k. So there are at
least n/b* input variables that are read by B in the same k-set of blocks. Let U be
such a set of input variables with |U| = [n/b*], T be such a k-set of blocks, thus

1 < |T| < k. The set J we mentioned above is the union of the blocks in 7.

Consider the lower boundary levels Ly, ..., L of the blocks in T" ordered by the
level index, and let @) be the set of strings in {0,1}" that are zero outside U, thus
|Q| = 2l There are at most W* state sequences in Ly x ... x L7, and for each z in
() the computation of B on x contains such a sequence. So if we can guarantee that
U > Wk we get that there should be a sequence of states {5,}@1 in Ly x ... X Ly
and two different strings x; and x5 in ) such that the computation of B on both
r; and xy contains {si}ﬁ'l. Since x; and xy agree outside U, the computation of
@ on x; and x, are exactly the same outside the blocks in 7. The reason is that
both computations are in similar states each time the branching program leaves an
intervals in 7. Thus C(x;) and C(z2) can only differ in the blocks in 7". This means
that the distance between C(z1) and C(z2) is at most |T'|ssw < k[kn/bJw, since
|T| <k, and s = [kn/b].

This bound holds under the assumption that 2!Vl > W* which can be guaranteed

if 27/%* > W*. So, choose b = ((Mo’gw)l/ﬂ — 1. Note that the only other constraints

we have on b are 1 < b < kn, and the selected value satisfies these constraints when
W is not exponential in n. Note also that if W is exponential in n, the statement of
the theorem is trivial. By replacing this value of b in the upper bound k[kn/b]w on
the distance between C'(z1) and C(z2), and using S as a upper bound on W, we get

that the minimum distance of C' is O(n(%)l/ *). Note that we used here also that

52



k=0(1), w=0(1), and C(z;) # C(x3) because x; # x5 and C is injective.

This proof is short and simple. But when B is not oblivious, the proof does not
go through. The main reason is that we cannot construct U and T regardless of the
setting of the input variables as we did above. When the branching program is obliv-
ious, the read-k-times and the write-w-times restrictions are not fundamental. When
it is not oblivious, they become restrictive. For example, in the general branching
program model, depending on the input, a very large number of the output variables
may be set in a particular state, or a particular input variable may be read a very
large number of times. The point to keep in mind is that the oblivious assumption is
very restrictive.

We will sketch in the next section how to handle the general situation. The proof
is longer and more sophisticated. This is not strange since the statement we are
proving is much more general. The reader is encouraged to go carefully over the

above argument before proceeding to the general case.

3.2.4 Proof technique

We follow the techniques introduced by Ajtai [Ajt99] in the setting of the Hamming
distance problem.

We want to find two input strings z; and x5 such that C(x;) and C(z3) are close
to each other.

The first step is to make the branching program leveled without affecting its input-
output behavior. Next, we divide the branching program into blocks each consisting
of consecutive levels whose number will be suitably selected later and whose sizes are
as uniform as possible.

To exhibit z1 and x5, we will find a set T' of blocks such that:
e the size of T is small,

e the computations of B on x; and x5 are exactly the same in the blocks outside

T, and
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e not too many output bits of C(x1) (respectively C'(x2)) are set in any of the

blocks in 7" during the computation of B on x; (respectively zs).

Thus C(x1) and C(z3) can only disagree on the few output bits that are set in 7'
To find such zq, 29, and T, we find first T together with a set @’ of input strings
in {0,1}" and a sequence {si}ﬁ'l of states in the lower boundary levels of the blocks

in 7" in such a way that for each x in Q"
e the computation of B on x contains {s;}/",

e not too many output bits of C'(x) are set in any of the blocks in 7" during the

computation of B on x, and

e the number of variables in z that are accessed only in the blocks in T" during

the computation of B on z is large.

We will eventually find the desired x; and x5 inside Q)" as follows.

We modify the branching program B again so that B is forced to to pass through
a state in the sequence {5i}£‘1 each time it attempts to leave a lower boundary level
of a block in T, but without affecting its input-output behavior on @'

Using T, define an equivalence relation on {0, 1}" by relating two strings if:

e they share the same set of input variables that are not read during the compu-

tation of B in blocks outside 7', and
e they agree on the values of their bits outside this set.

Thus each equivalence class [z] is determined by a set If;) of input variables and a
setting of the variables outside Ij,).

We forced the computation of B to contain the states {si}ﬂl on all inputs so that
we get |[x]| = 2=, and hence the size of each equivalence class [z] can be guaranteed
to be large when I| is large.

Since for each input string in @', the number of variables that are accessed only
in the blocks in T" during the computation of B is large, we get that the equivalence

class of each input in Q' is large.
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By considering the set €2 of sufficiently large equivalence classes so that the equiva-
lence classes of all the elements of )" are guaranteed to be elements of €2, our problem
reduces to selecting the number of blocks so that |Q’| is strictly larger than ||, and
hence there are distinct x; and x5 in @)’ that have the same equivalence class. The
fact that [z1] = [29] means that the computations of B on z; and z, are exactly the
same outside the blocks in 7', and hence C(z;) and C(x3) can only disagree on the
output bits that are set inside the blocks in 7.

By construction the number of those output bits will be small. Moreover, and
since C' is injective, C'(z1) and C(x9) are distinct. The distance between C(z;) and

C(z2) will be the desired bound on the minimum distance of C'.

3.2.5 Proof outline
Assume for moment that ¢ = ©(n). We will deal with the more general case when we
are done by working more carefully with the constants. So say that

t=an and | = cn, (3.1)

where a,c > 1 are constants (a,c > 1 because C' is injective).

A) We modify the branching program so that it is leveled. See the footnote in
Section 3.2.2. The modified branching program computes the same function,
i.e., B computes C. The length of the resulting branching program B is [, its
time is ¢, its size is at most S, and its width is at most S. The difference is
that now edges occur only between consecutive levels, and each computation

takes exactly [ steps.

B) Partition B into b consecutive blocks, each consisting of s; or sy levels, where

R e I R

Assume for now that in general 1 < b < [ so that 1 < 51,8, < [. We will

we define

optimize on the integer b later.
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C) Lemma 3.2.1 There ezist:

a) absolute constants h,a > 0,

b) Q" C{0,1}" such that

2TL
/
> .
where
k= lcl, (3.4)
c) a set of blocks T,
1< [T <k, (3.5)

d) and a sequence {si}ﬁ'l of states in the lower boundary levels of the blocks

m T,
such that for each x in Q':

1) the computation of B on x contains {52-}@1,
2) at most
w=— (3.6)
output bits of C(x) are set in each block in T during the computation of B
on x, and

3) the number of variables in x that are accessed only in the blocks in T during

the computation of B on x is at least

an
bk

Proof. See Section 3.2.6. [ |

D) Now we modify the branching program B again so that B is forced to to pass
through a state in {51-}@1 each time it attempts to leave a lower boundary level
of a block in T, while guaranteeing that B behaves exactly like the old B on

the inputs in @', i.e., it computes C(z) for each z in @'
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We can do this by simply connecting (on both inputs) all the states in the level
above that of s; to s;, for each 7. Note that B need not compute an injective
function anymore, so it may not read all the input variables on some inputs.
It may also leave some of the output variables unset, but this is not a problem

since we can assume that the output variables were arbitrarily preset.

Note that this step is essential for what follows. See Section 3.2.4 for the big

picture.

E) Finally, we bound in Section 3.2.7 the minimum distance of C' by exhibiting
distinct x; and z5 in @’ such that the distance between C(x;) and C(z5) is
O(n(*£5)%).

F) In Section 3.2.8, we explain how to drop the assumption t = ©(n).

3.2.6 Proof of Lemma 3.2.1
Consider any input z in {0, 1}".
e Let £ > 1 be an integer, and let A > 0. We will set k£ then h as we continue.

e Let R, be the set consisting of all the blocks that sets at most

bits of C'(x) during the computation of B on z.

e Let D, be the set of input variables that are read in at most k states during

the computation of B on x.

e And let D/ be the set of input variables in D, that are read only in blocks in

R, during the computation of B on z.

First recall from (3.1) that a,c > 1 are the constants satisfying

def def
t = an and [ = cn.
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Recall also from (3.2) that
def é —{@J>1 nd s, & é —{@-‘
S S i B e Y A
Some bounds:

e From the definition of R,, we must have w(b — |R,|) < t, thus
|R|>b—i>b<1—g> (3.7)
= h,Sl - h ’ .

where the first inequality follows from w = hsit/l, and the second from the

bound s; = |I/b] > 1/(2b).

e Since C' is injective, each input variable must be read at least once, so from the

definition of D,, we must have have
[ Da| 4 (k+1)(n — [Dqf) <1,
ie., |Dy| > n(1— <) because I = cn. Thus if we set
kel

we get

of C—1
|D,| > n(1—¢), where ¢ & ¢ < 1. (3.8)

e The number of input variables read in blocks outside R, is at most

where the first inequality follows from (3.7), and the second from the bound

sy = [en/b] < 2en/b. Thus, by the definition of D!, we must have

4 4
D2 1Da] = 2 (1= e= ).,
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where the second inequality follows from (3.8).

Let h be sufficiently large such that

. 4
ad=f1—e—§>0. (3.9)

Note that this implies also that 1 — % > (0 since ¢ > 1, i.e
|R.| >0,

by (3.7).

To sum up, we have fixed some constants h, a > 0, and specified k e |c], so that
1 <|R;| <band |D.| > an. (3.10)

Now, keep the definition of R, in mind, ignore D,., and recall that D! is a set of input

variables such that:

e cach input variable in D! is read in at most k levels during the computation of

B on z, and

e cach of those levels belongs to a block in R,.

Recall also that so far we are fixing an input z in {0, 1}".
Consider all the k-sets in R,, i.e., the subsets of R, of size at most k. Each input
variable in D’ is read in such a k-set during the computation on x, and there are at

most | R,|* such k-set, so there are at least

Dy on

|Ref* — b

variables in D’ read in the same k-set of blocks, where we have used (3.10) to obtain
the estimate. Let U, be such a set of variables in D/, and let T}, be such a k-set of
blocks in R,. So

an
1 <|T,| <k and |U,| > o
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Note that T, is nonempty since C' is injective.

For each = in {0,1}", there is such a U, and T,. Fix any such correspondence.
There are at most b* such T}, so there is a subset @ C {0,1}" and a k-set of blocks
T such that

Q=2
and T' = T, for each x in ). Now consider the lower boundary levels Ly,..., Ly
of the blocks in T ordered by the level index. There are at most S* state sequences
in Ly X ... x Ly, and for each z in @), the computation of B on x contains such
a sequence, so there is a sequence {si}ﬁ‘l of states in L; X ... x Ljp and a subset
Q' C @ such that

ns QS 2"

k

and the computation of B on z contains {s;}/", for each z in Q'.

3.2.7 Bounding the minimum distance

Now we are ready to find the two distinct messages z; and x5 that C' map to close
codewords.

Using T, for each x in {0, 1}", let I, be the set of input variables that are not read
during the computation of B on x in blocks outside T'. Note that we need a double
negation (“not read” and “outside”) since some of the input variables may not be
read at all because we modified the branching program in (D).

So, by (C.3), for each z in @,

an
>

Using T, define the equivalence relation ~ on {0,1}" by x ~ y if:
o [, =1, and
e x agree with y on the bits outside I,.

In other words, z|r,, = yl1,,, where [z] means the equivalence class of z.
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Given any x in {0,1}", each y ~ x can only disagree with x on I,. Conversely, if
y disagrees with x only inside I, it must be the case that y ~ x. To see why this is
true, note that we forced in (D) all the computations of B to leave the blocks in T’
in the same states: the the sequence of states {52-}@1 that we exhibited in (C.1). So
the computations of B on x and y are exactly the same outside the blocks in 7', and
hence any bit accessed on x outside 7" will be accessed on y outside T" and none of

the bits in I, will be accessed on y outside T'. It follows that

] = 2%

Thus, by (3.11), for each x in @,
lz]] > 22"

Let  be the set of equivalence classes the size of each being at least 20™/**. So, [x]
is in € for each z in ()’. Besides, since the equivalence classes are disjoint, we must
have [Q20m/%" < 9m ie.,

0] < Qan/b (3.12)
If we can guarantee that

Q' > (9], (3.13)

we get that there should be x; # x5 in @' such that [z1] = [x5]. The fact that
[z1] = [x2] means that the computations of B on x; and xs are exactly the same
outside the blocks in 7', and hence C'(z1) and C'(x2) can only disagree on the output
bits that are set inside the blocks in T'. But, by (C.2), we constructed @’ in such way
that the computation of B on any z in ()’ can set at most w bits of C'(x) in each

block in 7. Thus C(x1) and C(z3) can disagree on at most

hsia < 2khena— 2khan

21T w < 2k 3.14
[T < c be b ( )

bits, where the first inequality follows from |T'| < k (by (3.5)) and w = hsit/l =
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hsia/c (by (3.6) and (3.1)), and the second follows from sy = [I/b] = |cn/b] < cn/b
(by (3.2)).

Moreover, C'(x1) and C(x9) must disagree on at least one bit since z7 # x5, and
C' is injective.

Using (3.3) and (3.12), condition (3.13) can be guaranteed to hold if
20/ = (Sb)*,

which is fulfilled when i
1 (l{;log (Scn))l/
57\ e )

an

since b < [ = cn. If we can select b so that this holds, we get that the minimum

distance of C' is at most 2khan/b. The only restriction we have on bis 1 < b <, so

bt {(L)lﬂ 1 (3.15)
klog (Scn) ' '

2% _log (nc)

we set

This is always below [, and it cannot go below 1 unless S > 207/k in which

case the statement of the theorem is trivial. Thus, via (3.14), the minimum distance

o))

of C is at most

klog (Scn

3.2.8 Dropping the linear time assumption

Now we drop the assumption that ¢ = ©(n), thus a and ¢ need not be constants.
Since [ < t, we use a as an upper bound on c¢. Assume that a grows with n and
assume also that it is O(logn) since otherwise the statement of the theorem is trivial.

We will not set k = |¢]. Going back to (3.8) and (3.9), we have

c—l_g>1_a—1_4_a
k h k h’

a=1-—

a value that we need to keep bounded away from zero by a positive constant. Set

k=1[2(a—1)] and h = [16a], thus a > 1/4.

62



By using the same choice of b in (3.15) and the same bound on the minimum
distance of C' in (3.14), but with the new values of k& and h and the bound ¢ < a, we

get that the minimum distance of C' is at most

272(a — 1] [16a1an_‘ —- o (agn <loi5>%) |

( n/4 )1/f2(a—1ﬂ
[2(a—1)] log (San)

3.3 When the encoder is a constant-depth AND-

OR circuit

To outline the boundaries of the picture, we consider the same problem but from the
perspective of the circuit complexity of the encoder. Here we note that not much can
be said other than what is essentially expected. Since we know from [Spi96] that there
are asymptotically good codes that are encodable by linear-size and logarithmic-depth
circuits, we are left with constant-depth circuits encoders with unbounded fanin.
Note first that if C': {0,1}" — {0,1}™ is a code (i.e., an injective map in general),
we say that C' is encodable by a depth d AND-OR circuit with unbounded fanin if
each of the m output bits is computable by a depth d circuit where: 1) the only
allowed gated are AND/OR gates with possibly negated inputs, and 2) the number
of inputs per gate is unbounded. The size of the circuit is the total number of gates.
We argue by a direct application of Hastad switching Lemma that a polynomial
size constant-depth circuit cannot encode an asymptotically good code (actually as
long as the circuit size is subexponential in a power of the block length inversely
proportional to the circuit depth). This is not surprising since in the special case of
linear codes, a small depth circuit encoder corresponds to a code with a low density

generator matrix.

Lemma 3.3.1 Hastad switching Lemma [Has86]: Let f : {0,1}" — {0,1} be com-
putable by an unbounded-fanin depth-d AND-OR circuit of size M. Consider a ran-
dom restriction p that independently keeps each input bit unset with a probability

p = 1/(20k)4, sets it to 1 with a probability 1 — p/2, and to 0 with a probability
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1 —p/2. Then the probability, over the choice of p, that f, when restricted to the

values set by p, cannot be evaluated by a decision tree of depth k is at most M272.

Note that a decision tree computing a binary function b : {0,1}" — {0,1} on n
variables is a binary tree where each node is associated with one of the input variables,
and each leaf is associated with a 0 or 1 setting of the single output variable. This
implies that if we fix any setting of the input variables, there are at most k variables
that, when negated, will affect the value of b, where k is the depth of the tree. In
other words, when k is small, b has low sensitivity. Thus if a code {0,1}" — {0,1}™
(an injective map) is encodable by m decision trees each of depth k, a direct counting
argument shows that its minimum distance can be at most km/n. Hastad switching

Lemma essentially reduces the circuit case to this situation.

Theorem 3.3.2 Let C': {0,1}" — {0,1}™, m = ©(n), be a code (i.e., in general an
injective map) encodable by an unbounded fanin AND-OR circuit of size S and depth

l, then the minimum distance of C s
0((20)! log" m.S).

Thus, C' is asymptotically bad when | = O(1) and S = go(m!/!)

Proof. Let z1,...,x, be the input variables, Ay,..., A,, the circuits that compute
the output variables yi,...,ym, and a = m/n. Thus a > 1 is constant, the size of
each A; is at most S, and the depth of each A; is at most [.

Hit the z;’s with a random restriction p that keeps each z; unset with a probability
p = 1/(20k)!, sets z; to 1 with a probability 1—p/2, and to 0 with a probability 1—p/2.

Then, for each A;, from Hastad switching Lemma, the probability that A; does
not collapse to a decision tree of depth k is at most S272%. Thus the probability
that one of the A;’s does not collapse, or the number of remaining (unset) variables
is below np/2 is at most

41—
P — gz A=P)

np

where the later term comes from the Chebychev inequality.
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Fix k = log Sm so that P < 1/(Sm) + 4(20log Sm)!/n < 1 when n is large
enough and S is subexponential in n'/*. Note that when S is exponential in n'/!, the
statement of the theorem is trivial.

So, fix any restriction p with the property that:
e the set I of input variables left unset by p has size at least np/2, and

e cach of the A;’s collapses under p to a decision tree T; of depth k, where k =
log Sm and p = 1/(20k)".

Consider any setting of the variables in I, and let I; be the set of variables in I read
by T; on this setting. Each I; contains at most k variables, and the output of 7; can
only be affected when we change some of the variables in I;. So there should be a

variable in I that appears in at most

> 1] < km _ 2ka
Il ~mp/2 p

of the I;’s . By flipping this variable, we can affect at most 2ka/p output bits, and
at least one output bit since C' is injective. Hence the minimum distance of C' is at
most

2ka _ 0((20)!log"™* Sm).

3.4 Open questions

Using branching program techniques introduced by Ajtai [Ajt99], we argued in The-
orem 3.1.7 that there are no asymptotically good codes that are encodable in linear
time and sublinear space in the most general sense. When the time is linear, the sub-
linear memory requirement is asymptotically tight for encoding asymptotically good
codes (See Example 3.1.5).

On the other extreme, quadratic encoding time is achievable by random linear

codes while requiring minimal encoding memory in the branching program model
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(See Example 3.1.6).

We conjecture that in general

Conjecture 3.4.1 If C' : {0,1}" — {0,1}™, m = O(n), is a code (an injective
map), that is computable by a branching program of memory M and time T, where

MT = o(n?), then the minimum distance of C' must be o(n).

Proving the conjecture or finding the correct time-space tradeoffs for encoding
asymptotically good codes when the encoding time is superlinear and subquadratic

is very desirable.
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Chapter 4

Some symmetric codes with good

distance

We study in this chapter randomized and explicit constructions of binary linear codes
that are invariant under the action of some group on the bits of the codewords.
We study a nonabelian randomized construction corresponding to the action of the
dihedral group on a single copy of itself, a randomized abelian construction based on
the action of an abelian group on a number of disjoint copies of itself, and a related
explicit construction.

Cyclic codes have been extensively studied over the last 40 years, yet it is still an
open question whether there exist asymptotically good binary cyclic codes. We argue
that by using a group slightly stronger than a cyclic group, namely the dihedral group,
the existence of asymptotically good binary codes that are invariant under the action
of the group on itself can be guaranteed. In particular, we show that, for infinitely
many block lengths, a random ideal in the binary group algebra of the dihedral group
is an asymptotically good rate-half code with a high probability.

We argue also that a random code that is invariant under the action of an abelian
group G of odd order on k disjoint copies of itself satisfies the rate-1/k binary (GV)
Gilbert-Varshamov bound with a high probability under a condition on the family of
groups. The underlying condition is in terms of the growth of the smallest dimension

of a nontrivial Fo-representation of the group and is satisfied roughly by most abelian
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groups of odd order, and specifically by almost all cyclic groups of prime order.

The explicit code we study is a specific nondegenerate element of above codes
ensemble in the setting when G is cyclic of prime order p, and k = 2. It is based
on quadratic residues. For nondegeneracy reasons, we conjecture that this explicit
code is asymptotically good and probably achieves the binary GV bound. We show
that the codewords in this specific code are in one to one correspondence with special
hyperelliptic curves over the finite field of order p, where the number of zeros of a
codeword corresponds to the number of rational points. This suggests a conjecture
about a bound tighter than the general estimates obtainable from Weil’s theorem for

the underlying class of curves.

4.1 Introduction

Linear codes that are symmetric in the sense of being invariant under the action of
some group on the bits of the codewords have been studied extensively before, yet
we still know very little about how the group structure can be exploited in order to
establish bounds on the minimum distance or to come up with decoding algorithms.

One example of such codes are codes that are invariant under the action of some
group on itself. When the group is cyclic these are cyclic codes. Another example
is when we have a group acting on more than one copy of itself. When the group is
cyclic these are quasi-cyclic codes.

structure to come up with fast decoding algorithms.

The main reason behind looking at such codes is the presence of an underlying
symmetry structure. An ideal goal one hopes to achieve is to come up with an
explicit construction of codes up the binary GV (Gilbert-Varshamov) bound. This is
a very open question since no such codes are known. Even explicitly constructing new
asymptotically good codes is very desirable since there are only two known classes of

constructions:

e Concatenated algebraic geometric codes: Justesen [Jus72], Goppa [Gop70], Ts-
fasman, Valdut, and Zink [TVZ82], Elkies [ElkO1], and their variations such as
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the variation of Justesen’s codes based on chinese-remainder codes (see [GRS00]

and the references therein).

e Expander codes: Alon, Bruck, Naor, Naor, and Roth [ABN+92], Sipser and
Spielman [SS96], and Spielman [Spi96].

Another fundamental goal is to be able to use the group structure to come up with

fast decoding algorithms.

4.1.1 Preliminaries
4.1.1.1 Binary linear codes

Unless otherwise specified, by a code, we mean in this chapter an infinite family of

binary linear codes. See Section 1.2 for the basic definitions and conventions.

4.1.1.2 Group algebras

Let R be a finite ring with identity. The ring R is called simple if it has no proper two
sided ideal or equivalently if it is isomorphic to a matrix algebra over some division
ring that must be a finite field since R is finite. The ring R is called semisimple if its
radical is zero, or equivalently if R is the direct sum of 2-sided ideals that are simple
as rings in which case the decomposition is unique.

Let G be a finite group, F' a finite field. The group algebra F[G] of G over F is
the F-algebra consisting of formal sums Y- s f(g)g over F, f : G — F. The group
algebra F[G] is semisimple if and only if the characteristic of /' does not divide the
order of G.

See [Bur65, CR62, McD74] for general background.

4.1.1.3 Group action codes

What we mean by a binary linear code invariant under the action of some group is

as follows. Consider an action p of a finite group G on a finite set .S, and say that a
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(binary Fo-linear) code C' is p-invariant if it satisfies the following. Let M be the |S|-
dimensional Fo-vector space written as the set of formal sums Y- cq f(s)s, f: S — Fa.
Consider the induced action of G on M by (say left) translation ¢ : f(z) — f(gx).
Then we say that C is p-invariant if C' is a subset of M closed under addition and
closed under translation by the elements of G. In other words, C'is p-invariant if C' is
an Fo[G]-submodule of M (again with the left multiplication convention). Note that
if Y ,cq f(8)s is an element of C, then the vector representation of the corresponding
codeword is (f(s))ses. Note also that when talking about the asymptotic properties
of a group action code, we implicitly mean that we have an infinite family of group
actions {py fner, with the group G,, acting on the set S,, via p,,. The family is indexed
by the block length n = |S,,| of the p,-invariant code C,,.

4.1.1.4 Hyperelliptic curves

For general background on hyperelliptic curves over finite fields, see for instance

Section 6.2 in [Sti93].

4.1.2 Group action codes literature
4.1.2.1 Cyclic and abelian codes

Binary abelian codes are invariant under the action of an abelian group G on a single
copy of itself, i.e., they are ideals in the binary group algebra Fy[G|. Cyclic codes
correspond to the special case when G is cyclic. These codes, and specifically cyclic
codes, have been extensively studied over the last 40 years. See for instance [PHBOS].
Yet, it is still an open question whether there exist asymptotically good binary cyclic

or abelian codes in general.

4.1.2.2 Codes in the binary group algebra of the dihedral group

These codes are invariant under the action of the dihedral group D,, on itself, i.e.,

they are ideals in the binary group algebra Fo[D,,]. The Dihedral group D,, contains
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2m elements. It is generated by « and 3 subject to the relations a? = 1, 5™ =1, and
af ="t

Codes in the binary group algebra of the dihedral group were introduced by
MacWilliams [Mac69] in the setting of self dual codes. As far as we know, noth-

ing was known before our work about their asymptotic distance properties.

4.1.2.3 Quasi-cyclic codes

Quasi-cyclic codes are invariant under the action of a cyclic group on k disjoint copies
of itself, i.e., they are Fy[z/mZ]-submodules of Fy[Z/mz]"*.

Quasi-cyclic codes were first studied by Chen, Peterson, and Weldon [CPW69] in
the setting when m = p is prime. The result in [CPWG69] says that if 2 is a primitive
root of p (i.e., 2 generates F) ), arandom quasi-cyclic code (i.e., an Fo[Z/pZ]-submodule
of Fy[Z/pZ]* generated by a random element of Fo[Z/pZ]*) achieves the GV bound with
a high probability. Without assuming the ERH (Extended Riemann Hypothesis), it
is not known whether there are infinitely many primes with the above property. A
later result by Kasami [Kas74] shows that if instead of working in z/pz, if we work
in z/phz, where | can be varied and py is fixed to be the largest known prime such
that 2 is a primitive root of py, a random quasi-cyclic code achieves a slightly weaker
bound than the GV bound.

A subsequent work by Chepyzhov [Che92], which was mentioned to us recently
by Barg [Bar01], shows that in the cyclic prime case the condition in [CPW69] that
requires 2 to be a primitive root of p can be relaxed to requiring that the size of the
multiplicative group generated by 2 in F' grows faster than log p and hence the ERH

can be avoided as it is not hard to show that there are infinitely many such primes.

4.1.2.4 Quadratic residues codes

Let p be a prime such that 2 is a quadratic residue, i.e., p = £1 (mod 8). Consider
the decomposition z? —1 = (xz — 1)g(z)g(x) over Fy where ¢(z) = [[ieq(z — (%),
q(x) = [licg(z — ), Q is the set of quadratic residues modulo p, Q@ = FX\Q, and 3 is

a primitive p’th root of 1 in an extension field of F,. Binary quadratic residues codes
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are the ideals of Fo[Z/pZ] = Fo[x]/(2? — 1) generated by one the polynomial ¢(x), g(x)
or one of their product with with the polynomial x — 1.
Other than being cyclic codes, these codes are invariant under the action of the

a *
subgroup {(0 . )} of PSLy(F,) on F, by affine transformations. They are
a a#0

also extendible from F, to F,U{oo} in such a way they are invariant under the action
of PSLy(F,) by fractional linear transformations on F, U {oo}. See [Lin99, War74,
PHBOIS|.
It is not known if binary quadratic residue codes can be asymptotically good.
One of the codes we will be studying in this chapter can be related to special

nonbinary quadratic residue codes over Fy.

4.1.2.5 Cayley graphs codes

Sipser and Spielman [SS96] constructed explicit binary asymptotically good Low den-
sity parity check codes based on the explicit constructions of Cayley graph expanders
of Lubotzky, Phillips, and Sarnak [LPS88], and Margulis [Mar88]. The underlying
Cayley graph group is PSLy(F,), p prime. These codes are realized as unbalanced
bipartite graphs in such a way that the codewords are defined on the edges of the
Cayley graph. They are invariant under the action of PSLy(F,) on more than one

copy of itself.

4.1.3 Summary of Results

4.1.3.1 Asymptotically good codes in the group algebra of the dihedral

group

The most natural class of group action codes are those that are invariant under the
action of a group G on itself, i.e., those that are ideals in the binary group algebra
Fy|G] of a group G. The case when G is cyclic (respectively, abelian) corresponds to
the case of cyclic (respectively, abelian) codes. Such codes are very well studied, yet
it is still an open question whether there exist asymptotically good cyclic or abelian

codes. The case when G is nonabelian was studied and introduced by MacWilliams
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[Mac69] in the setting of the dihedral group D,,. However, it was not noted that this
group algebra contains asymptotically good codes.

Our result in Section 4.4 says that if we use a group slightly stronger than a cyclic
group, and namely the dihedral group, the existence of asymptotically good codes
can be guaranteed in the group algebra. In particular, we show that for infinitely
many m’s, a random ideal in Fo[D,,] is an asymptotically good rate 1/2 binary code.

The first condition we need on m is that the smallest size of the multiplicative group

X

., as p runs over the prime divisors of m (or equivalently the

generated by 2 in F
smallest dimension of a nontrivial Fo-representation of Z/mZ), grows asymptotically
faster than logm. We require also for simplicity another condition and we argue that
it is satisfied by all the primes p = £5 (mod 8). By random here we mean according
to some specific distribution based on the Fy-representations of D,,. The implicit
bound on the relative minimum distance is h=!(1/4), where h is the binary entropy
function.

As far as we know, this is the first provably good randomized construction of
codes that are ideals in the group algebra of a group. We are not also aware if it was
previously known that there exists asymptotically good codes that are ideals in the
group algebra of a group.

We leave the corresponding analysis till the end of this chapter since it is based

on the analysis of the quasi-abelian case that we summarize next.

4.1.3.2 Quasi-abelian codes up to the GV bound

Rather than considering the action of a group G on itself, one can consider the action
of G on k disjoint copies of itself. This means looking at codes that are Fy|G]-
submodules of Fo[G]¥. When G is cyclic, these are quasi-cyclic codes.

We consider the case when G is an abelian group of odd order. Our result in Sec-
tion 4.2 says that if the dimension L(G) of the smallest irreducible Fa-representation
of G grows faster than logarithmically in the order of the GG, then an Fy[G]-submodules
of Fo[GJ* generated by a random element of Fo[G]* achieves the GV bound at rate

1/k with a high probability. Here random means almost uniformly in a suitable sense.
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Roughly, almost all abelian group of odd order satisfy the above condition. This in-
cludes almost all cyclic groups of prime order. Since G is abelian, L(G) depends only
on the order of GG, and it is the smallest size of the multiplicative group generated by
2 in Fj;, where p runs over the prime divisors of m.

Comparing our result with the literature on quasi-cyclic codes surveyed in Section
4.1.2.3, we see that the innovation in our result is in the fact that it holds for abelian
groups that are not necessarily cyclic of prime order which has the advantage of sup-
plying more block lengths. Our condition on the order of the group is a generalization
of the condition of Chepyzhov [Che92| from cyclic groups of prime order to arbitrary
abelian groups of odd order. Another related work, which was announced for the first
time in the same workshop [DCCO1] in which our results were presented, is that of
Meshulam and Wigderson [MW02, MWO03] who arrived to a similar condition on the
distribution of the dimensions of the irreducible representations of abelian groups in
the setting of expander graphs constructions.

In Section 4.2.1, we tune the construction in the rate 1/2 case, i.e., when k = 2.
We show that under the same condition on the order of G, and over the choice of
a uniformly random element b of Fo[G], the Fo[G]-submodule generated by (b,1) in
Fo[G]? achieves the GV bound at rate 1/2 with a high probability.

4.1.3.3 An explicit construction based on quadratic residues

Of special interest to us is the above tuned construction in the case when the group
G is cyclic of prime order.

Let G = Z/pZ, p prime. Define the PQC (Prime Quasi-Cyclic) codes ensemble as
follows. The codes in the PQC ensemble are in one to one correspondence with the
subsets A of F,. For each such A, there is a code in the PQC ensemble given by the set
of all pairs (rgra,rg) as S spans the subsets of F,,. Here r4 def dSgeayg €ER def Fa[G].
We know that, for almost all the primes p, a random subset A of F, gives a code in
the PQC ensemble that achieves the GV bound at rate 1/2 with a high probability.

We consider in Section 4.3 the problem of explicitly constructing a good code

from the above ensemble, i.e., the problem of explicitly constructing a good set A.
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We study specifically the natural explicit code that corresponds to setting A to be
the set of quadratic residues in F,. Call this code the QQR (Quasi-cyclic Quadratic
Residues) Code. For nondegeneracy reasons, we conjecture that this explicit code is
asymptotically good and probably achieves the binary GV bound at rate 1/2. The
intuition is the following. The explicit construction problem consists of finding a good
A. We know that almost all the A’s are good and we want to construct a good one.
What are the bad A’s? Characterizing the bad ones is hard. But, intuitively, a bad
A seems to be a one that is too small, too large, or is degenerate in some sense under
addition modulo p. So a promising candidate for A seems to be a moderately sized
set that can be defined without using addition at all. Since p is a prime, there is a
natural choice for such an A: a multiplicative subgroup of F) whose size is around
half the size of F’. But, there is only one such subgroup: the set of quadratic residues

mod p.

We present a preliminary analysis of the minimum distance of the QQR code which
(when the prime p is special enough) reduces the problem of bounding its minimum
distance to obtaining a bound on the the maximum number of rational points on a
curve from a family of hyperelliptic curves over F,. We show that the codewords in
this codes are in one to one correspondence with special hyperelliptic curves over F,,
where the number of zeros in a codewords is up to an additive O(1) term equal to
the number of F,-rational points on the corresponding curve. This is when the prime
p = £5 (mod 8). The curves are of the form y* = f(z), where f(z) is a nonconstant
square free polynomial of even degree in F,[x] that has all its zeros in F,. We argue
that maximizing over the odd degree polynomials can only affect the bound by an
additive O(1) term. This extends the family of curves to those of the form y? = f(x)
where f(x) a is a nonconstant square free polynomial in F,[x] that has all its zeros in
F,.

The general bound of Weil for bounding the number of rational point is inadequate
in our situation since it becomes trivial when the genus of the curve becomes large.
Other than being in the special setting of hyperelliptic curves, the more important

additional special features in our case are:
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o f(z) splits completely over F,, and

e [, is a field of prime order, which is a situation where it is not known whether

Weil’s bound can be tight for any curve.

This leads to the following conjecture, whose correctness is equivalent to the asymp-
totic goodness of the QQR code with § as its minimum relative distance:

Conjecture 4.3.6: There exists [ > 0 such that for any prime p (or for infinitely

many primes p) and for any non-constant square free polynomial f(z) that splits
completely over F,, the number of F,-rational points on the hyperelliptic curve y* =
f(z) is smaller than 2(1 — 3)p.

To support the conjecture we note in Section 4.3.4 that the classical special class
of curves where f has only two non-zero coefficients and where Weil’s bound can
become tight over square fields cannot have too many rational points in our prime
field setting.

The splitting condition may be only needed to handle the high genus cases. A
stronger statement might be true:

Conjecture 4.3.7: There exists # > 0 such that for any prime p (or for infinitely

many primes p) and for any nonconstant square free polynomial f(x) whose degree is
sublinear in p, the number of F,-rational points on the hyperelliptic curve y* = f(x)
is smaller than 2(1 — 3)p?

This basically means improving Weil’s bound in the setting of hyperelliptic curves
over prime fields.

The explicit binary codes we are looking at are not essentially new codes in the
sense that they can be related after minor modifications to a special class of non-binary
classical cyclic quadratic residue codes over F, when the prime is special enough as
we explain in Section 4.3.5. What is new is that this special case comes from a code
ensemble where the random is good, and where the code we are studying seems highly
non-degenerate. Our technical contribution is the reduction of the minimum distance
problem to a problem about points on curves. The importance of the conjecture is that

its correctness leads to at least a new family of explicit asymptotically good binary
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codes. From the perspective of the construction origin, it is tempting to speculate
also that the construction achieves the binary GV bound. Proving the conjecture or

finding counter examples for all but finitely many primes is very desirable.

Comparing further with the literature, we note that the relation between codes
and curves we are talking about is very far from algebraic geometric codes since in
our setting each codeword corresponds to a curve whose number of rational points is
related to the weight of the codeword. We note also that the relation between codes
and character sums has been explored before but in the setting of fields of order a
power of 2 (See [PHB9S8]). The relation we are indicating is different as it is over

fields of prime order.

4.2 A randomized construction from abelian groups

actions

We establish in this section the Claims of Section 4.1.3.2. We consider the case when
G is an abelian group of odd order. We argue in Theorems 4.2.1 and 4.2.4 that if the
dimension L(G) of the smallest irreducible Fo-representation of G grows faster than
logarithmically in the order of the G, then an Fy[G]-submodule of Fo[G]* generated
by a random element of Fy[G]* achieves the GV bound with a high probability. Since
G is abelian, L(G) depends only on the order of GG, and it is the smallest size of the

X

> where p runs over the prime divisors of

multiplicative group generated by 2 in F
m. See Lemma 4.2.5. We note that roughly, almost all abelian groups of odd order
satisfy the above condition. Finally, we tune the construction in Section 4.2.1 in a

way that will be of special interest to us in Section 4.3.

Theorem 4.2.1 Let G be a finite abelian group of odd order m, and consider its

binary group algebra

F[G] € {Y f9)glf : G — Fa).

geG
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Consider the randomized construction of codes

Cop = {(fa, fO)|f € Fo[G]},

where a,b are selected uniformly at random from Fo|G].

Let L(G) be the smallest dimension of a non-trivial Fo-representation of G.

Let 6 > 0 nbe such that h(§) < % — 212%1 . Then the probability that the minimum

relative distance of the code Cyy is below & or the rate of Cyy is below L 3= ﬁ s at

9—2L(G)(1/2—h(8))+5 logm

most , where h is the binary entropy function.

Therefore, if L(G) grows asymptotically faster than logm, then the code Cyy
achieves the GV bound for rate 1/2 with a high probability.

Note that L(G) is the lowest dimension of a nontrivial Fy[G]-module, and more
specifically the lowest dimension of a nontrivial irreducible ideal in Fy[G]. By a trivial

Fo[G]-module we mean a R-module M such that rm = m, Vm € M and r € Fy[G].

Proof. Let R % F5[G]. Let P be the probability that C,; has dimension below

m — 1 and minimum distance below 2md, where ¢ is say below 1/2 for the moment.
P is at most the probability that there is an f € R, f # 0 and f # eg dof >gec 9
such that the event

E(f,a,b) : 0 <w(fa)+w(fb) <2mo

happens. This is because (ega, egb) is either (e, 0), (0,eq), (€o, o), or (0,0), and thus
w(epa) + w(eph) = m, 2m, or 0. The first two values are above 20m and the last can

only decrease the rank by 1. Thus, by the union bound on f,

P< Z Prab[ f a, b Z Dl| maXPra b[ (f?av b)] (41)
FER,f#0,e0 =2

where

= {f € R|dimp,fR =1},
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and fR is the ideal generated by f in R. Note that we excluded the case [ = 0 and

[ = 1 since they can only happen when f =0 and f = e respectively.

For all f # ey, the ideal fR is nontrivial, so dimp, fR > L(G). Thus
D, =10 for all 2 <1 < L(G). (4.2)

Let
Y = {I an ideal of R | dimp,I =1},

so we have

|Dif < 2|6y (4.3)

Consider any [, and any f € D;. We have

Proy[E(f,a,0)] < Z Proplfa=ry and fb=ry
ri,r2€fR S.1. 0<w(r1)+w(rz)<2mé
< 27 > 7000|1002, (4.4)

w1 ,w2>0;w1 +wa<2dm

where I = fR, and if I is an ideal, by ™) we mean
1) €0 e Tw(r) = w).

The 2% term is the value of Prqp[fa=ry and fb = ry]; indeed, for any r € fR,

_ \Ker (I)f‘ . 1

Pr,[fa=r] = =27
|R| /R
where ®; : R — fR is given by a — fa.
Replacing (4.2), (4.3), and (4.4) in (4.1), we get
o ()| 7o)
P< > 27 max > |77 || 15 (4.5)

I=L(G) ! w1, w2>0;w1 +we<2dm

Note that so far we have not used any property that depends on G being abelian.

Note also that the maximum above can be replaced by an expected value, but we will
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not need that.

Lemma 4.2.2 If I is an ideal in R of dimension 1, then |I1(™)| < 2hw/™) “where h is

the binary entropy function.

Proof. This follows from the work of Piert [Pir85] and Shparlinsky [Shp86]. In fact
this holds when R = F5[G], and G is an arbitrary group of size m. The result in
[Pir85, Shp8&6] says the following. Let C' be a subset of {0,1}7 of size 2!, J an index
set of size m. Say that a subset A of J is an information set of C' if the projection map
from C to {0, 1}# is a bijection, thus |A| = [. Say that C' is balanced, if there exists
r > 1 and information sets Aq,..., A, of C such that for all ¢ in J, the number of
j’s such that i € A; is exactly r. Note that the A;’s need not be distinct. The result
says that if C' is balanced, then the number of vectors in C' of weight w is at most
2th(w/m) The proof is a double counting argument. This is directly applicable to the
case when C' is an ideal in Fo[G]. The reason is that since C'is linear it must contain
an information set S C G of size [, and since C' is invariant under the action of G, the
{S¢}4ec are informations sets also. These information sets make C' balanced because

for each a in G, the number of ¢’s such that a € Sg is exactly |S]. v

Lemma 4.2.3 || < m* where [y = L(G).

Proof. Here we use the fact that G is a abelian. In general, since |G| is odd, R is
semisimple. Let R = Ry @ R; & ... ® R, be the unique decomposition of R into
indecomposable 2-sided ideals. The R;’s are simple rings. Since G is abelian the R;’s
are irreducible and they are the only irreducible ideals in R (Each R; is actually a field
with its idempotent as a unit element). Thus each ideal in R is of the form @;c4R;
for some subset A of {0,1,...,s}. This fact is the reason behind the bound on |€];
if G was non abelian then || can be much larger than this because each R; may
contain many irreducible ideals. Without loss of generality, say that Ry is the trivial
one dimensional ideal, i.e., Ry = (X, e g)R. Thus, for each i # 0, the dimension of

R; is at least lg = L(G). So, 1 +1p(s— 1) < m. If I is an ideal of dimension [, then it
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is a direct sum of at most [/ly + 1 of the R;’s. There are at most s/t guch direct
sum, so || < s/t < i/t v
Note that we can get a sharper bound, but this is sufficient for our purpose.

Replacing the estimates in Lemmas 4.2.2 and 4.2.3 in (4.5), we get

P S i 2—lml/lo+1 Z 2l(h(w1/m)+h(w2/m))
1=y w1,w2>0;w1 +we<2dm
< > 2t/ 0+ (2§m ) 2220 (9) (since h is convex)
1=l

m

-2l (l—h(é)— log m) +3logm
Z 2 2 2l .
1=lo

IN

If%—h(é)—k’;%ZO,weget
P < 2—210(§—h(5)—l°§(;”)+410gm
_ 2—2lo(§—h(5))+5 logm_
This completes the proof of Theorem 4.2.1. [ |

Note that the fact that the estimate of Lemma 4.2.3 fails for nonabelian groups
does not mean that they do not lead to good codes in the setting of this randomized
construction. All that it means is that the argument may need some modifications.
But in all cases, it will become clear in Section 4.4 that the reason why Lemma
4.2.3 fails for nonabelian groups makes them subject to a more natural randomized
construction.

More generally,

Theorem 4.2.4 Let G be an abelian group of order m, and consider the randomized

codes construction

Cal,...,ak = {(fa1> R fak)|f € F2[G]}7

where ay, . .., a are selected uniformly at random from R*, and R* is the set of even

weight strings in R < Fy G].
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If L(G) is asymptotically larger than logm, then the code C,,
GV bound for rate 1/k with a high probability.

a, achieves the

.....

Proof. The proof is by the same argument in Theorem 4.2.1. We need this even
weight technicality in order to avoid the dominance of some bad events when k is
large enough. The fact that the a;’s have even weight will take care of the case when

f = ep since then epa; = 0 always. [ |

Lemma 4.2.5 Since G is abelian, L(G) depends only on the order of G and is given

by
I(m) = min{#(2),|p a prime divisor of m},

where (2), is the multiplicative subgroup generated by 2 in F,.

Proof. Since G is abelian say that G = G| x ... X G, G; = Z/pfiZ, p; prime.
Thus m = [[;pf". If p : G — GL(F;) is a nontrivial Fo-representation of G, then
the restriction of p on one the G;’s must be nontrivial, thus L(G) > min; L(G;).
Conversely, given a representation p; : G; — GL;(Fs) of G;, we can extend p; to G
via pi(g1...9:) = pi(g:). Thus L(G) = min; L(G;). So we can assume without loss
of generality that G is cyclic of order a power of a prime, say G is Z/p*Z. Then the
dimensions of the irreducible Fo-representations of G are precisely the sizes of the
equivalence classes in (z/p*z)/ ~, where a ~ b if a = 2°b (mod p*) for some i. The
trivial representation corresponds to the class consisting of 0. Thus

L(Z/ka) = Ogiig;yk h(a,pk) where h(aapk> = i21;a2ir:%i(rlmod pk)i'

Now, h(a,p*) = h(1,p') where p' = a/gcd(p®, a) as it easy to check. Thus
L(z/mz) = min, h(1,5") = h(1.p)

because h(1,p") > h(1,p) for all i > 1, and hence the claim since h(1,p) = #(2),. W

Now, if r : Z; — Z, is a nondecreasing function, let

Z(r) = {m € Zy|l(m) = r(m)}.
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So any family of abelian groups whose orders is in Z(r) leads to rate 1/2 codes up

the GV bound as long as r(m) > logm. Let P(r) be the set of odd primes in Z(r).

Lemma 4.2.6 When r(m) < /m/logm, P(r) is infinite and contains almost all

the primes.

Proof. This statement appears in Chepyzhov [Che92], but we include a proof for
completeness. Say that a prime is bad if it is not in P(r), and let B,, be the set of
bad primes smaller than n. If p is a bad prime then there exists integers a and k such

that 0 < a < r(p) and 2* — 1 = kp. Since r(n) is nondecreasing, we have

|1B,| < #{(a,k)|0<a<r(n)and (2 —1)/k prime}
< r(n)log (27 —1) < *(n),
and hence the lemma from the prime numbers density theorem. [ |

So we have many infinite families of abelian groups that lead to codes up to the

GV bound in the sense of Theorem 4.2.1, for instance:

e The cyclic groups of prime order, where the primes are in P(r), and r(m) =

log m log logm.

e Any version of the Abelian groups of order pg where p,q € P(r), r(m) =

log m loglogm, and p*, ¢* > pq for some prespecified constant k.
e Any version of the abelian groups of order p* where p € P(r), r(m) = logm
loglogm, and k is a prespecified constant.

Jm

logm’

e Any version of the abelian groups of order p*®) where p € P(r), r(m) =

and k(p) < lo\gp.

4.2.1 Tuning the construction

We can tune the rate 1/2 randomized construction in Theorem 4.2.1 in a way that

uses less randomness as follows.
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Theorem 4.2.7 Let G be a finite abelian group of odd order m. Consider the ran-

domized construction of codes

Cy = {(f, fO)|f € F2[G]},

where b is selected uniformly at random from Fy[G].
If l(m) > logm, then the code Cy achieves the GV bound for rate 1/2 with a high

probability.

Proof. We use the terminologies of Theorem 4.2.1. In the setting of Theorem 4.2.1,

Cy = Chp, where b is selected uniformly at random from R def Fy |Gl

Let R* be the set of invertible elements in R. First we note that

PTbGR[dmin(Cb> < 25]9] = PTQERX,bER[dmin(Ca,ab> < 25]9]

= PTQERX,bER[dmin(C@b) < 2(5])]

This is true because if b € R, then C = Cyq and aR = R, Ya € R*. Now, we

proceed as in Theorem 4.2.1. Let
P = Procrx perldmin(Cap) < 20p],
so P is the probability that there is an f € R, f # 0, such that the event
E(f,a,b) : 0 <w(fa)+w(fb) <2mo
happens. Thus

P S Z PTaERX,bER[E(fJ a, b)] S Z |Dl‘ mabx PTCLERX,bER[E(f7 a, b>]7
FER,f#0 1=1(m) Feby

where D; as in Theorem 4.2.1. Consider any [, and any f in ;. Then

PTaERX ,bER[E(f7 a, b)]
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is at most

Z Pracpx [fa = Tl]PTbeR[fb = T2]>

ri€fR*,roefR 8.5, 0<w(ri)4w(r2)<2mé

and this is at most

g — _ (wn)[] 7(w2)
max Pr,cpx[fa r]gel?igPrbeR[fb 7] > [TV |12,

x
refR w1,w2>0;w1 +we<2dm

where I = fR, and I™ is as defined in Theorem 4.2.1. As before, the second
maximum is exactly 27!, We will argue that the first is 27/ also.

Say that R = ®;_yR; is the unique decomposition of R into irreducible ideals.
Thus each R; is a field with its idempotent as a unit element, and R* = @;_, R, where
R} is the multiplicative group of the field R;. Let V' C [s] such that f = >,y fi, fi
nonzero in R;. Since each element a of R* is of the form 7 ; a;, where each q; is a
nonzero element of R;, we have fa = Y ;cy fia;, hence the number of a’s in R* such
that fa = r is exactly [L;zy |R], i.e., all the elements of fR* are equally likely to
appear as fa when a is selected from R*, which means that Pr,cpx[fa =r] =271

The rest is exactly as in Theorem 4.2.1. Note that regarding the rate, here we

always have dimCj, = m.

4.3 An explicit construction based on quadratic

residues

We elaborate on the explicit construction introduced in Section 4.1.3.3. We study a
natural explicit code based on quadratic residues, that we call the QQR code, in the
setting of quasi-cyclic codes of prime order from Theorem 4.2.7 restricted to the case
when the group is cyclic of prime order. For nondegeneracy reasons, we conjecture
that this explicit code is asymptotically good and probably achieves the binary GV

bound at rate 1/2. We present a preliminary analysis of the minimum distance
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of the QQR code which reduces the problem of bounding its minimum distance to
obtaining a bound on the maximum number of rational points on a curve from a
family of hyperelliptic curves over F, (Corollary 4.3.5, Conjectures 4.3.6 and 4.3.7).
We show in Theorem 4.3.3 that (when p = 3 (mod 8)) the codewords in the QQR
code are in one to one correspondence with special hyperelliptic curves over F,, where
the number of zeros in a codewords is up to an O(1) term equal to the number of
F,-rational points on the corresponding curve. The curves are of the form y* = f(z),
where f(z) is a nonconstant square free polynomial of even degree in F,[z] that has all
its zeros in Fp,. Then we show in Theorem 4.3.4 that maximizing over the odd degrees
polynomials can only affect the bound by an additive O(1) term. This extends the
family of curves to those of the form y? = f(z), where f(x) is a nonconstant square
free polynomial in F,[x] that has all its zeros in F, (Corollary 4.3.5). We discuss the
prime field situation in Section 4.3.4, and we note in Section 4.3.5 that the QQR code
can be related to a special class of non-binary cyclic quadratic residue codes over Fy.

Consider the codes ensemble from Theorem 4.2.7 restricted to the case when the

group is cyclic of prime order.

Definition 4.3.1 “The Prime Quasi-Cyclic codes (PQC) ensemble”: Let p be a
prime. The block-length-2p PQC ensemble consists of the rate-1/2 codes

CA:{(TsrA,Ts) ZSCFP} (46)

indexed by the subsets A of Fy.

Here if U is a subset of Fp,

TUCIIefZQ

geU

as an element of the binary group algebra Fo|Z/pZ).

We remind the reader with construction intuition introduced in Section 4.1.3.3.
Theorem 4.2.7 implies that a random code from the PQC ensemble achieves the
GV bound at rate 1/2 for almost all the primes. The explicit construction problem

consists of finding a good A. We know that almost all the A’s are good, and we
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want to construct a good one. What are the bad A’s? Characterizing the bad ones
is hard. But, intuitively, a bad A seems to be a one that is too small, too large,
or is degenerate in some sense under addition modulo p. So a promising candidate
for A seems to be a moderately sized set that can be defined without using addition
at all. Since p is a prime, there is a natural choice for such an A: a multiplicative
subgroup of F; whose size is around half the size of F;. But, there is only one such
subgroup: the set of quadratic residues mod p. In what follows we start studying
the explicit construction resulting from setting A to be the set of quadratic residues
modulo p. Our objective is to bound the minimum distance of the resulting code.

Call the resulting rate half code the Quasi-cyclic Quadratic Residue (QQR) code.

Definition 4.3.2 “The Quasi-cyclic Quadratic Residue (QQR) code”: Let p be a
prime, and let Q) be the multiplicative subgroup () of ¥ of index 2, i.e., Q) is the set
of quadratic residues mod p. The block-length-2p QQR code is the code Cgq in the
PQC ensemble.

The main point to keep in mind is that the reason that we are looking at this code
is that it is a highly nondegenerate choice in an ensemble of codes where almost all
the codes achieve the GV bound. So it is very tempting to suspect that this codes
achieves the GV bound or is at least asymptotically good.

4.3.1 The minimum distance of the QQR code

When 2 and —1 are both non-quadratic residues mod p, we can exhibit a one-to-one
correspondence between the codewords of the QQR code and a family of hyperelliptic

curves over IFp.
If S CFp, let
fs(x) = [1(x — a) € Byla].

a€sS
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Let ¢ be the quadratic residues character, i.e.,

1 ifae@
P(a) =1 —1 if a € FY\Q
0 if a =0.

Theorem 4.3.3 Let p be a prime such that 2 and —1 are non-quadratic residues mod

p (i.e., p=3 (mod 8)), then the block-length-2p QQR code can be expressed as
{(rgrs,rqrs) : S a subset of Fy}, (4.7)

where Q is the complement of Q in F. Moreover, if (rgrs,rqrs) is a codeword of the
QQR code, then the weight of this codeword can be expressed in terms of a character

sum as

p— > ¥(fs(a) (4.8)

aclF,
if |S| is even, and

p+ > U(fr,s(a)) (4.9)

aclF,
if |S| is odd.

Note that if —1 is a quadratic residue, we get the same relation if we restrict our
attention to the the even weight codewords in the QQR code.

Proof. To avoid confusion between addition and multiplication in F,, we will be
working with the polynomial version of the group algebra R = F3[Z/pZ]. So R =
Folz]/(2P — 1) and rg € R means it is a polynomial rg(z) = ¥ ;cq 7°.

The reason why the QQR code as defined in (4.6) with A = @ can be expressed
as as in (4.7) is that (rg, 1) and (rg, 7o) generate the same R-submodule in R?. This
is because due to the fact that 2 and —1 are in Q, we have 13 = rg, and r) = 1. We
have ré = rg since 7’% = ryg because we are in characteristic 2 and 2Q = @ since

2 € Q. To see why rj) = 1, note that

7’% +1=(rg+1)(1+rg+ ré) = (rg + I)TZ/pZ.
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Now 77,7 annihilates all the even weight elements in R and absorbs all the odd
weight ones, thus (rq + 1)rz,,7 = 0 since |Q| = (p — 1)/2 is odd (because —1 is a
nonquadratic residue), i.e., r% +1=0.

If ro,r5 € R, we can express the weight of r4rg as

w(rarg) = Z parity|lAN (I — B)|.
lelF,

Let rg € R. We have

p—w(rgrs) —w(rgrs) = > 1 —parity|Q N (I — )| — parity|@ N (I — S)|.
lelF,
Consider a term of this summation for a fixed [ and call it T;(5).

Assume that |S| is even. We have two cases to consider.

e Case 1. When 0 € (1 - 9).

In this case T;(S) = 0. The reason is that |(I —S)\{0}| is odd, and hence will
intersect either Q or @ evenly but not both.

e Case 2. When 0 ¢ (I —9).

In this case |Q N (I — S)| is odd if and only if |Q N (I — S)] is odd since |l — S|

is even. Thus

ni(S) =

—1 if|@N (I — Sf)| is odd
1 if |QN (I —Sy) is even.

It follows that

Ti(S) = [I ¢(a) =v(]1(—a)) =v(fs(D)),

a€l-S aes
and hence (4.8).

If |S] is odd, we get (4.9) since T;(S) = —T1;(F,\S). This is true because |QN(I—S5)|
and |Q N (I —F,\5)| have opposite parities since |Q| = (p—1)/2 is odd, and similarly
for |Q N (I —9)| and |Q N (I — F,\S)].

This completes the proof of Theorem 4.3.3. [ |
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Thus the minimum distance of the QQR code is given by

p—max{| Y ¥(fs(a))| : S a nonempty subset of F, of even cardinality }.
acF,
Rather than talking about such character sums, we can talk about the correspond-
ing hyperelliptic curves.
In general if f(z) € F,[z] is a square free polynomial of degree d and leading
coefficient f;, consider the projective nonsingular hyperelliptic curve whose function
field is F,(z,y),y> = f(z). Let g be its genus, N its number of F,-rational points, and

Neo its number of Fy-rational point at co. Then N =35 cp ¥(f(a)) — p + no, and
o g=(d—2)/2 and no = Y¥(fq) + 1, when d is even
e g=(d—1)/2 and ny = 1, when d is odd.

See for instance [Sti93] for a proof.

In our situation, we have the projective nonsingular hyperelliptic curve Cg whose
function field is F,(z,y),y* = fs(x). Thus the genus of Cg is (|S| — 2)/2, and the

following are equal:

® Xucr, ¥(fs(a))

e —p + number of (z,y) solutions in F> of the equation y* = fs(z)
e —(p+2) + number of F,-rational points on Cg.

Thus our problem can be reduced to bounding the character sums, or equivalently
bounding the deviation from p of the number of rational points on the corresponding
curves.

Weil’s bound [Wei48] on the number N of F, -rational points on a nonsingular

projective curve over any finite field F, says that

N — (¢ +1)] <294
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where g is the genus of the curve. See also [Mor94, Sti93, LN83]. The strength of
this bound is in the fact that it holds for any nonsingular projective curve over any

finite field F,. In our situation it says that

| > ¢(fs(a)] < (15| —2)va+1.

ocF,
This bound is good for small |S]|, but it becomes trivial when |S| is large, i.e., when the
genus of the corresponding curve is large. We cannot conclude from Weil’s bound any
more than a ,/p lower bound on the minimum distance of the code. The problem we
are dealing with requires using the special features of the curves under consideration
to obtain a better estimate. The reason why we believe that a better bound exists is
that the QQR code appears to be a very nondegenerate code in an ensemble of codes
where almost all the codes achieve the GV bound. The bound should be independent
of |S|. The asymptotic goodness of the QQR code will follow if we can show that
there exists 3 > 0 such that

| > (fs(a))] < (1—28)p,

aclF,

when p is large enough. The GV bound will follow from 3 = Ggv e h=1(1/2) ~ 0.110.
So far, the only families of curves we were able to find where (8 goes below (v are
when —1 or 2 are quadratic residues mod p. One of the worst recorded values of [ is
~ 0.031 for fs(x) = 20 — 1 with p = 4801 corresponding to the case when —1 is a
quadratic residue. We know that 2 should be a non-quadratic residue since otherwise
the code and the curves are not related. One explanation of why —1 being quadratic
residue is bad is that in this case the quadratic residue string is symmetric around

(p —1)/2, and hence is degenerate in some sense.

What is special about the family of curves we have? First we note that up to an

O(1) additive term, the even assumption on the size of S can be dropped.
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Theorem 4.3.4 Let p be a prime, then

max U(fs(a))l < max U(fs(a))|+1
Q#Sch|za: Usla)l 0£ScF, s.t. |S] even|za: Usla)l
Proof. See Section 4.3.3. [ |

The additive 1 term results form the displacement of some points at infinity.

Corollary 4.3.5 Let p be a prime such that p = 3 (mod 8), then the minimum
relative distance of the block-length-2p QQR code is the maximum of 3 > 0 such
that for any nonconstant square free polynomial f(x) that splits completely over F,,

the number of Fy-rational points on the hyperelliptic curve y* = f(x) is smaller than

2(1 - B)p-

4.3.2 The hyperelliptic curves conjectures

The special features that we are left with are that f(x) splits completely over F,, and

that the field of constants F), is prime, and probably a special prime .

Conjecture 4.3.6 There exists § > 0 such that for any prime p (or for infinitely
many primes p) and for any nonconstant square free polynomial f(z) that splits com-
pletely over F,, the number of F,-rational points on the hyperelliptic curve y* = f(x)

is smaller than 2(1 — B)p.

Note that, it is necessary for p to be a prime, or at least not a square, since in the
later case we know that the conjecture is not true. We will elaborate on this point in
Section 4.3.4.

The splitting condition may be only needed to handle the high genus cases. A

stronger statement might be true:

Conjecture 4.3.7 There exists § > 0 such that for any prime p (or for infinitely
many primes p) and for any nonconstant square free polynomial f(z) whose degree is
sublinear in p, the number of F,-rational points on the hyperelliptic curve y* = f(x)

is smaller than 2(1 — B)p?

92



This basically means improving Weil’s bound in the setting of hyperelliptic curves
over prime fields.

The correctness of any of these conjectures implies the asymptotic goodness of the
QQR code.

We were not able to establish any of those claims, or find a counter example. We

leave the questions open.

4.3.3 Proof of Theorem 4.3.4

If we look at the projective version of the curves, we can argue that fractional linear
transformations over F, induce isomorphisms between the corresponding function
fields. We can establish the claim by sending a point of the even cardinality set to

infinity via a fractional linear transformation to make its cardinality odd.

Lemma 4.3.8 Let S be a subset of Fp,,  a fractional linear transformation in PS Ly

(Fp), w € F), and

a 1(S)\{oo} if |S| even or a(oo) = oo
a (S U{oo})\{oo} if]|S| odd and a(x0) # oo

Then Fy(x, \Jwfs(x)) = Fy(x, \Jow fr(z)), where

ul®l when a(o0) = 0o ,with a(r) = ux +v
v=19 fs(a(co0)) when oo # a(o0) € S
—det(a) fs\fa(oo)} ((00))  when a(oo) € S.

T =

12

Proof. Say that

11T + Q9 _ Qoo — (V12
=———° thus « 1(x) =

al\x _—
Q1T + 99 —Q21 T + a1

and recall that fs(x) = [[,eg(x — t). Direct computations show the following. Let ¢

be an element of F,, then:
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e when a () # oo and a(c0) # oo, we have

a(oo) —t

alz) —t =

e when a(oc0) = oo (hence a~1(t) # o), we have

a(z) —t = Z—::(x—ofl(t)), (4.11)

e and when a~!(t) = oo (hence a(c0) # 00), we have

—det(a) /a3,

alr) —t= T — ()

(4.12)

Let K and K’ be the function fields and write them as the fraction fields of F, [z, y]/(y*—
wfs(x)) and Fy[2',y']/(y? — vw fr(a’)) respectively. Form (4.10), (4.11), and (4.12)

we can see that

wfs(a(z)) = g*(@)vwfr(z),

where ¢(z) is a rational function. Thus the map K — K’ that takes x to a(z’) and

2

y to g(2')y’ is an isomorphism since saying (g(z')y’)* = wfs(a(z")) is the same thing

as saying y”? = vw fr(x'). (]

Let Ni(Cy,s) be the number of F,-rational points on the abstract nonsingular
projective curve C,, ¢ whose function field is K, g o F,(x,\/wfs(x)) and for simplicity

denote

Us(8) = Y o(fs(a)).

aclF,
We have
Nl(cw,S) = ¢(w)¢2(s) - D + noo(cw,S)a
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where 14 (Cy,s) is the number of F,-rational point at oo and is given by

2 if¢Y(w) =1 and S even
Noo(Cuwys) =4 1 if S odd
0 ifyY(w)=—1and S even .

Now, with S,T" and v as in Lemma 4.3.8 in the setting when w = 1, we have K; ¢ &

K, r, and thus Ny(Cy 5) = N1(Cy ). Therefore,

U5 (8) + 10 (Cu,s) = Y(0)Y5(T) + 1o (Co,r).- (4.13)

If T is an odd cardinality subset of F, such that ¢y (T) # 0, let a be such that
fr(a) # 0, and let « be a fractional linear transformation such that a(a) = co. Then

use the even cardinality set S = (7)) U {a(o0)}. Therefore

¥s(S) +2 =(v)ps(T) + 1

since N (C1,5) = 2 and n(C, 1) = 1. It follows that [5(S)| > |¢5(T)| — 1.

4.3.4 A note on the prime field setting

Conjecture 4.3.6 does not hold when the size of the base field is a square. It is known
that Weil’s bound is tight in that setting. Classical examples are over F,2 where the
hyperelliptic curve y* = fp (2) = 2P — x has p* — p Fpe-rational point when —1 is a
nonquadratic residue mod p.

We can argue that similar cases cannot happen over a prime field. By similar
cases, we mean curves of the form y? = f(x) where the square free f(z) has two

nonzero coefficients and splits completely over F,,.

Theorem 4.3.9 Let p be a prime such that —1 is a non-quadratic residue (i.e., p =
—1 (mod 4)). If f(x) is a nonconstant square-free polynomial over F, that splits

completely over F,, and has only two nonzero coefficient, then | >, ¥ (f(a))| < (p+1)/2.
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Proof. Without loss of generality, say that f(x) is a monic. Thus f(x) = fs(x) for
some subset S of F,,. Since fs(z) has weight 2, it should of the form fg(z) = 2% — x}
or fs(z) = z(z* — ) where k|(p — 1) and xo nonzero. Thus S is a coset of some
multiplicative subgroup of order k in addition to possibly zero. Without loss of
generality we can assume that xy = 1 since we can sum over z/x after taking zy out.
This will only affect the character sum by a @ZJ(Q:'OS‘) factor. The idea of the proof is
to note that ¥(fs(a)) and ¥(fs(a™t)) are opposite in sign for many a’s. When a is

nonzero, in the first case we have

Y(a (a7 = 1)) = d(=1)(a™" )¢ (a(a" - 1)).

So if we assume that —1 is a non-quadratic residue, we get ¥(fs(a™t)) = —(fs(a))
for each a € @), where () is the set of quadratic residues mod p. In other words, the
sum vanishes on Q. It follows that | >, ¥(fs(a))| < (p—1)/2+ 1. ]

Note that the proof uses a special case of (4.13), but we could not go very far with

similar arguments alone.

4.3.5 Relation to cyclic quadratic residue codes over F,

The explicit binary codes we are talking about, i.e., the QQR code, can be related,
after minor modifications, to a special class of non-binary classical cyclic quadratic
residue codes over F, when the prime is special enough. The distinguishing features
of this special case comes from a code ensemble where the random is good.

When 2 is a nonquadratic residue, we can relate a rate 1/2 subcode EQQR of the
QQR code to a special class of nonbinary cyclic quadratic residue codes over Fy. The
relation is a bijection that preserves weight in a suitable sense. The identification

argument is similar to the argument in [HKSS94| that relates nonlinear binary codes
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to codes over Z/4Z. Let R* be the ideal of even weight vectors in R = Fy[Z/pZ].
Consider the R-submodule C', = R*Cq, of the QQR code Cq, and call it the EQQR
(Even QQR) code. Let I be the cyclic quadratic residue code over Fy generated in
F4[2/pZ] = Fylz]/(2? — 1) by the the polynomial (z — 1) [[eq(xz — 3°), where § is a
primitive p’th root of 1 in an extension of Fy. We can argue that when 2 is a non-
quadratic residue, there is a bijection between the EQQR code and I that preserves
the minimum distance if we measure the weight of a vector in F} by counting each
occurrence of 1 twice. The choice of 1 is arbitrary; any of the three nonzero elements

of F4 will do. The bijection is essentially an inverse concatenation given by

Co = L= (r(x), ro(@)r(2)) = yr(z) + ro(2) f(2),

where v = ro(/3) generates F; . Note that here we are viewing Fy[Z/pZ] as Fo[x]/(aP —
1), so here 74 = Y ,ca9 means ry(x) = Yecaz’. The proof is not hard. The
reason why we need 2 to be a nonquadratic residue is essentially that otherwise we
get 7"22 = ro and consequently v = 1. It is worth mentioning that when 2 is a

nonquadratic residue, binary quadratic residue codes of block length p do not exist.

4.4 The dihedral group randomized construction

In this section, we establish the claim of Section 4.1.3.1. We will argue in Theorem
4.4.3 that for infinitely many block lengths, a random ideal in the binary group algebra
Fo[D,,] of the dihedral group D,, is an asymptotically good rate 1/2 binary code. The
condition we require on m is satisfied by almost half the primes, namely all primes p
such that 2 is a nonquadratic residues mod p (i.e., p = £5 (mod 8)), and such that
the size of the multiplicative group generated by 2 in F; grows asymptotically faster
than log p. By random here we mean according to some specific distribution based on
the Fo-representations of D,, in Theorem 4.4.2. The implicit bound on the relative

minimum distance is h71(1/4), where h is the binary entropy function.
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Let m be odd, and consider the dihedral group
Dy, = (a,fla* =1, = Laf = §”"a),

ie., D,, is generated by a and (8 subject to the above relations. So D,, has 2m
elements: the of#’s.

We are interested in the structure of Fo[D,,| in terms of its ideals. Note that
since the characteristic 2 of Fy divides the even order of D,,, the ring Fy[D,,] is not
semisimple, i.e., its radical is nonzero.

Let N be the subgroup generated by 3, and H that generated by a. Note that N

is normal. Let

Q = Fy[N].

Any element r of Fo[D,,| can be represented uniquely as r = ¢+ aq’, where ¢, ¢ € Q.
From the relation a8’ = 3 " we see that ag = §a when g € Q, where for ¢ = > ges g
in @, q o > ges-1 g- Note that~as a map from @ to @ is a ring homomorphism.

Since @) is commutative and semisimple (because m is odd), let
Q = @g}:oQi

be the unique decomposition of () into irreducible ideals, and let e; be the idempotent
of @);. Since the @);’s are finite, each @); is a field with e; as its unit element. Assume
that the @);’s are ordered so that Qy = (X,cn 9), Q; = Q, fori =1,....t and
QZ‘IQH_U,U:S—t, fori=t+1,...,s.
Terminology 4.4.1 By an ideal, unless otherwise specified, we mean a left ideal.

If F is a field, by F* we mean the multiplicative group of F'. More generally, if
A is a commutative ring with identity, A* will denote the multiplicative group of the
units of A.

In addition to a direct sum of ideals in a group algebra, ® will be used also in the
following context. If T C {1,...,w}, by @ierQ; we mean the multiplicative group
defined as the direct product of the multiplicative groups {Q. }ier and realized in @
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as {Xier ailai € Q;, Vi € T'}.
Finally, My(F) means the set of k x k matrices over the field F'.

Theorem 4.4.2 Let R = Fy|D,,], where D,, is the dihedral group, and m is odd.

The unique decomposition of R into 2-sided ideals is
R= EBf:ORi’

where the structure of the R;’s is as follows.

1) dimRy = 2. The ideals of Ry are

(O)CJOZ(ZQ)CRO-

9g€Dy,

The ideal Jy s the radical of R.

2) Fori=1,...,t, we have
Ri = Q; ® aQ;.

FEach such R; is simple as a ring and isomorphic as a ring to My(Fy,/2), l; = dim Q;.
Moreover, R; contains 24/? + 1 nontrivial irreducible ideals all isomorphic and each

of dimension l;. They are given by
Ly = {q(1+ a)blq € Q;}, for V] € QF /Z,

where Z; = {q € Qi|q = G}, a subfield of Q;.
3) Fori=t+1,...,s, we have

Ri=Qi®aQ;®Q; ®aq;.

Fach such R; is simple as a ring and isomorphic as a ring to My(Fy,), l; = dim Q;.

Moreover, R; contains 2% + 1 nontrivial irreducible ideals all isomorphic and each of
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dimension 2l;. They are given by

Ity = {a(1 + )blg € Qi ® Qi}, for [b] € QF & Q;/T,,

where Ty = {qg € QF & QX|q = G}, a subgroup of the multiplicative group QX & Q.

Proof (when t = s). The representations are essentially similar to the semisimple case
corresponding to the situation when instead of Fy there is a field F' whose characteristic
does not divide the order 2 of D,, (see for instance [Bur65, CR62]). We need however
to worry about the fact that the ring is not semisimple and furthermore list all the
irreducible ideals. This is not hard since the group is easy to deal with. We outline
the main steps in the simpler case when Q; = Q; for all 4, i.e., we do not have to
worry about (3). The situation in (3) follows by a similar argument that we skip
without affecting the completeness of this chapter since we are going to exclude this
situation later on.

Note first that J§ = (0) and that Ry consists of 3 ey g and a > ¢y ¢ in addition to
> gen,, 9- Observe next that aq(1+a) = ¢(14+a), for g € Q, so aQ(1+a)b = Q(1+a)b,
for b € @, and hence the distinction between cases (2) and (3). Moreover, the
decomposition is clearly in terms of 2-sided ideals since for each i, ¢R; = R;q = R;

for each ¢ € R, and aR; = R;a = R;. The claimed structure will essentially follow

once we show that: Vi # 0,
i) R; contains no other 2-sided ideal, and is thus simple as a ring,

ii) each If is irreducible, I}, ; # I, if and only if [by] # [by], and any nonzero left

ideal in R; must contain one of the /| fb].

Assume in what follows that ¢ # 0. From (i) we get also that Jy is the radical of
R since none of the R;’s can be nilpotent because ); is a field inside R;. Moreover,
the fact that R; is simple implies that all the nonzero irreducible ideals of R; are
isomorphic and that R; is isomorphic to My(K) for some finite field K, where d
is such that R; = @Ellez‘,j, with the R;;’s irreducible and the decomposition not

unique unless d = 1. Combining with (ii), we see, from dimensional considerations,
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that d = 2 and hence |K| = 2%/2, The number of the nonzero irreducible ideals
then follows from the fact that in general the number of nonzero irreducible ideals in
My(K) in |K| 4+ 1.

Proof of (ii): Any Ifb] is irreducible since Q; is irreducible in Q. Moreover, if
bi,by € Q and q1,q2 € @y, then (¢1 + ga)(1 + a)bs = (1 + a)by if and only if
@+ @ = bobyt = lgl:f/l where inversion is in @); as a field, thus [ [ibl} =1 fb2} if and only
if [b1] = [bo]. Finally, if I is a nonzero left ideal in @;, then I must contain one of the
Ifb}’s because I must contain a nonzero r’ = (1 4 «)b for some b € @);. This is the
case since if ' = by + aby is any nonzero element in I, for some by, by € Q;, we can
use r =7r"if by = by, or r =71+ ar’ = (1 4+ «)(by + by) if by # bs.

Proof of (i): Let » = r; + ars be a nonzero element of R; for some 7,7y € @,
and consider the 2-sided ideal I generated by r. First we note that I must contain
an element ¢ = ¢1 + aqq, with ¢1,¢2 € Q;, ¢1 # 0, and ¢1 # qo. (If r1 =0, use ¢ = avr.
If r =71 +ary, try ¢ = gr for g € N. Thus gr = gr, + ag~'ry. It cannot be the case
that gry = g~'ry, i.e., g?>ry = 1, for all g in N. The reason is that this together with
the fact that the square map in /V is onto (because m is odd), mean that r; = 3> <y g,
i.e., 71 € Ry, which is not true). Thus ¢+ aqq; ‘¢ = q7 ' (¢? +¢2) is a nonzero element
in Q;, where inversion is in @; as a field. Note that ¢;'(¢? + ¢3) # 0 since q; # ¢
and the characteristic of @); is 2. Thus [ contains ();, and hence R; since the 2-sided
ideal generated by Q; is R;.

This completes the proof of Theorem 4.4.2. [ |

So we know all the left ideals in R: they are the direct sums of the left ideals in
the R;’s.

Theorem 4.4.3 Let m be an odd integer, and consider the dihedral group D,,. Let

R =Ty[D,,], and consider the unique decomposition
R= @f:()Ri,

of R into 2-sided ideals in Theorem 4.4.2.

Assume that representations of type (3) in Theorem 4.4.2 do not occur, i.e., Qi =
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Qi) izl,...,t:S:w.
Consider the following randomized code construction: generate a mte-(% — ﬁ)

random ideal I of Fo[D,,| as
I =05 I

where each I' is selected uniformly at random from one of the 2'/? 41 nonzero irre-

ducible left ideals of R;.

If§ > 0 is such that h(5) < i— 5252}”; then the probability that the minimum relative

(m)(1/4—h(8))+5 logm

distance of I is below & is at most 272 , where h is the binary entropy

function.

Moreover, there are infinitely many such m’s such that [(m) grows asymptotically
faster than logm, and representations of type (3) in Theorem 4.4.2 do not occur, for

instance almost all the primes p = £5 (mod 8).

Therefore, there are infinitely many integers m such that the left ideal I of Fo[D,,]
is an asymptotically good rate 1/2 binary code with a high probability.

We concentrate on the case when representations of type (3) in Theorem 4.4.2 do not

occur for simplicity.

Proof. First we note that this construction is equivalent to the following: pick a

random ideal

Iy = {q(1 + )blg € Q},

where [b] is selected uniformly at random from Q** /T, @* = @ ,Q;, and T is the
subgroup of Q** given by T' = {q € Q**|q¢ = ¢}. Note that Q** is, in the sense of
Terminology 4.4.1, the multiplicative group of units of of @Q*, thus Q** = &¥ Q.
From Section 4.2, we know that there are infinitely many integers m with {(m) >
log m, including almost all the primes. To show that representations of type (3) can
be avoided when m is a prime p = +5 (mod 8), i.e., when 2 is a nonquadratic residue,
assume for the moment that m is a prime p. Following the classical direction, realize

Q as QQ = Fao[z]/(aP — 1), and let 3 be a primitive p’th root of 1 in an extension of Fa,
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thus the irreducible decomposition of ? — 1 over Fy is

?—1=(x-1) [] ga(z), where ga(z) = [[(z — 3.
AeF) /(2) icA
In these terms rewrite Q* = @ ,Q; as Q° = ®4Q4, where Q4 is the ideal in @
generated by g/(z) = (v — 1) [Ip.a gp(x). Thus Q4 is generated by ¢ (x) = g'_4(2).
Hence Q4 = Q. if and only if A = —A. This holds for all A € F,/(2) if and only if

—1 € (2), which can be guaranteed when 2 is a nonquadratic-residue since in such a

case 2°71/2 = —1 (mod p).

Now to establish the distance bound when in general representations of type (3)
do not occur, we follow the argument in Theorem 4.2.1 while using the structure of
the dihedral group representations from Theorem 4.4.2. Observe the relation between
this randomized construction and the half randomized construction in Theorem 4.2.1;

this ensemble of codes is, in a suitable sense, a subfamily of that ensemble.

For any b in Q**,
Iy = Qg + )b = aQ* (1 + )b,

for all @ in @**. Thus the probability P that the minimum distance of I} is below
20m, when [b] is selected uniformly at random from Q** /T, is the same as the proba-
bility that a@Q*(1+«)b has a minimum distance below 2dm, when a and b are selected

uniformly at random from Q**.

Now we proceed as in Theorem 4.2.1. P is the probability that there is an f € Q*,
f # 0, such that 0 < w(af(1+ a)b) < 2mé. Thus P is at most
S Prapeg=[0 < w(af(1+ a)b) < 2md],
FeEQ*;:f#0
and this is at most
> D7 max Propeg~[0 <w(af(l+ a)b) < 2md],
l

I=l(m)
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where D = D,NQ*, and D; = {f € Q| dim fQ) =1}. As before, we have
1D;| < |Di| <29,

where €2; is the set of ideals in R of dimension (.

Consider any [/, and any f € D;. We have

Propeq<[0 < w(af(l+ a)b) < 2md] = > Propegeaf(1+a)b=r],

reU S.b. 0<w(r)<2ms

where U = Q** f(1 + a)@Q**, and this is at most

max Propeg[fa(l + a)b =] 3 | 7000 1(2)),

w1,w2>0;w1 +we<2dm

where I = fQ, and I™ is the set of elements in I of weight v. Fix [, and any f in
Dy, and any r in U. We will argue at the end that

Propeo[fa(l+a)b=r] <2732 (4.14)

We have from Lemmas 4.2.2 and Lemma 4.2.3 that [;] < m!/m+1 || <
2lhtwr/m) “and [1(w2)| < 2!h(w2/m)  Thus, modulo (4.14), we are done since by arguing

as in Theorem 4.2.1, we get

logm

P < i 2—2l(1—h(5)—21%m))+310gm < 2—2l(m)(i—h(5))+5logm’

where the last bound holds when § — h(d) — ;‘;ﬁ;’; > (0. The difference is that now we

have 1/4 instead of 1/2. The reason is that before we had 27 instead of 273//2,

We still have to establish (4.14). The first thing to note is that when a and b are
selected uniformly at random from Q**, each r € U is equally likely to occur. The
reason is that if 7 = o’ f(1 + )b/, ¢/, b’ € Q**, then the event af(1 4 )b = r can be
expressed as

a"af(14+a)b’b=e"f(1+a)e” = f(1+a),
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where a” (respectively 0”) is the inverse of a' (respectively &’) in the multiplicative
group Q**, and where €* is the unit element of Q** and the idempotent for Q* (recall
that f € Q*). Hence, since the uniform selection of a and b is equivalent to the
uniform selection of a”a and b”b, we get that the probability that r occurs is equal to
the probability that f(1 4+ «) occurs, i.e., all the elements of U are equally likely to

occur. In other words, for each r € U,

Prayeoe [fa(l+a)b = r] = ﬁ (4.15)

Now, decompose f uniquely as f = >77_; f;, where each f; € @;, and let S be the set
of ’s such that f; # 0, thus [ = >";cq ;. We can express U as

U={> wluecQ1+a)Q]VieS}

€S

Note that this is the first time we used the assumption Q; = Q. Using this one more

time, in terms of the expression of type (2) ideals in Theorem 4.4.2, we have

Qi (1+a)QF = U Iy\{o},

be)/z)

where the union is a disjoint union. Thus

=T X 1Mot = [T + 12" = 1) > 22 2esl =247,

es [b]EQiX /2, €S
and hence (4.14) via (4.15).
This completes the proof of Theorem 4.4.3. [ |

It is important to note that the h~1(1/4) bound we obtained on the minimum
relative distance is unlikely to be tight. We ended up with this bound because our
argument is based on counting, and the construction does not have enough random-

ness in such a way that a counting argument can go up to the GV bound, i.e., up to

h=1(1/2).
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4.5 Open questions

We conclude with the resulting open questions:
e Conjectures 4.3.6 and 4.3.7.

e Decoding the codes in the PQC ensemble, or specifically the QQR code in
Section 4.3.

e Improving the bound on the minimum distance in the dihedral group construc-

tion.
e Extending the statement of Theorem 4.4.3 by allowing type (3) representations.

e Studying randomized constructions of codes that are ideals in the group algebras

of other nonabelian groups.
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Chapter 5

On the pseudorandomness based

on minimum distance

We study in this chapter the derandomization capabilities of probability measures on
the hamming cube having the k-wise independence property, the d-bias property, or
the d-almost k-wise independence property. Classical explicit constructions of such
probability measures are based on linear codes with good distance properties. In
general understanding the power and limitations of such pseudorandomness properties
is of fundamental importance due to their basic nature.

Mostly the questions we consider are about statements that hold for any proba-
bility measure having one of those properties. The exceptions are when we focus on
the k-wise independent probability measures that are based on linear codes.

We note first that linear-programming duality can be used to get a purely analyti-
cal characterization of the class of boolean function that can be fooled by the §-almost
k-wise independence property. The characterization is necessary and sufficient and
is in terms of tight average sandwichability between real valued functions with low
degree and small Li-norm in the Fourier domain.

Then we characterize the location of classical linear-codes-based constructions of
k-wise independent probability measures in the convex polytope of all such measures,
and its subpolytope consisting of those measures whose Fourier transform is nonneg-

ative.
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On the negative side, we prove that the exponentially-small-bias property is not
sufficient to fool small log-depth circuits nor the weakest branching programs.

From a concrete viewpoint, we prove first that any sufficiently log-wise indepen-
dent probability measure looks random to all polynomially small read-once DNF for-
mulas. The setting is naturally extendable to almost k-wise independent probability
measures. We give an application related to the distribution of quadratic-residues.

Then we establish a very sharp upper bound on the probability that a random
binary string generated according to a k-wise independent probability measure has
any given weight. The setting is naturally extendable to almost k-wise independent
probability measures. We give applications related to the distribution of quadratic-
residues and the weight distribution of linear codes.

We consider also the problem of derandomizability of AC| by arbitrary k-wise in-
dependent probability measures, when £ is made polylogaritmically large enough. We
reduce this problem to a conjecture about the the symmetry of the optimum of some
symmetric optimization problem with linear constraints and a nonlinear objective
function.

Finally, we study of the problem of approximability of high-degree parity functions
on high-dual-distance binary linear codes by low-degree polynomials with coefficients
in fields of odd characteristics. This problem has applications to the ability of binary
linear codes with sufficiently large dual distance to derandomize AC\, or low-degree
polynomial equations on binary input variables with coefficients in small finite fields
of odd order. Among other results, we relax this problem into essentially a single
low-dimensional low-complexity linear program in terms of Krawtchouk polynomials.

The problem of bounding the optimum of the linear program remains open.

5.1 Introduction

A PseudoRandom Generator (PRG) is an efficient algorithm that takes as input a
short string called a seed of purely random bits and outputs a much longer string of

bits with some desirable properties. The notion of a PRG was introduced by Blum
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and Micali [BM82] and Yao [Yao82| in a setting where the ultimate objective is to
construct PRG’s in such a way that the seed length is logarithmic and there is no
polynomial size boolean circuit that can distinguish between the PRG output and a
purely random string of the same length. The indistinguishablity is in the sense that
the probability that the circuit outputs one does not change significantly between the
two environments. The existence of nonuniform PRG’s follows easily by counting.
The difficulty of the problem is in the construction part. Constructing such PRG’s

implies the correctness of the conjecture P = BPP.

Known answers to this problem rely on unproven hardness assumptions. Impagli-
azzo and Wigderson [IW97| proved that P = BPP under the worst-case hardness
assumption that there exists a language in EXPTIME that is not decidable by (any
nonuniform family of) subexponential-size circuits. The hardness versus randomness
approach was started by Nisan and Wigderson [NW88| in the setting of average-
case hardness assumptions. This approach is a generalization of the unconditional
quasipolynomial complexity PRG of Nisan [Nis91] for ACy, which is based on Has-
tad’s lower bound [Has86] on the hardness of approximation of parity by ACj circuits.
Under the umbrella of worst-case hardness assumptions, Sudan, Trevisan, and Vad-
han [STV99] gave different proofs of the Impagliazzo-Wigderson Theorem. One of the
proofs is based purely on using locally-list-decodable error correcting codes to turn
average-case hardness into worst-case hardness. A solution of this problem seems

currently far from being reachable unconditionally.

A more modest goal is to construct PRG’s for classes of computations that are less
general than arbitrary polynomial size boolean circuits, for instance, the class AC)
of polynomial size constant-depth unbounded-fanin AND-OR circuits [AWS85, Nis91],
and the class RL of logarithmic-space randomized algorithms [Nis90]. Nisan [Nis91,
Nis90] constructed PRG’s for these classes with quasipolynomial complexity.

It is essentially not known as to how to construct polynomial complexity PRG’s
for any relatively-general computational model. This is the case if we exclude models
such as polynomial size decision trees, and DNF formulas where the number of inputs

per clause is bounded by a constant.
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In this chapter we consider an even more basic question which is about studying
the derandomization capabilities of probability measures on the Hamming cube hav-
ing the k-wise independence property, the d-almost k-wise independence property, or
the 0-bias property as introduced by Vazirani [Vaz86] and Naor and Naor [NN93].

These pseudorandomness notions are special purpose generators that were origi-
nally introduced to derandomize some randomized algorithms whose analyses can be
made to work when only limited independence is assumed. A probability measure p
on {0, 1}" is said to have the d-almost k-wise independence property if pu can §/2-fool
all parity functions on k or fewer of the n bits. The d-almost n-wise independence is
called the d-bias property. The 0-almost k-wise independence property is called the
k-wise independence property. Saying that p has the k-wise independence property
is equivalent to saying that any k or fewer of the n binary random variables are sta-
tistically independent, and each of those random variables is equally likely to be 0 or
1.

Classical constructions of such probability measures are based on linear codes
with good distance properties [Vaz86, NN93, AGHP92|. For instance, if C' is a block-
length-n binary linear code whose dual has minimum distance above k, then the
uniform distribution on the codewords of C' is k-wise independent as a probability
measure on {0, 1}". See Section 5.1.1.5 for the other constructions.

The d-almost k-wise independence property is the weakest of these properties, and
it is necessarily satisfied by any pseudorandom generator for suitable values of k and §.
The k-wise independence property is stronger, but when £ is relatively small, the two
notions are loosely speaking equivalent in the sense that statements about foolability
by the k-wise independence property can be translated to statements about foolability
by the d-almost k-wise independence property. The d-bias property is stronger than
the 9-almost k-wise independence property, and it is necessarily satisfied by any PRG
for NC; or RL for suitable values ¢.

Thus, in general, understanding the power and the limitations of such pseudoran-

domness properties is of fundamental importance due to their basic nature.

Mostly the questions we consider are about statements that hold for any proba-
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bility measure having one of those properties. The exceptions are when we focus on

linear-codes-based k-wise independent probability measures.

5.1.1 Preliminaries
5.1.1.1 Basic terminologies

The group (z/2z)" is denoted by Z§. The complex characters of the abelian group
Zy are

Xo() EA{(=1)"}oezys

where 7z % i wiz;. The dual group of ZJ (i.e., its group of characters) is identified
with ZJ by identifying X', with z. If z € Z3, by w(z) we mean the weight of z, i.e.,
the number of nonzero coordinates.

If g:2z5 — C, welet g: 7z — C denote the Fourier transform of g with respect

to the complex characters of the abelian group Z7, i.e.,

g(x) =>_g(2)X.(2),

or equivalently

i) = 5 3 glo) ().

The degree of g is defined to be the weight of the largest z such that g(z) # 0.

In what follows, by a circuit we implicitly mean a boolean circuit, i.e., a single-
sink multi-source directed acyclic graph, where the non-source nodes are associated
with logic-gates (e.g. AND, OR, ...), and the edges are labeled with NOT gates,
in such a way that the circuit computes some boolean function {0,1}" — {0,1}, n
being the number of sources. The number of incoming edges to a node (i.e., gate) is
called the fanin of the node or the gate. The size of the circuit is the total number
of nodes in the graph, and its depth is the graph depth. The class ACj is the class of
AND-OR constant-depth unbounded-fanin polynomial-size boolean circuits. A DNF
(Disjunctive Normal Form) formula is an unbounded-fanin depth-2 circuit realized as

an OR of AND gates. The AND gates are called clauses. A decision tree is a special
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type of DNF formulas where no two distinct clauses can be simultaneously satisfied.
It is called a decision tree because it can be realized as a binary decision tree where

the clauses correspond to the leafs.
If ¢ is power of a prime, the finite field of size ¢ will be denoted by F,,.

When ¢ is odd, the quadratic character of F; will be denoted by 1, i.e.,

1 ifae@
P(a) =4 —1 if a € FY\Q
0 ifa=0,

where Q = {a® : a € F;} is the set of quadratic residues in F,, i.e., the non-zero

squares.

By a code we mean a binary linear code, i.e., an Fy-linear subspace C' of F§ whose
elements are called codewords. The minimum distance of C' is the minimum weight
of a nonzero codeword. By the dual of C' we mean the block-length-n linear code

denoted by C+ and defined as

ct {yEZZ:inyi:O (mod 2) ,Vy € C’}.

Finally, if nqy, ny are integers and n is a positive integer, we will use the terminolo-

gies [ny : o] € {ny, ..., ny} and [n] € [1: n).

5.1.1.2 Indistinguishablity

Definition 5.1.1 [BM82, Yao82] If  is a probability measure on {0,1}", and f :
{0,1}™ — {0,1}, we say that u can e-fool f if

| Proculf(2) = 1] = Py [f () = 1] < ¢,

where pg is the the uniform probability measure on {0,1}™.
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5.1.1.3 Limited independence and small bias

Definition 5.1.2 [Vaz86, NN93| Let p be a probability measure on {0,1}". We say
that p has

e The d-almost k-wise independence property: if u can &/2-fool all parity func-
tions on k or fewer of the n bits, or equivalently if |E,X .| < 0 for each nonzero

z in Zy whose weight is less than or equal to k.

e The ¢-bias property: if u has the §-almost n-wise independence property, i.e.,

if |E,X.| <0 for each nonzero z in Zj.

e The k-wise independence property: if any k or fewer of the n binary random
variables are statistically independent and each of the random variables is equally
likely to be 0 or 1, or equivalently if i has the 0-almost k-wise independence
property, i.e., if E,X, = 0 for each nonzero z in Zy whose weight is less than

or equal to k.

5.1.1.4 Relations

Theorem 5.1.3  a) [Vaz86] If u is a 0-almost k-wise independent probability mea-
sure on {0, 1}", then the projection of i on any k or fewer of the n coordinates
1s 0-close in the Loo-norm sense to the uniform probability measure on those

coordinates.

b) [Gol92] Any d-almost k-wise independent probability measure puy on {0,1}" is
n*§-close to a k-wise independent probability measure py on {0, 1}" in the sense
that |1 (A) — po(A)| < n*s, VA C {0,117
Thus, if the k-wise independence property can e-fool a function f : {0,1}" —
{0,1}, then the 6-almost k-wise independence property can (e + on*)-fool f.

Note that in the setting of Section 5.2, (a) follows immediately from the fact that

the Li-norm of the Fourier transform of an AND gate is 1.
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5.1.1.5 Classical explicit constructions from codes

1)

INN93, AGHP92] If C' C {0,1}7 is an n-dimensional linear code such that the
weight of any codeword is ¢d/2-close to ¢/2, then the uniform distribution on
the rows of any matrix whose n columns are linearly independent codewords is
d-biased as a probability measure on {0, 1}".

(Classical explicit constructions from concatenated Reed-Solomon codes or, more

e
generally, concatenated algebraic geometric codes achieve ¢ = (%) ( ).

[Vaz86] If C' € {0,1}" is a linear code whose dual has minimum distance above
k, then the uniform distribution on the codewords of C'is k-wise independent

as a probability measure on {0, 1}".

Classical explicit codes constructions achieve |C| = n®®).

[NN93, AGHP92] If X is a d-biased probability measures on {0,1}¢ and Gy, is
a generator matrix of a d-dimensional block-length-n binary linear code whose
dual has minimum distance above k, then the probability measure induced
on {0,1}" by A, via G as a linear map {0,1}¢ — {0,1}", is d-almost k-wise

independent.

By constructing A as in (1), this construction gives a d-almost k-wise indepen-

dent probability measure p that is discrete on its support. Classical explicit

klogn

(1) .
3 ) support size.

codes constructions achieve an O(

Note that the correctness of (3) follows from observing that the J-bias property

of probability measures on {0, 1}? is invariant under nonsingular F,-linear maps from

10,1} to {0,114

5.1.2 Related literature

5.1.2.1 Known polynomial approximations of AC)

We review in this section the literature of the polynomial approximations of AC for

future reference.
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Let f:{0,1}" — {0,1} be computable by an AND-OR depth-d circuit of size M

and unbounded fanin. Then:

0) [Has86] Hastad switching Lemma: Consider a random restriction p that inde-
pendently keeps each input bit unset with a probability p = @, sets it to 1
with a probability 1— £, and to 0 with a probability 1—£. Then the probability,
over the choice of p, that f, when restricted to the values set by p, cannot be

evaluated by a decision tree of depth k is at most M2~
1) [LMNB89] 3 ..0ey5e f(2)? < M2751T7 . The bound is based on (0).

2) [LMNS8Y] Let f;, = > ()<t f(2)X.. Then it follows from (1) that

Prisign(f) # f1 < Y. f(z)? <0

zyw(z)>t

()"

when t > log 7

3) [BRS91] There is a polynomial p(x,y) in Z[X, Y], X = x1,.. ., 2., Y =vy1,.. ., s,
r o= O(log%log2 n), of degree O(logélog2nlog M) such that for each x in
{07 1}n’ PryE{O,l}T[p(xv y) 7£ f(il?)] S 0

4) [ABFR94, BRS91] There exists a polynomial p € Z[z1, ..., z,] of degree O(log %
log M)? such that Pregoy[p(z) # f(x)] < 0.

5) [Raz87] For any finite field F,, there is a polynomial p € F,[z1,...,x,] of degree
O(q*1log? &) such that Pryeqoyn[p(z) # f(z)] < 0.

We will use a variation of (4) in Sections 5.7 and 5.8, and a variation of (5) in
Section 5.8.

For future reference in Section 5.7.1, we note that

Remark 5.1.4 In (2), (3), and (4), the polynomial p can take very large values
when it disagrees with f, and E|p — f| is potentially very large. For example, in (4),

p can take values as large as QO(IOg%IOgM)d, and E|p — f| is potentially as large as

0 x 20(1og % log M)4 )
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5.1.2.2 Nisan generator for AC

For future reference in Section 5.8.2.3, we review in this section the proof technique
of the Nisan generator for AC).

The PRG of Nisan for AC| is based on Hastad’s lower bound on the hardness of
approximating parity by ACj circuits.

Lemma 5.1.5 [Has86] Let f : {0,1}" — {0,1} be computable by an AND-OR depth-

d circuit of size M < 2" and unbounded fanin, then ‘Prx[f(x) = ®;x;] — %‘ <

1

onHT

Hastad lower bound is one of the consequences of the Hastad Switching Lemma.

The generator of Nisan is defined as GV : {0,1}" — {0,1}", z — (Bjes,7;)1,
where S, ...,.S, are subsets of [r] that form a (v, [)-design in the sense that: 1) each
subset has size [, and 2) no two distinct subsets share more than v elements. The
setting of the values is v = logn, r = O(I?), and r = O(log?**® n).
Theorem 5.1.6 [Nis91] GV can e-fool any boolean function f : {0,1}" — {0, 1} that
can be realized by an AND-OR depth-d circuit of size M = n®Y) and unbounded fanin,
for all e = n=°0,

The argument of Nisan is the following. If GV cannot e-fool f, then by Yao’s
unpredictability argument, there is an ¢ € {0,...,n}, a setting b;y1,...,b, of the

input variables 1, ...,x,, and by € {0,1}, such that the function
flzr, . min) = f(, o i1, biga, - bp) B b B 1

can predict the value of i’'th bit of GV from its previous bits with a probability at
least % + % Since for each j < i, S; can intersect S; in at most v elements, we get a

boolean function

f”(!L’) = f,(D1($|SiﬂS1)7 S Di—l(x|5’iﬁsi71))
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that can compute f correctly on at least %+§ fraction of the inputs, where the D;’s are
DNF formulas. When the parameters are suitably selected, this contradicts Lemma

5.1.5 as f” is computable by a circuit of depth d + 2 and size at most (i — 1)2” + M.

5.1.2.3 The quadratic-residues PRG

When deriving general statements about d-almost k-wise independent probability
measures, we will give applications to the distribution of quadratic residues via the
quadratic-residues PRG that we review in this section. See Sections 5.5, 5.6, and 5.7.
Also, from a different perspective that we explain in Section 5.9.1, this PRG was the
original motivation behind the start of the research in this chapter.

Consider the quadratic residues PRG which is defined as
G:F, —{0,1}", G(a) = {z(a + 1) }ier,

where ¢ is an power of an odd prime, I a subset of F, of size n, and « : F, — {0,1}

if Y(a) =
o [T =
0 ow..

Recall that 1) means the quadratic character of F/, i.e.,

1 ifae@
vla) =1 -1 ifaeF\Q
0 ifa=0.

where () is the set of quadratic residues in F,,.

This PRG was introduced in [AGHP92| in the setting when ¢ is prime and
I = {0,...,n —1}. It was shown in [AGHP92] that this PRG has the 2n/,/g-
bias property. This is a direct consequence of Weil’s theorem on the analog of the
Riemann Hypothesis for projective nonsingular curves over finite fields, which implies

the following bound in the hyperelliptic case.
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Theorem 5.1.7 [Weid8] Let g be a power of an odd prime, and g € F,[x] be a non-

constant square free degree-d polynomial, then

| (gl (d—1)y/q+ 1.

aclF,

See for instance [Mor94, Sti93, LN83|. By the same argument as in [AGHP92], it can
be shown also that Weil’s bound immediately implies also that |E,cp X.(G(a))| <
2k/,/q for each z € {0, 1}" whose weight is at most k. The calculations are at the end
of this section. Thus this PRG has the 2k/,/g-almost k-wise independence property.

More generally, if p(x) € F,[z] is a nonconstant square free polynomial of small
degree [, we can define a quadratic-residues-like PRG with respect to p as follows.

Let
Gy Fqg — {0, 1}", G(a) = {z(p(a +1t))}er.

Then it also follows immediately from Theorem 5.1.7 that G, has the 2In/,/g-bias
property, and more specifically the 21k /,/g-almost k-wise independence property.

Namely, if z € {0, 1} has weight at most k, then with S = {t € [n] : z; = 1}, and
Z ={a €F,:pla) =0}, we have

1
B, X+ ( Z ([ platt)+= Y X(G(ar—a2))— (][] plar—as+t)),
aeIF tes a1€Z,a2€S tesS
hence
lk—1)yg+1 1k 2k
Bce, (G| < B DVIEL T

5

q

Note that the bound becomes worse as [ grows. The reason why we are interested
in this generality is not for the purpose of constructing d-almost k-wise independent
probability measures, but because of the implications of statements that holds for

any d-almost k-wise independent probability measure to this general setting.
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5.1.3 Summary of results

5.1.3.1 When are the basic pseudorandomness properties sufficient? the

dual perspective

We note in Section 5.2 that linear programming duality gives a purely analytical
characterization of the class of boolean function that can be fooled by the d-almost
k-wise independence property. The characterization is necessary and sufficient, and
it is in terms of tight average sandwichability between real valued functions with low
degree and small Li-norm in the Fourier domain.

Namely, let f: {0,1}" — {0,1}. Then, any d-almost k-wise independent proba-
bility measure on {0, 1}" can o(e)-fool f if and only if there exists f1, fo: {0,1}" — R
such that

a) fi < f < fo

b) E(fs — f1) = ole),
o) [Ifilln Il = 0 ()
d) deg(f1),deg(f2) < k.

Thus, specifically, 1) any J-biased independence probability measure on {0,1}" can
o(e)-fool f if and only if there exists fi, fo : {0, 1} — R satisfying (a,b,c), and 2) any
k-wise independent probability measure on {0, 1}" can o(e)-fool f if and only if there
exists f1, fo: {0,1}"™ — R satisfying (a,b,d).

We will use the characterizations in Sections 5.5 and 5.7.1.

Then, we consider the unpredictability perspective of derandomizability by basic
pseudorandomness properties. We note that we can take advantage of the generality
of the situation to improve upon the reduction one can get by using Yao’s unpre-
dictability lemma as a black box. We will use this relation in Sections 5.7.2, 5.8.2,

and 5.8.2.2.
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5.1.3.2 Linear codes versus general k-wise independent measures

We study in Section 5.3 the position of classical linear-codes-based constructions of
k-wise independent probability measures in the convex polytope of all such measures,
and its subpolytope consisting of those measures whose Fourier transform is nonneg-

ative.

If C C {0,1}™ is an Fy-linear code whose dual C* has minimum distance above

k, then the probability measure p¢c ot ﬁ

1¢ supported by C'is k-wise independent.
This is the classical construction of k-wise independent probability measures from
linear codes.

Consider the convex polytope @, C RI®N" of k-wise independent probability
measures g on {0, 1}". This polytope is specified by the constraints: p > 0, >, u(x) =
1, and Y, pu(z)X,(z) =0, Vz # 0 such that w(z) < k.

We show that the linear codes C' (and their translations, i.e., cosets) that are
minimal (with respect to inclusion) with the property the dual Ct has minimum
distance above k are extreme points of Q.

We note that they are not all the extreme points, which leaves us with the open
problem of studying the other extreme points.

A very special property of uc is that its Fourier transform ¢ is nonnegative.
Let P, C Q. be the convex polytope of k-wise independent probability measures on
{0,1}"™ whose Fourier transform is nonnegative.

We argue that the binary linear codes with dual distance above k are exactly the
elements of P, that are uniform on their support, and exactly the elements of P, that
are on the boundary of a specific radius—% sphere containing P, and centered at % {0}
Thus they are specifically extreme points of P.

Here again we note that they are not all the extreme points, which again leaves
us with the open problem of studying the other extreme points.

Let L, be the set of linear codes with dual distance above k. Relaxing the set Ly
to Py is one way to look at Delsarte LP (Linear Programming) coding bound [Del73]

in the setting of linear codes. We will explore in Section 5.8.5 other relaxations based
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on this approach.

5.1.3.3 Some limitations of the small bias property

2(n)_biased probability measure x on {0, 1}

We argue in Section 5.4 that there is a 2~
that cannot o(1)-fool a function that can be realized as an O(logn)-depth circuit of

linear size, and as an O(1)-width read-once oblivious branching program.

5.1.3.4 Log-wise independence versus read-once DNF formulas

We argue in Section 5.5 that any sufficiently log-wise independent probability measure

looks random to all polynomially small read-once DNF formulas.

More specifically, we show that if f : {0,1}" — {0,1} is computable by a read
once (i.e., the clauses are disjoint) DNF formula with m clauses, then any k-wise

independent probability measure p on {0,1}" can e-fool f, with
k—37

€ = min 2-(7lsm) 4 9=
1<s<n

Therefore € = o(1), when for instance k = log m log log m.

We conclude with a similar statement for d-almost k-wise independent measures
when £k is relatively small, and we give an application to the distribution of quadratic

residues by applying the result to the quadratic residues PRG.

After using the sandwiching approach of Section 5.2, we complete the result as a
consequence of a more general result on weak probability measures, which is a notion
that is naturally suggested by the problem. We say that a probability measure v on
{0,1}™ is (k, €)-weak if when 7/ is another probability measure on {0, 1} that agrees
with v on all its projection on any k of the coordinates, then the L., -distance between

~v and v is at most €. We show that if X;,..., X,, are independent binary random

k—37

variables, then the corresponding probability measure on {0, 1} is (k,27 1= )-weak.
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5.1.3.5 Limited independence versus weight probability

We establish in Section 5.6 a sharp O(k~/2) upper bound on the probability that a
random binary string generated according to a k-wise independent measure has any
given weight.

More precisely, we show that if 1 is a k-wise independent probability measure on

{0,1}". Then

1

VAN

LIBX Procpulw(z) = a

2_0<i even <|k/2|—1 %(l/lg)
T+ o(1)
RV
where the asymptotic statement is in terms of the growth of k.
The setting is naturally extendable to almost k-wise independent measures. We
give applications related to the distribution of quadratic-residues and the weight
distributions of linear codes.

We give another application of the bound in Section 5.7.3.

5.1.3.6 Poly-log-wise independence versus AC)

We consider in Section 5.7 the problem of derandomizability of AC, by arbitrary
k-wise independent probability measures, when k is made polylogaritmically large
enough. We reduce this problem to a conjecture about the the symmetry of the opti-
mum of some symmetric optimization problem with linear constraints and a nonlinear
objective function.

We consider in Section 5.7 the following problem which was essentially proposed
by Linial and Nisan [LN90].

How large should & be as a function of n, M, d, and € so that the k-wise indepen-
dence property is sufficient to e-fool any AND-OR circuit on n-bits of size M, depth
d, and unbounded fanin?

The generality of the problem has many potential applications. The setting is

naturally extendable to d-biased probability measures, and consequently has appli-
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cations related to the distribution of quadratic residues. Note that the dual of the
problem is asking for a new characterization of AC, by low-degree polynomials over

the reals in the sense of Section 5.2.
First, we reduce this problem to the following question.

How large should k be in terms of h and n, so that if X;,..., X,,4; are binary
k-wise independent random variables, no degree < h polynomial p over the reals on
Xq,..., X, can predict the value of X,,; with a probability significantly better than
1/27

The reduction corresponds to the case when h is polylogarithmic in n, and is
based on the approximability of ACy circuits by low-degree polynomials over the
reals (Beigel, Reingold, and Spielman [BRS91], Aspnes, Beigel, Furst, and Rudich
[ABFR94]), and the unpredictability perspective in Section 5.2.

Using the bound we established in Section 5.6, we establish a good bound in the
restricted version of the problem corresponding to the case when p is a symmetric
polynomial. We show that if & > 16wh?, h is larger than some absolute constant, and
Xy,...,X,41 are binary k-wise independent random variables, then no symmetric
degree-h polynomial over the reals on X, ..., X,, can predict the value of X, with

a probability larger than 1/2.

Due to the highly symmetric nature of the low-degree polynomials predictors

problem, we conjecture that the symmetric case is a worst case.

Establishing this conjecture will pull the bound we established on the symmetric
case to the more general setting of arbitrary low-degree polynomials, and consequently
will resolve in a satisfactory way the problem of derandomizability of AC, by any
polylog-wise independent probability measure. The correctness of the symmetric
optimum conjecture implies that in order to guarantee that the k-wise independence
property is sufficient to M ~®W_fool any size-M depth-d circuit in ACy, it is sufficient
to make k = O(log* M).
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5.1.3.7 Parity with encrypted linear help

We study in Section 5.8 the problem of approximability of high-degree parity functions
on high-dual-distance binary linear codes by low-degree polynomials with coefficients
in fields of odd characteristics. This problem has applications to the ability of binary
linear codes with sufficiently large dual distance to derandomize ACy, or low-degree
polynomial equations on binary input variables with coefficients in small finite fields
of odd order. Among other results, we relax this problem into essentially a single
low-dimensional low-complexity linear program in terms of Krawtchouk polynomials.
The problem of bounding the optimum of the linear program remains open.

See Section 5.8.1 for a detailed summary.

5.2 When are the basic pseudorandomness prop-
erties sufficient? the dual perspective

Definition 5.2.1 We say that a measure property can e-fool a function f : {0,1}"™ —
{0,1}, if any probability measure on {0, 1}"™ with this property can e-fool f.

We note in Theorem 5.2.4 that linear programming duality gives a purely analyti-
cal characterization of the class of boolean function that can be fooled by the §-almost
k-wise independence property. The characterization is necessary and sufficient and it
is in terms of tight average sandwichability between real valued functions with low
degree and small L;-norm in the Fourier domain. We conclude in Corollaries 5.2.5
and 5.2.6 similar statements for the d-bias property and the k-wise independence
properties.

We illustrate in Lemma 5.2.2 that allowing real values compared to binary values
is essential.

In Section 5.2.1 we consider the unpredictability perspective of derandomizability
by basic pseudorandomness properties. We note that we can take advantage of the
generality of the situation to improve upon the reduction one can get by using Yao’s

unpredictability lemma as a black box.
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We will use the sandwichability characterizations in Sections 5.5 and 5.7.1, and
the unpredictability perspective in Sections 5.7.2, 5.8.2, and 5.8.2.2.

Consider first the d-bias property. Let f : {0,1}" — {0,1}. When is the d-bias
property sufficient to o(1)-fool f7

Let 11 be a probability measure on {0, 1}" with the é-bias property, i.e., |[E,X.| < ¢
for each nonzero z in Zj. Consider the Fourier transform f: zy — R of f, ie.,
f(z) =X, f(2)X.(x). After taking the expectations and noting that f(0) = Ef, we
get

E.f—Ef=Y f(2)E.X.,
2#0

thus
\Euf — Ef] < || flh,

where || f||; = 3. |f(2)]. Thus, if we set § = o (ﬁ), we can guarantee that p can
o(1)-fool f. Since the smallest size of the support of any p with the d-bias property
is (%)9(1), we need |||, to be small.

How large is this class of functions? It contains for instance small decision trees

[KM91]. More generally

Lemma 5.2.2 Let f: {0,1}" — {0,1} be computable by a decision tree where each
node is associated with a set of variables whose parity determines the next node. Then

Iflls < M, where M is the number of leafs.

Proof. Since f is a disjoint OR of the leafs, it can be expressed as f = 2%, fio L,
where L : Z§ — Z5' is Fy-linear and each f; : ZJ' — R is an AND gate on some of the
variables @1, ..., x,, with possibly negated inputs. Thus ||f], < 3, ||m|]1 <M
becanse || fro Ly < [ /i = 1. =

But for an arbitrary binary function f, ||f||; can be as large as 22. What about

low complexity boolean functions? The AC\ ones for instance?

Lemma 5.2.3 Consider the read-once monotone depth-2 O(n)-size circuit f : {0,1}"
— {0,1} given as the AND of a NAND gates each on b bits, thus n = ab. Assume
that a = 2°, then
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o) Il = 27
b) deg(f) =n
c) Ef =06(1),
but 3f1, fo: {0,1}" — R such that
d) | fills || folly = 2008nostorn)
e) deg(f1),deg(f2) = O(lognloglogn)

f) h<f<hf

9) E(fo— f1) < s

Note that a version of (a) appears in [BS92].

Proof. In Section 5.2.2 [ |
Thus, we cannot hope to go far with the small L;-norm requirement alone. But

the existence of f; and f5 resolves the problem for the function f in the above Lemma.

Indeed, we have

(Bufi —Efi) —E(f = fi) SEf - Ef < (Eufo— Ef2) + E(fa— f) (5.1)

Thus

Euf = Efl < smax{|| fill, | lh} + E(f2 = f1)

S 520(1ognlog10gn)_|_ 1
logn
2
<
— logn

when § = 2-Olognloglogn) ig sufficiently large. Compare this with the L;-norm ap-
proach alone which requires setting d to 9~ Hrewm).
Thus, those boolean functions that can be well trapped between two real valued

functions whose L;-norm in the Fourier domain is not very large can be well fooled
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by the not too small bias property, and this class is provably larger than the class of
boolean functions whose L;-norm in the Fourier domain is not very large. It turns

out this is a complete characterization. See Corollary 5.2.5 below. More generally,

Theorem 5.2.4 Let f : {0,1}" — {0,1}, ,e > 0, and k a positive integer. Then
the 6-almost k-wise independence property can e-fool f if and only if 3f1, fo : 25 — R
such that

ch<f<h

¢ S s [F)+E(f — fi) < e
¢ 0 .0 lfe(2)| + E(fa—f) < e
o deg(fr), deg(f2) < k.

Therefore, asymptotically speaking, the d-almost k-wise independence property can
o(€)-fool a boolean function f : {0,1}™ — {0,1} if and only if 3f1, fo : {0,1}" — R
such that

o i<f<fo

o« E(f2— f1) = o(e)

o Al 12l = 0 ()
o deg(f1). deg(fo) < k.

Proof. By linear-programming duality, see Section 5.2.3 for the calculations. Note
that the two primals are: max >, u(z) f(x)—Ef and max Ef—>, u(x) f(x) where we
are optimizing on p : Z§ — R such that p >0, >, p(z) =1, and | >, pu(z) X, (2)] <6

for each nonzero z in Z§ whose weight is less than or equal to k. [ |

Corollary 5.2.5 Let f:{0,1}" — {0,1}, and §,e > 0. Then the d-bias property can
e-fool f if and only if 3f1, fo: Z§ — R such that

o i< f< fo
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¢ 0 .l +E(f—fi) <e
o 0. u0lfe(2)| + E(fo—f) <e

Therefore, asymptotically speaking, the 6-bias property can o(€)-fool a boolean function

£:{0,13" = {0,1} if and only if 3f1, f> : {0,1}" — R such that
e i<f<f
o E(fa— fi) =o(e)
o (Al 1 Falh =0 ().

Corollary 5.2.6 Let f:{0,1}" — {0,1}, € > 0, and k a positive integer. Then the

k-wise independence property can e-fool f if and only if 3f1, fo : Z — R such that
o i<f<fo
e B(f—fi)<eand E(fa — f) <e

e deg(f1) , deg(fz) < k.

Therefore, asymptotically speaking, the k-wise independence property can o(e)-fool a

boolean function f :{0,1}™ — {0, 1} if and only if 3f1, fo: {0,1}" — R such that
e 1< f<fe
o E(fa— fi)=o(e)

e deg(fi),deg(f2) < k.

5.2.1 The unpredictability perspective

Arguing by unpredictability will divide e by n if we want to use Yao’s Lemma as a

black box. We note that we can take advantage of the generality of the situation and

manage with dividing € by 2 only.
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Lemma 5.2.7 [) Let f : {0,1}" — {0,1}, and u a probability measure on {0,1}",

and € > 0 such that
|Proculf(2) = 1] = Pra[f(z) = 1]| > €, (5.2)
then there exists b € {0,1} and z € {0,1}"™ such that
Proself(ah,  2) @b =] > 5+ o) (53)
where ' is the probability measure on {0,1}""! given by

(2 ) if Ty =0

() = (5.4)

1
2
s(@) (@) i 2 =1,

and where (o.p)(z) < p(z ® 2).

II) In general, assume that p and ' are related via (5.4) for some z. If u is
a 0-biased, k-wise independent, or a discrete measure (i.e., uniform on its support)
supported by a linear code, then so is j'. Moreover, in the case when i is k-wise
independent, p' has also the additional property that any k + 1 bit including the last

are independent.

See Sections 5.7.2 for an application.

Note that unlike the setting of Theorem 5.2.4 and Corollaries 5.2.5, and 5.2.6, the

statement of the Lemma make sense only when f takes binary values.

Note also that ;' works by generating x;, ., uniformly at random, and depending

on the value of z; , ,, generates z/, ..., according to p or o .

Proof. The main point is to substitute the nested sequence of PRG’s in Yao’s
unpredictability lemma, which is the part responsible for dividing € by n, by an

expectation argument based on translations of the PRG.
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Consider the translations o, u of p by elements z in {0, 1}™ with respect to addition

@ in z5. We have Pr,[f(x) = 1] = E.Pry._,[f(z) = 1], thus
Pryuf(z) =1] — Pry[f(z) = 1] = E.(Pry,[f(z) = 1] = Pryo.ulf(z) = 1]),
and hence Hypothesis (5.2) implies 3z € {0, 1}" such that
|Prooulf(x) = 1] = Procoulf(z) = 1]| > e
Fix such a z. Thus 3b € {0, 1} such that
Procoulf(x)®b=1]— Prp.,[f(z) ®b=1] > ¢,
and hence (5.3) since

, 1 1
Prx’:(x,x;LJrl)Nu’ [f(l') ©b= $n+1] = iprvau[f('x) ®b= O] + _Prxwazu[f('x) ®b= 1]

2
1 1
A Prr @) 0= 1) = Pro i) @b = 1),
Verifying (II) is straightforward. [

We can elaborate on (II) in the special case of linear codes as follows.

Corollary 5.2.8 If f : {0,1}" — {0,1}, and C C Z} is a linear code whose dual

distance is above k, and € > 0 are such that:

|Proec|f(z) = 1] = Proez:[f(x) = 1]] >,

then
€

1
Prxecn[f(x) bb= PamtyA(x)] > 5 + 5,
for some linear code C" C 74, b € Zy, and A C [n] such that:
b) the minimum dual distance of C" is above k

c) |A'| >k, for all A’ C [n] such that Parity,|cr = Parity,|cr.
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Here Parity, : {0,1}" — {0,1} means Parity,(x) = ®icax;.

Proof. We are in the setting where p is a discrete probability measure supported

by a linear code C' C Z§ whose dual distance is above k, and u is related to p via

(5.4). Let C" = CU(C + z), C" C zy*™ be the support of ', and A such that

C" = {(x, Parity 4(z)) : € C"}. Note also that z ¢ C' since € > 0. |
See Sections 5.8.2 and 5.8.2.2 for an application.

5.2.2 Proof of Lemma 5.2.3

Partition [n] into a disjoint interval Iy, ..., I, each of size b, thus f : z5 — {0,1} is
given by
flo) =, (1= fi(),  fi(e) = Mierzi. (5.5)

1) We want to compute the Fourier transform f of f from that of the f;’s. To do

this, we need the following straightforward lemma.

Lemma 5.2.9 If G = G, x ... x G,, be a direct product of finite abelian groups,
and fi,..., fm : G — C are such that f;(g) depends on the G;-component of g, then
ﬁ(/"() = ]%(Xi), where X; is the G;-component of X, and ﬁ =1L fs.

The proof is direct. Let us go back to our setting with G = z%, and G; = {x
z|ppg, = 0}, we get f=IL1- fZ We have

I—fi=1-3 Y (1) ()

TCI;

thus Hl/_\szl = and hence

2b7

o - )re n
1Al = IT= 7l = TIIT= Rl = (2- ) = (Bfj2e 2 277,

2) To construct f; and fo, we proceed by an inclusion-exclusion mentality. Expand

(5.5) as

n

FeTI0— 1) =S (Vg g = oz I (5.6)

i=1 k=0 Cla;|T|=ki€T
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and let g<; = Zfzo(—l)i gi;- By the same proof of inclusion-exclusion, or equivalently

by a direct induction, we have

g<i—1 < [ < g<k

for each even k. Say that k = ©(loglogn) is even, and let f; = g<x—1 and fo = g<i.
We have

E(fa— fi)=Eg, = Z HEfi: (2)2—kb§2_klog§ < 1

TCla);|T|=k i€T ~ logn

Note that the main point why we got a good bound from truncating the inclusion-
exclusion is that the f;’s are independent as random variables and the probability
of f is small enough. For an elaborate study of this approach, see Section 5.5. The

degree of fy is at most kb = O(lognloglogn), similarly for f;. Finally

H};Hl S Z Hﬁ\lel S k(:) — 20(k10gn) — 20(10gnloglogn)

TCla);|T|<k i€T

since ||Hi/eT\f,-||1 = 1, and similarly for f;.

5.2.3 Linear-programming duality calculations

Theorems 5.2.4 and Lemma 5.5.8 follow immediately from two applications of the

following lemma.

Lemma 5.2.10 Let X be a finite set, B be a collection of real valued functions on
X, o a fixed probability measure on X, 6 > 0, and let My be the set of probability
measures jt on X such that |E,B — E,, 6| <0, for each B in B. Let f be real valued

function on X. Then

: . (Go, (95)peB) ER X RP st withg: X — R
e B, f = min { Buyg+6 3 lgal 0 977
neMs BeB giwen by g = go + X gep 9s3, we have g > f
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Proof. Index the functions in B by z € I, and let BZ = 3, — E,,3.. We have a linear

program: maximize Y., u(z)f(z), (u(z)).ex € RY, subject to the constraints

Yo p(z) =1
wu(zx) > 0,Ve
—0 < Y, (@) Ba(x) < 6,V

Taking the dual of this feasible linear program, we get: minimize 6y + 0 >, (6, + 67),

(6o, (0.,07),) € RAF1 subject to the constraints

zr7z

0o+ S.(0. — 0)5.(x) > f(x),Y
0,0 > 0,Vz,

z2) 7z

or equivalently, minimize 8y + 83, |0.], (6o, (.).) € RIF1 subject to the constraints

‘90 + Zezgz(:o Z f(m),Vm,

since the minimum of a 4 b subject to a —b = c and a,b > 0 is |c|. ]

5.3 Linear codes versus general k-wise indepen-

dent probability measures

We study in this section the position of classical linear-codes-based constructions of
k-wise independent probability measures in the convex polytope of all such proba-
bility measures, and its subpolytope consisting of those whose Fourier transform is
nonnegative.

Let C' C Z} be a binary linear code, i.e., an Fo-linear space. The dual of C*+ of C
is

ot {yEZZ:inyi:O (mod 2) ,Vy € C’}.

Recall from Section 5.1.2 the classical construction: if the minimum distance of the

def 1

dual C+ of C' is above k, then then pc = | C’|1C is a k-wise independent probability
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measure on 7.

Consider the convex polytope @, C RIOB" of k-wise independent probability
measures g on {0, 1}™. This polytope is specified by the constraints: u > 0, >, pu(z) =
1, and >, pu(z)X.(z) =0, Vz # 0 such that w(z) < k.

We show in Section 5.3.1 that the linear codes C' (and their translations, i.e.,
cosets) that are minimal (with respect to inclusion) with the property that the dual
C+ has minimum distance above k are extreme points of Q.

We note that they are not all the extreme points. The problem of studying the
other extreme points remains open.

A very special property of uc is that its Fourier transform jic is nonnegative.
Let P, C @} be the convex polytope of k-wise independent probability measures on
{0, 1} whose Fourier transform is nonnegative.

We argue in Section 5.3.2 that the binary linear codes with dual distance above
k are exactly the elements of P, that are uniform on their support, and exactly the
elements of P that are on the boundary of a specific radius—% sphere containing Py
and centered at % tg0y- Thus they are specifically extreme points of Pj.

Here again we note that they are not all the extreme points, and the problem of
studying the other extreme points remains open.

Let L be the set of linear codes with dual distance greater than k. Relaxing
the set Ly to Py is one way to look at Delsarte LP (Linear-Programming) coding
bound [Del73] in the setting of linear codes. We will explore in Section 5.8.5 other

relaxations based on this approach.

5.3.1 Relation to general k-wise independent measures

Consider the convex polytope Q5 C RZ2 consisting of the k-wise independent proba-
bility measures j on Zy, i.e., u such that E,X, = 0 for each nonzero z in Z3 whose
weight is at least k.

Note that @y is given by the the linear constraints: >, u(z) = 1, p(x) > 0 for
each x in z%, and Y, u(z)X.(x) = 0 for each nonzero z in Z§ whose weight is at least

k.
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Let C be a binary linear code in Z3 whose dual C* has minimum distance above

L

T 1¢ supported by C'is an element of ). More

k. Then the discrete measure p¢ o

def 1

generally, for each translation D of C| i.e., for each coset D € z5/C, up = | D|1 p is

an element of ().

Theorem 5.3.1 Let k > 0. The translations (i.e., coset) of the binary linear codes
in 7% that are minimal (with respect to inclusion) with the property that their dual
has distance greater than k are (i.e., corresponds to) extreme points of the convex

polytope Qi of k-wise independent probability measures on Z%.

Proof. Let p € Qx. Let S be the support of u, and consider the R-vector space
Is={a:5 >R | X, csa(r)X,.(x) =0,Vz € Zj s.t. w(z) < k}.

Then p is an extreme point of @)y if and only if Ig is zero dimensional.

The equivalence follows from the basic characterization of an extreme point of a
linear program whose constraints are in the canonical form Ay = b,y > 0. Namely, a
feasible solution y is an extreme point if and only if the columns of A corresponding
to the nonzero entries of y are linearly independent.

Note that this means that if p is an extreme point, then p is uniquely determined
by S and hence must be of minimal support.

First, observe that for any S C Z}, we have Ig = Ig,, for all a € zj. This
follows from the multiplicativity of the characters, and namely because X ,(x 4 a) =
X.(2)X.(a). Thus, rather than starting from a translation of a linear code, we can
start without loss of generality from a linear code.

Suppose that the support of a measure p in )y is a linear code C' C ZJ that is
minimal with the property that its dual C*+ has minimum distance above k. We want
to argue that p is an extreme point, or equivalently that I contains only the zero
function. From the multiplicativity of the characters, we see that I is invariant under

translation by elements in C, i.e., if a is a function in I¢, then so is (g,0)(z) < a(a—+a)
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for each a € C. Thus I¢ is an ideal in

AC)Y {a:C > RY

when viewed as a ring under convolution !

(axB)(z)=>_ aly)bz+y).

Y

Since C' is abelian, the ring A(C) decomposes as a direct sum of 1-dimensional

ideals. The decomposition is

zeln |CL

into 1-dimensional ideals generated by the characters

{X:() = (1) ey

of the abelian group C, where zz def >; wiz;, and the definition is independent of the
choice of z € Z.

If I was nonzero, then it must be a direct sum of some of those ideals, so it is
sufficient to argue that X'z & I, for each z € ZS/CL.

Assume that there is a zy € Z}/ C* such that X % € Ic, then we have

Z Xz+z0 Z X 0,

zeC zeC

for each z whose weight is at least k, i.e., Zp + z # 0 for each such z, or equivalently

Zp # 7 for each such z. Let Q = 0U %, and ¢’ = Q+. Then:

Note that A(C) is isomorphic as an R-algebra to group algebra

R[C] def {Zazz taz €ER,Vz € C},

zeC

i.e., formal sums of elements in C with coefficients in R. The isomorphism maps o : C' — R to

iz a(z)z.
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1) C" ¢ C since C = 0+ and z, # 0, and

2) the minimum distance of @ is above k since 0 = C* has minimum distance

above k, and Zy # Z for each z whose weight is at least k.

This contradicts the assumption that C' is minimal with the property that its dual
has minimum distance greater than k. [ |

We conclude this section with some open questions.

Conjecture 5.3.2 If an extreme point of Q. is uniform on its support, then it must

be supported by a binary linear code.

Problem 5.3.3 [t is experimentally evident that in general not all the extreme points
of Q. are uniform on their support. Classify the other extreme points and study their

algebraic structure.

Judging from a small number of machine generated examples, it is tempting to
speculate that they come from linear codes over other finite fields by some way of

binarizing and assigning weights. Prove or disprove?

5.3.2 The nonnegative Fourier transform property

Let C' C Z§ be a linear code. Let uc be the discrete measure on Z4 supported by
C, ie., pc(x) = ﬁlc(x). Consider the Fourier transform f¢c of uc, ie., fic(z) =

LEMXZ. We have

27L

1
BueXo= Y po@)X.(e) = = 3 X.(2) = 1o (2), (5.7
" |C]
x€Ln zeC
where C* is the dual of C. So, a very special feature of u¢ is that e > 0.
Let £ > 0. We show below where exactly the binary linear codes lie in the
convex polytope Py of k-wise independent probability measures on Z§ whose Fourier

transform is nonnegative. We argue that the binary linear codes with dual distance

above k are exactly the elements of P; that are uniform on their support, and exactly
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the elements of Py that are on the boundary of a specific radius—% sphere containing

Py and centered at % ttg0y- Thus they are all extreme points of Py.
Theorem 5.3.4 Let:
e k>0

P, C RZ: be the convex polytope of k-wise independent probability measures p

on Z§ satisfying j1 > 0.

Ly, be the set of probability measure on Z§ corresponding to binary linear codes

with dual distance above k, 1i.e.,

Ly, = {uc : C C 7% linear s.t. min-dist(C+) > k}.

o U be the set of probability measure on Z% that are uniform on their support.

e D be the mdius—% sphere in RZ2 centered at %,uo, where po = lyoy, i.e., po :

75 — R s giwen by
1 =0
IUO(:L') = )
0 o.w.

then
Lk:PkﬂU:PkﬂaD (mdPCD,

where 0D means the boundary of D. Thus, in particular, all the elements of Ly are

extreme points of P.

We will explore in Section 5.8.5 some relaxations based on relaxing L to Pg.
Proof. Without loss of generality we can assume that k& = 0 since the more gen-
eral case follows by intersecting with the convex polytope @) of k-wise independent
probability measures on Z5.

First, note that Py consists of the set of p : Z§ — Rsuch that : >0, >, u(x) =1,
and >, pu(z)X.(x) > 0 for each z in Zj.

138



The next thing to note is that a : Z — R belongs to D if and only if
1\?2 1\?
(5) = (0 —5) + T a2,
2 2
z#0
which can be written as «(0) > 3, a(z)?. Accordingly,
e o € D if and only if a(0) > 3, a(z)?, and
e o € 9D if and only if a(0) = >, a(z)%
Let p be a probability measure on Z5. Then it is sufficient to show that

A) (I) and (IT) below are equivalent.

I) There is a linear code C' C Z} such that u = % 1¢.

C]
IT) a) i1 >0
b) u(0) = 3, pu(x)?

B) If (a) holds, i.e., if & > 0, then:

1) p(0) < 3, p(x)?

2) If p is uniform on its support, then (b) holds.

The implication from (I) to (II) is immediate. We want to prove the other direc-

tion, and establish (B). First, some observations:

i) In general we have
27N By (X2 — (BuX.)’) = Y fuz) = 2 Y0 47(2) = u(0) = 3o pP(w), (5.8)

where we have used Parseval equality 2" Y, i?(z) = 3, u%(z) in the last step.

ii) If p satisfies (a), then E, X, — (E,X.)? > 0 for each z.

This is the case because 0 < E, X, by (a), and in general we have E, X, < 1.

Proof of (B): Assume that p satisfy (a). Then (5.8) and (ii) imply that 0 <
w(0) — >, u(x)?, and hence (1).
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To establish (2), note first that this means that ©(0) # 0. Thus the requirement
that p is uniform on its support together with 1(0) # 0 imply that, for each x, either
w(z) = p(0) or p(z) = 0, hence

0="> " p(x)((0) — u(x)) = p(0) = 3 (),

ie., (b).

(IT)= (I): Now back to (A), using (b), we see that the sum on the right hand side
of (5.8) is actually 0. This together with (ii) mean that the only possible scenario is
that £,X, — (E,X.)* =0, ie., E,X, € {0,1} for each z.

Let

Q={2:E,X, =1} ={z: X,(zr) =1,Vx € Support(u)}.

By the multiplicativity of the characters, we have X, ,,(x) = 1 when X, (z) = 1
and X.,(z) = 1, thus Q is linear. Let C = Q-+, the dual of Q. Then by (5.7),
E, X.=1¢(2). But since E,X, € {0,1} for each z, we have 15(z) = E, X by the
definition of ). Thus for each 2z, £,X, = E,, X .. In other words jic = fi, and hence
= pc- u

Here again

Problem 5.3.5 [t is experimentally evident that in general not all the extreme points
of Py or P are uniform on their support. Classify the other extreme points and study

their algebraic structure.

One way to look at Delsarte LP coding bound [Del73] in the special case of linear
codes is as relaxing L to P;. See Lemma 5.8.19. Since experimentally not all the

extreme points of P, come from linear codes, this suggests the following
Question 5.3.6 Is Delsarte LP coding bound tight for linear codes?

The answer is not clear. Note that whether Delsarte LP coding bound is tight for

arbitrary binary code is open also. It is an old and famous open problem.
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5.4 Some limitations of the small bias property

We show that the exponentially small bias property is not sufficient to fool small log-
depth circuits, nor bounded-space computations as it cannot fool some of the weakest

branching programs. More specifically
Theorem 5.4.1 There is a 2~X" -biased probability measure on {0,1}" that cannot
o(1)-fool a function from {0,1}" to {0,1} that can be realized as an O(logn)-depth

circuit of linear size, and as an O(1)-width read-once oblivious branching program.

Proof. Assume n is even, and let f: {0,1}" — {0, 1} be the binary quadratic form

n/2

f(x) = @iyn/2 (mod 2).

i=1

Thus f is the XOR of § AND gates, hence computable by O(logn)-depth circuit, and
obviously computable by an O(1)-width read-once oblivious branching program. Let

i be the probability measure on {0,1}" given by

w(x) = |1§| (x), where Q ={z: f(x) = 1}.
We will argue that u is (1 — o(1))27"/?-biased.
Since
iy 2 h 1)
E XZ = 2n Z) = — Z) = — ,

we need to compute the Fourier transform of f. It is more natural to deal with

1 —2f = (=1)7. Indeed, (—1)/ is an eigenfunction of the Fourier transform with

n/2
Y

eigenvalue 2~ ie.,

— 1

(=1 = W(—l)f- (5.9)

One way to verify this is to note that, by Lemma 5.2.9, we only have to check it when

n =2, i.e.,, when f(z) = z129, in which case (5.9) is the identity

1 1
(=)" =g+ 5(=1)" +
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Thus, since

P O N
=_1—=(=1)/
we get
+ 2n/12+1 when z =0

f(z) =

>
TN N

Therefore when z is nonzero

1 (—1)/®
E“XZ o /2 1 + 2-n/2’
and consequently |E,X .| = 27"/2(1 — o(1)). |

Note that the measure constructed in the proof is uniform on its support {2 whose
size is 2"71(1 4 o(1)). Note also that its bias § can be shown to be optimal up to
a 1 £ o(1) factor in the class of measures that have the same support size and are
uniform on their support. By picking random subsets of €2, other support sizes can

be achieved with very low bias also.

5.5 Log-wise independence versus read-once DNF
formulas

We argue that any sufficiently log-wise independent probability measure looks random

to all polynomially small read-once DNF formulas, more specifically

Theorem 5.5.1 Let f : {0,1}" — {0,1} be computable by a read-once (i.e., the
clauses are disjoint) DNF formula with m clauses. Then any k-wise independent

probability measure pn on {0,1}™ can e-fool f, with

€ = min 2-(s7leem) 4 o= I
1<s<n
So € = o(1), when for instance k = logmloglogm.
Proof. See Corollary 5.5.12. [ |

142



After using the sandwiching approach of Corollary 5.2.6 to reduce to a simpler
case, the proof of Theorem 5.5.1 is partially by inclusion-exclusion, which is the
argument we used to establish parts (d),(f), and (g) of Lemma 5.2.3. We discuss in
Section 5.5.3 the intrinsic limitations of Inclusion-exclusion when used in the more
general setting of arbitrary DNF formulas.

Starting with an arbitrary DNF formulas, we conclude Corollary 5.5.12 as a con-
sequence of a more general result on weak probability measures in Lemma 5.5.10.
The notion of weak probability measures is naturally suggested by the problem. See
Definition 5.5.4.

Before going to weak probability measures, we derive a consequence of Theorem

5.5.1 and we give an application to the distribution of quadratic residues.

Corollary 5.5.2 Let f : {0,1}" — {0,1} be computable by a read-once DNF' for-
mula with m clauses, then any d-almost k-wise independent probability measure p on

{0,1}" can e-fool f, with

(e _ k37
€= 1r<111£1 9~ (s—logm) | o= 1 §pk,
<s<n

Note that the bound is good only when £ is relatively small.
Proof. This follows from Theorem 5.5.1 via part (b) in Theorem 5.1.3. [

Corollary 5.5.3 Let Si,...,S,, be disjoint subsets of F,, q¢ a power of an odd prime.
Let Q) be the set of quadratic residues in F,. Let n = |U; S;|. Then

é#{a €F,: S tag Qviy—[[1-2715) <e

where

k
e— min g-(lowm)  o-t  2KN

1<s,k<n Vi ’

Thus € = o(1), when for instance q = 221°8nloem,

Proof. Let I = U;S;. Consider the monotone read-once DNF on the variables {z; }ics

consisting of m clauses each corresponding to an S;, and the quadratic residues PRG
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G :F, — {0,1}! as defined in Section 5.1.2.3. The claim follows from Corollary 5.5.2
since G has the 2k/,/g-almost k-wise independence property. [ |
Similar statements can be derived for the quadratic-residues-like PRG’s defined

in Section 5.1.2.3.

5.5.1 Weak probability measures

Start with an arbitrary DNF formulas. We will restrict later on to the read-once case.
Consider a DNF formula f on n bits with m clauses. Let u be a k-wise independent
probability measure on {0, 1}". We want to make k large enough so that p can e-fool
f.

First we note that, without loss of generality, we can assume that each clause has
size at most s as long as we remember to add m2~% = 2-(719¢™) to ¢, Here s is an
integer that we will tune later on. In other words, if we can show that u can e-fool f
under this restriction, then p can (e + 2-(¢7196™))fool f without this restriction.

The reason is that if not all the clauses have size at most s, we can construct two
new DNF formulas f’ and f”, where f’ is constructed by removing from f all the
clauses whose size is above s, and f” is constructed by removing from each clause
in f whose size is above s as many variables as needed in an arbitrary way to make
its size s. Thus f' < f < f" and E,,(f" — ), E,(f — f") < m27°, where p is the
uniform measure on {0,1}". So establishing the claim for f’ and for f” implies the
claim for f with an m27% additive term to e. This is the case because, with Corollary
5.2.4 in mind, we can sandwich f between the upper polynomial of f” and the lower
polynomial of f’.

Under this assumption, consider the map F' : {0,1}" — {0,1}", where F,(z)
is the value of the t’th clause on z. Let uf be the probability measure on {0,1}™
induced by the uniform measure g on {0,1}" via F', and let p* be the one induced
by p. Since p is k-wise independent, p% = po’ for each A C [m] such that [A] < |
where by j14 we mean the probability measure on {0, 1}# induced by

This suggests the following problem.
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Definition 5.5.4 Let v be a probability measure on {0,1}™. Say that ~y is (k,€)-
weak if when ' is another probability measure on {0,1}™ that agrees with v on all its
projection on any k of the coordinates, then the L. -distance between v and ~' is at
most e.

In other words, ~y is (k, €)-weak if when ' is another probability measure on {0, 1}™
such that vy = va for each A C [m] such that |A| < k, we must have |y(z)—7'(z)| <,

for each x € {0,1}™. Here by 4 we mean the probability measure induced on {0,1}4

by .

Problem 5.5.5 Let F': {0,1}" — {0,1}™, x — vy, be such that each y; is an AND on
some of the variables x1, ..., x, with possibly negated inputs. Let v be the probability

measure on {0,1}™ induced by the uniform measure on {0,1}". Given €, how large

should k be so that v is (k, €)-weak for each such F?

We will not resolve this problem for arbitrary DNF formulas. We will obtain
a good bound in the read-once case, which corresponds to the situation when the
induced random variables are statistically independent.

Before doing so, we make some observations about weak probability measures.

Theorem 5.5.6 [LN90] Let Uy, ..., Upn, Vi, ...,V be finite sets such that |NicaU;| =
| Nica Vi| for each A C [m], |A| < k, then

|Uﬂil UZ‘ _ 2k
Ll = 14 O(e V),
| Uiy Vil

when k = Q(y/n), and

| U, Uy (m)
=17 (2
| Uy Vil K2/’

when k = O(y/m), for some global absolute constants. Moreover, the bound is tight

in the worst case when k < /m.

Corollary 5.5.7 Any probability measure on {0,1}™ is (k, O(e_j_%))—weak, for some
global absolute constants. Moreover, the bound is tight in the sense that there is a

probability measure on {0, 1}™ that is not (\/m, o(1))-weak.
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Lemma 5.5.8 A probability measure v on {0, 1} is (k, €)-weak if and only if Vo €
{0,1}™, 3f1, fo: {0,1}™ — R such that with

1 Zfﬂ? = X
6960(‘75) = )
0 o.w.

we have

a) deg(f1),deg(f2) <k
b) fi <oy < fo
C) E“f(f2 - 5220)7E’Y(5$0 - fl) <€

Proof. By linear-programming duality, see Section 5.2.3 for the calculations. Note
that the two primals are: max E,0,, — Fy0y, and max E./0,, — F,0,,, where we are
optimizing on the probability measures 7' on Z§ such that E, X, = E X, for each

nonzero z in Z5 whose weight is at most k. [ |

Lemma 5.5.9 If v is a probability measure on {0,1}™ supported by a set of size N,

and
2log(N +1)

k>
log 7

+ 3,
then ~y is (k,0)-weak.

Proof. By suitably negating some of the variables if needed we can assume without
loss of generality that o = 0. Let g : ZI' — R be a polynomial of degree kj such that
g(0) = 1 and g(x) = 0 for each nonzero x in the support of . Since all the characters

PO (rln) characters X,

of ZJ' are linearly independent, and specifically the V e

where the weight of z is at most kg, we can set kg to the smallest integer satisfying
V > N + 1. Then, set f; and f5 to fi(z) = (1 — X, 2;)g%(x) and fo = ¢g*. So (b)
is satisfied. Regarding (c), f; and fo are zero on any nonzero x in the support of
v which means that E,f; = E, fo = E,0p. As for (a), we have k = 2k + 1. So it
sufficient to make k large enough so that Z}? : (T) > N+ 1. n

Now, we come to the main result in this section.
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Lemma 5.5.10 If X4,..., X,, are statistically independent binary random variables,

then the corresponding probability measure v on {0,1}™ is (k, 2_%)-106&]6.
Proof. See Section 5.5.2. [ ]

Problem 5.5.11 The bound is quite good compared to the general case. The con-
stants are definitely not tight. What is the best exponent? Also, is this bound asymp-

totically tight in terms of k for small values of k such as k = log® Y m or k = m°W ?

Corollary 5.5.12 Let f : {0,1}" — {0,1} be computable by a read-once (i.e., the
clauses are disjoint) DNF formula with m clauses. Then any k-wise independent

probability measure pn on {0,1}™ can e-fool f, with

. (e _ k=37
€= 1r<111£1 9~ (s—logm) | o=
SSSsn

So € = o(1), when for instance k = logmloglogm.

Proof. As we noted earlier in this section we can assume without loss of generality
that each clause has size at most s as long we remember to add m2~% = 2-(71em) t¢
the error.

Under this assumption, consider the map F : {0,1}" — {0,1}™, where F;(z)
is the value of the #'th clause on z. Let uf be the probability measure on {0, 1}™
induced by the uniform measure po on {0,1}" via F', and let p* be the one induced
by . Since p is k-wise independent, p*|4 = p|4 for each A C [m] such that |A| < .
The claim then follows from Lemma 5.5.10 which is applicable since X4, ..., X,, are

independent because the clauses are disjoint. [ |

5.5.2 Proof of Lemma 5.5.10

Without loss of generality, we can assume that o = 0. Consider the weight function
w : Z8 — [0 : n] given by w(x) = ¥, x;. Since the X,’s are independent, the

distribution of w(Xy,...,X,) has the shape of a bell. Let v* be the corresponding
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probability measure, i.e., the one induced on [0 : n| by p via the weight map w. It is
sufficient to trap the delta function dj : [0 : m] — {0, 1},
5 (1) = 1 ifw:()’
0 o.w.

between two low-degree polynomials f{, fi € Rlw], i.e., fi < ) < f5, in such a way
that E.«(f5—07), E,«(6y— f1) < €. Then we can pull back f{ and f by w to construct
fiand fo, i.e., we set fi(z) = fi(w(x)) and fo(x) = f5(w(x)). Note that this preserves
the degrees, i.e., degf; = degf] and degfo = deg fs.

The natural thing to do is to select the zeros of f] and fJ so that they are at the
places where 7 is large. This is indeed the only thing to do, given that we want to
work in the projected framework, regardless of whether the X;’s are independent or
not. What is special about the case we are considering now is that we can do this by
exploiting the strong structure of independent Bernoulli random variables. Naturally,
there are two cases to consider depending on the shape of the bell v*(w), the first
when the mean u % Eynqpw is large, and the second when the mean is small. Let

s > 0 be some threshold that we will specify as we proceed.

e Case 1: When the mean u > s.

Set y
fi(w) =0 and f(w) = (1-2)

where &/ < k is an even integer. We will restrict k&’ further and fix it as we
proceed. This choice is experimentally optimal when w is sufficiently large. It
works in general because, when the mean is large, 0 is in the tail of the bell,
which means that £,+¢ is already small. On the other hand f; takes very small
values on a relatively wide region around the center of the bell, which makes

E.«(f5 — do) small.

Let 0 < 6 < 1. We will fix § as we proceed. We have

E(fs—f) < Proyeys[w < (1= 6)u] + o+ Pryey [(146)u < w < 2u]
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d\"
+ Y. Proeglw=u+d| (E)

u<d<m-—u

< Pryey[w < (1= 6)u] + 6% + Pryes[w > (14 6)y]
w> |1 + - .
u

Now, we use Chernoff bound? to obtain
! ’ 6_5 ¢ 5k’ 65 b
Eyx(fa=1f) < aes) P g (5.10)

ei u d K
+ — (=] .
ugdgn—u ((1 + %)1—’—%) <U>

Assume that k'/u < 0, where § < 1/2 is a parameter that we specify later.

+ Z Proy

u<d<m-—u

S

Noting that ~—&— < 2~ ) for all z > 1, and that = < 23 for all x >0, we

(14z)t+=

can upper bound the last summation as follows.

u<d<m-—u (1 + %)1—’—% u B u<d<m U 1 % U
< 9~ %i l %i@
B u<d<m u
- 2% ) 9—3(3-0)d
u<d<m-—u
920+
< T oIa (5.11)

All the terms in (5.10) and (5.11) are nonincreasing as u grows. Thus we can
use the lower bound s we have on u. Moreover the condition &'/u < # can be
guaranteed by requiring that & < #s. The other conditions we have on k' are:
k' <k, and k' odd. If we assume that #s < k, we can set k' to the largest odd

integer less than or equal to fs, and use s — 2 as an upper bound on £’. It

2The version of Chernoff bound we are using is the following (See [MR95]): If 21,...,z,, are

independent Poisson trials, and z = ), z;, then, for each 0 < § < 1, the probability that z <
_ Ez
(1—0)Ez is at most ((1_65%) < e~ (B2)3°/2_On the other hand, for each a > 0, the probability

o Ez
that z > (1 — a)Ez is at most ((HZW) .
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follows that

Ex(fz=fi) < e s+698—2+ Y
A = (1)t (1+6)1+0
2-(3(3-0)0+3)s

for all settings of reals ¢, 0 satisfying: 0 < d <1,0< 60 < 1/2, and 0s < k.

Case 2: When the mean u < s.

When the mean is sufficiently small, the above choice is not good neither for f;
nor for f. In this case, judging from simulations, the right choice is to construct
f1 and f} so that they have relatively many distinct zeros distributed relatively
sparsely, but not consecutively, and all close to zero. It is not clear however
what is the optimal distribution of the zeros. To establish the claimed bound,

we use a suboptimal choice that we can analyze. The first thing to try is to set

k

i) = 11 (1= %) and py) = T (1= %)

t=1 t=1

when k is odd. Note that since k is odd we have f; < d; < f5. This will give us

the claimed bound, which seems asymptotically optimal.

Note that this choice of f] and f; is equivalent to truncating the binomial repre-
sentation of ¢; in the sense that dy(w) = Zf;o(—l)l(ll”), fi(w) = Zfzo(—l)l(ll”),
and fi(w) = SF4(—1)! (7) This is equivalent also to truncating the inclusion-
exclusion formula (5.6) as in Section 5.2.2. Since we are doing a plain truncation,
it makes sense that in general when we have dependencies among the random

variables this construction is not going to work. This is indeed provably the

case as we explain in Section 5.5.3.

For the purpose of this proof, it is sufficient to note that

Fy(w) — fiw) = %H (1-4)- (2’)
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Thus by the independence of X1, ..., X,,,

E-(fy—=f)= > Il»
AC[m];|Al=k icA
where p; is the probability that X; = 1. Recall that we are in the situation

where F,~w < s, 1.e., >0 p; < 5.

Claim: The maximum of

Z sz‘,

AC|m];|A|=k i€A

over pi,...,pm > 0 such that >, p; < s, occurs when all the p;’s are equal.

Proof of claim. We use a local perturbation argument based on the symmetry

of the objective function. Note that the objective function is not convex.

Consider any py, ..., p, satisfying the constraints, and any ¢ # j. Assume that
pi # p;. We will make p; = p; while keeping ¢ o pi+pj and (p¢)ez,; unchanged,
and while increasing the value of the objective function. To do this it is sufficient

to note that

> I e = alpi +pj) + bpip; = ac + bpp;,
AClml| Al=k teA

where

a= Z Hpt, and b = Z Hpt.

AC[m\ ikl Al=k €A ACIm\{i, )l Al=k—11€A
The claim then follows since b > 0, and the maximum of p;p; subject to p;, p; > 0

and p; + p; = ¢ occurs when p; = p;. v

- < (1) ()< () () =

This is assuming that k is odd. Thus, in general, for any integer £ > 2, we can

Thus

construct fi and f; with

(k=1)

Ey(fy— f1) <270 Dles 5 (5.13)
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Combining (5.12) and (5.13), we get that in general, if k£ > 2 is an integer, then 7; is
(k, e(k))-weak, where

‘ e’ T s ¢’ )
(k) = g{lgg<(1_5)1_5> i +<(1+5)1+5>

9-(3(3-0)+%)s (k=1)
e T o

and we are optimizing on the reals s, 9, and 6 satisfying: s >0,0<d <1,0<6 <

1/2, and 0s < k.

Setting 0 = %, 0= %, and s = %, we obtain
k—1 k—1 -
I oy Bam (4 \I o Gebdn
k) < | 13 +<§) il Bove t————=F—t2'"
(3)° (3)® 1 =277
k—37
< 20T

where the last inequality holds for all values of k where the claimed bound is nontrivial,
i.e., for all kK > 37. Note that the above choice of s, §, and 6 is not optimal, but it is

sufficient to get a concrete bound.

5.5.3 The intrinsic limitations of Inclusion-Exclusion in the

DNF case

Consider a DNF formula with m clauses Xy, ..., X,, on n variables. The t’th term

of the inclusion-exclusion formula is

= Y E[[X.

AC[m];|Al=t i€A

See the proof of Lemma 5.5.10 for other interpretations of this term in terms of the
sandwiching polynomials in the projected setting. In general T; does not vanish as ¢
increases.

One trivial instance is when all the clauses are the same. This can however be

resolved by excluding all but one of the clauses.
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Another trivial case is when we have a very large number of clauses. This case
can be resolved by removing as may clauses as needed to get a new DNF formula
that bounds the original one from below, and use the constant 1 function to upper
bound the old DNF formula.

Less trivial and hybrid cases that make T} large are for instance when we have
many clauses with some common variables (possibly none) such that, given that the
common variables are correctly set, the probability that none of the clauses containing
these variables is satisfied is very small (e.g. sunflowers with many pedals). Such cases
can be also resolved. The motivation is the Razborov sunflowers trimming technique
[Raz85]. Indeed, we can tightly sandwich the DNF between two new DNF’s where
such cases do not occur.

There is however an intrinsic limitation to this attempt. One example where noth-
ing can be done to the DNF formula to make T} converge is the following symmetric
case.

Consider the case when we have m = n clauses, the first on the variables yq, ...,y
and the others are cyclic shifts of this clause modulo n. If we suitably select s in the
order of ©(logn), so that the probability that the DNF is 1is ©(1), we get a symmetric
situation where 7; diverges and no trick can be made to make it converge.

This example can however be resolved by other means not based on inclusion-
exclusion. One trivial way to resolve it is to partition the clauses into O(logn)
collection where they are disjoint. This gives us an O(log®n) bound on the needed to

k so that the k-wise independence property can fool this DNF.

5.6 Limited independence versus weight probabil-
ity

We establish an O(k~'/2) sharp upper bound on the probability that a random binary

string generated according to a k-wise independent measure has any given weight.
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Theorem 5.6.1 “Limited independence versus weight probability lemma”: Let 2 <

k <n. Let u be a k-wise independent probability measure on {0,1}™. Then

1

o
5
3
)
=
8
R
=
g
8
S~—
|
2,
(VAN

a=0,1,...,

2_0<i even <|k/2]—1 %(z/lz)
T+ o(1)
vk o

where the asymptotic statement is in terms of the growth of k.

Note that the bound is experimentally quite good for low values of k. Moreover, in
the extreme case when k is very large it is also very good. For instance, when k = n,
it is only off by the constant factor Z5(1+ o(1)) from the actual value V= (1—0(1)).

We will give an application of this bound in Section 5.7.3.

First some direct consequences, and an application to the distribution of quadratic

residues.

Corollary 5.6.2 Let C' C {0,1}" be a linear code whose minimum dual distance is

above k, 2 < k <n. Then

1

o8
»
]
)
=
8
m
Q
g
8
~—
|
L,
IA

a=0,1,...,

2_0<1 even <|k/2]-1 %(1;2)
T+ o(1)

Vk

Corollary 5.6.3 Let 2 < k <n. Let i be a d-almost k-wise independent probability

measure on {0,1}". Then

1
a=0,1,...n Zogz even <|k/2]-1 7(1/2)
T+ o(1

Vi

Note that the bound is good only when £ is relatively small.
Proof. This follows from Theorem 5.6.1 via part (b) in Theorem 5.1.3. u
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Corollary 5.6.4 Let g be a power of an odd prime, ) the set of quadratic residues

in Fy, I any subset of F,, and a any integer. Let n = |I|. Then
1
6#{66]1?(] JI+0)NQl=a} <e

where
1 2k

€ = min T
l
1SRN ST0cr even <lk/2l-1 3 (l/2) Ve

Thus when for instance ¢ = 215" we get e < \/ % when n is large enough.

Proof. Consider the quadratic residues PRG G : F, — {0, 1} as defined in Section
5.1.2.3. The claim follows from Corollary 5.6.3 since G has the 2k/,/g-almost k-wise
independence property. [ |

Similar statements can be derived for the quadratic-residues-like PRG’s defined

in Section 5.1.2.3.

5.6.1 Proof of Theorem 5.6.1

The proof is based on Krawtchouk polynomials {ICl(") (w) o,

l

n def i W N — WY\ def n
@ s = () (00 P w e = )
n . (3 n—1
zEZQ sw(z)=l 1=0
Note that the value of ICl(") : Z — R on x € Zj depends only on the weight w(z)
of z, thus by abuse of notation K\ € R[w], deg(K\™) = I. We compile first some
elementary properties of Krawtchouk polynomials that we will be using. See for

instance [Sze75, MRRW77].

e Let 3 is the binomial measure on [0 : n], i.e



and let

Then {pl(")}l are orthonormal w.r.t 5, i.e., Eﬁm)pl(") (M = §,,. Note that this

s

follows immediately from the orthogonality of the characters {X',}. of Z5.

e Being orthogonal, they satisfy a recurrence relation that takes the form
(1+ DKL (w) = (0= 20)K" (w) + (0 — (1= DK (w) =0, (5.15)

for [ > 1. Moreover, we have

KP(w) = 1 (5.16)
KM (w) = n—2w. (5.17)

Lemma 5.6.5 Let i be a k-wise independent probability measure on Z5, k < n. Let

a€{0,1,...,n}. Then
Proyfu(z) = ] <

where

SROED>

n
0<i<t !

Proof. We have a linear program:
max Pry ,|w(z) = a,

where we are maximizing over the k-wise independent probability measures p on Z5.
The dual is

min E,.9,
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where yi9 is the uniform measure on Z7, and where we are minimizing over the polyno-
mials ¢ : Z§ — R such that deg(g) < k, g > 0, and g(z) > 1,Vx such that w(z) = a.
Taking advantage of the problem symmetry, we see that the dual is equivalent to the
projected dual:

mfin Esm f,

were we are minimizing over the polynomials f € R[w] such that deg(f) < k, f > 0,
and f(a) > 1. We only need to note that the projected dual is an upper bound on the
original dual, which is immediate. The fact that the projected dual is equal to the
original dual follows form the symmetry of the problem by an averaging argument
that takes advantage of the concavity (linearity in our case) of the objective function.

We will get the bound by setting f(w) = fi(w)?, where f; € R[z] is such that :
fi(a) =1 and deg(f1) < |k/2]. This will reduce the linear program to a least square
problem, whose exact solution is the claimed bound. Express f; as f; = Z}ié% cp;-
Using the orthonormality of {p;};, we get

Lk/2]
Eﬁ(n)f = Z 012.
=0

Taking the constraint fi(a) = 1 into consideration, we get the following upper bound

on the projected dual

1
. k/2
min{}>; ¢? : {cp}}g:/oJ st Yyap(a) =1} = k2] 2,
i—o ¥ (a)
since in general the minimum of ||y||3, ¥ € RY such that (a,z) =1 is ﬁf u
2

The rest of the proof is about estimating the minimum of S (a) over the choice
of ain {0,...,n}. Experimentally, it is evident that the minimum occurs at |5 |. This

is also very intuitive since this value carries the maximal weigh of 3, but proving

that the minimum occurs here is very tricky. Evaluating St(") (a) at a = %, when n
is even, can be done in a systematic way using the recurrence relation (5.15), which

greatly simplifies under these conditions.
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Lemma 5.6.6 1) If n is even, and 0 <t <n,

1/ 1
5 (@> > —( )
b2 0<l g(:an <t 2\1/2

2) As t increase,

)

0<l even <t ™+ o(1)
We take care of the case when n is odd by showing that

Lemma 5.6.7 Assume that n is odd, then for any 1 <t < n,

n n—1 n— n—1
St()( 2 )ZS’F*D( 2 )

The tricky part, is

Lemma 5.6.8 For any n and t such that 0 <t < n, the minimum of St(") (a) occurs
ata = |%].

Combining these lemmas, we get:

e when n is even

1

sP@zs(5)z % §<l/l2>

0<l even <t

e when n is odd

(n) ) (N —1 (1) (N —1 1/ 1
Si(a) 2 5, <2)2SH <2)2 > 2\i/2)

0<l even <t—1

Hence in general: for each n, each 1 <t <mn, and all a € {0,...,n},

1/ 1
S (q) > _< )
t o<l evezr:l <t—1 2! l/2

We still have to establish the lemmas. We start in the reverse order.
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5.6.1.1 Proof of Lemma 5.6.8

The numerical experiments suggest the correctness of the following stronger statement

Conjecture 5.6.9 Let v be probability measure on [0 : m], and let {p;}*,, ;i € R[w],
deg(p)) =1, be the corresponding family of orthonormal polynomials. Assume that

is nondecreasing on [0 : |5 || and that y(w) = vy(n—w). Assume further thatt is odd.

Then Yj_o pi(w)? attains its minimum at w = | %].

But it is not clear at the moment how to prove this statement in this generality.
We will get the lemma by establishing something that is apparently more specific
to Krawtchouk polynomials.

We will argue that

Lemma 5.6.10 Let 0 <[ <n—1. Then

K (w)? | K (w)?

(7) ()

attains its minimum at w = | §].

This implies Lemma 5.6.8. Indeed, if ¢ is odd, we can group the ¢+ 1 terms in the
expression of St(")(w) into 2! term each as in Lemma 5.6.10. If ¢ is even, noting that
S (w) =1 (via (5.16)), we can group the last ¢ terms in the expression of S (w)
into £ term each as in Lemma 5.6.10.

To establish Lemma 5.6.10, it is instructive to prove it first for Hermite polyno-
mials which are in a suitable setting (that is not sufficient for our purposes) limits
of Krawtchouk polynomials. Then, we will imitate the proof in the Krawtchouk

1

polynomials setting. Normalized Hermite polynomials {H;(z) = WH;(:E)};’EO are

orthonormal polynomials w.r.t to the Gaussian density ﬁe"ﬁ/ 2 on R, and they sat-

isfy
Hi(z) =2xH,_1(z) —2(l — 1)H;_2(x) (5.18)
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See for instance [Sze75].

We show that

Lemma 5.6.11 Let ! > 0. Then
H(z)* + Hpyq()?
attains its minimum at x = 0.

Proof. If [ =0, the proof is straight forward, so assume [ > 1. Let

e — _ 1
xmmﬂymm@f+mﬂgm:meuiﬁiﬁmﬂuﬂ
Then
d d 1 d
%V}(x) = 21Hl(55)%Hl(1') + l_'_—lHl+1(x)%Hl+l($)~

Using (5.19), and then (5.18), we get

Vi) = 2H(@) QUH1 1 (2) + Hioa(2) = A Fi(e)’

and hence the lemma. [ |
We have the recurrence relation (5.15) for Krawtchouk polynomials, i.e., an analog

to (5.18). To adapt this proof we need to find an analog to (5.19).

Lemma 5.6.12 Let 0 <w < n —1 be an integer.

a) If1<1<n-1,

KW (w + 1) — K (w) = =27 (w).

b) IFO<1<n-—1,

K" (w+ 1) + K" (w) = 2" (w).
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Proof. Define 2™ ¢ 77 by

(w,n) def 1 ite < w,

0 if7>w.

Thus
KPw)y= 3 a.(am).

2€Z5 5w ()=l

a) Accordingly,

KO+ =KPw) = 5 (X)) = X))

2€Z5 ;w(z)=l

S DI XCEI(C IR

2€05 ;w(2)=l

S D SR A

2€Zy ;w(z)=l and Zwt+1=1

= —2 Z Xz(x(w’n_l)).

ZEZSil;w(z):l—l

b) And similarly,

KP(w+1)+ KM w) = 3 (@) ((~1)7 + 1)

2€0 yw(2)=1

= 2 > &, (z0m)

zedy ;w(z)=l and Zw4+1=0

= 2 > X, (2=,

ZEZgil;w(z):l

Proof of Lemma 5.6.10. For integer values of w, let

Ui(w) def <n> (Icl(n)(w)2 i ]Cl(zl-)l(w)Z) _ /Cl(n)(w)z + l+_1 (n) (w)2‘

VANG (i) n— 1
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If | = 0, we know from (5.16) and (5.17), that Uy(w) = 14 =(n — 2w), and hence the

claim is obvious in this case. Assume that { > 1. We have

Ui(w) = Ui(w+ 1) = K (w)? = K" (w + 1)? +il(fc§+{< ) — Kt (w+1))
= (K" (w) = K" (w+ 1)) (K" (w) + £ (w + 1))

+ l—l (Icl+1( ) — IC1+1( )) (ICIH( )+ IC1+1(w + 1>)

- -~ 41 .
= KD @) (w) + 4= K () )

_ _l/d" D(w) ((L+ VLT (w) + (0 — DK (w))

= — ZICI("_I)(w)(n —1—2w)K" ) (w)

_ (n—1 8 (1), \2
- ( ; “’>n—z’C (w)?, (5.20)

where the third equality is from Lemma 5.6.12, and the one before the last is from

the recurrence relation (5.15), which at n — 1 becomes
(+ DKL (w) = (0 = 1= 20)K" Y (w) + (n = DY (w) = 0.

This completes the proof of Lemma 5.6.10. Note that when n is odd, we have
Ui("5H) = Ui("5).

2

5.6.1.2 Proof of Lemma 5.6.7

We need the following relation along the lines of Lemma 5.6.12.

Lemma 5.6.13 Let 0 <w <n—1 andl > 1 be integers, then
n n—1 n—1
K1 (w) = K" (w) + K (w).
Proof. In the notations of Lemma 5.6.12, we have

KPw) = > & (am)

260 yw(z)=l
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= > X, () + > X ()

2€ly5w(z)=l and z,=0 2€l 5w ()=l and z,=1
I S A ) U S R AP
2€Zy w(2)=l 2€Zy  aw(z)=1-1

Accordingly, when n is odd, we have

W (= 1\2 o1y /M — 1\? a1y /1 — 1\ 2
’Cl()< 2 ) = K )< 2 >+’Cl(—1)< 2 >

05 - 2

1 n— n—1 2 n— n—1 2
121(7@( U( 2 )+’Cl(—11)( 2 ))

=1 1 n—1\2 1 n—1\2
e Rl C SR C o

S g) e CF) e

Noting that

we get

for each ¢t > 1.
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5.6.1.3 Proof of Lemma 5.6.6

1) When n is even and w = %, (5.15), (5.17), and (5.16) simplify to

2

n (M n (1 n (I (2
llcl()(§)+(n—l+2)lcl(_)2(§)=0,’C§)(§>:O’andlcé)<§>:1'

Therefore, when [ is odd,

(n) ﬁ):
ki (2 0

and, when [ > 2 is even,

(n) ﬁ): n—(1-2) n—(1-4) n—-2_n
K, (2 + ; X =g g XXX
Thus, when [ > 2 is even,
n n nx(n— n— X (n—(1— 2
IC( (5) o (X( 2)><(2><44>3.>.<.><l><( s 2)))
n o nX(n—1)x...x(n—(1-1))
(l) Ix(I-1)x...x2x1
(=) x(I=3)x(1—-3)x...x3x1 n n—2 n—(1-2)
B Ix (1 —2)x x(I—4)x...x2 n—1n—-3"""n-(1-1)
S (-1)x(I—=3)x({1—-3)x...x3x1
- Ix(1—2)x x(Il—4)x...x2
!
_
2/2(1/2)!

B %(zfz)

It follows that

1[0
s9(5)z % —(
b2 0<l even <t 21\1/2

2) From Sterling approximation

).

1 1 1 1
V2rm™ e T < ml < V2rm T 2e ™ 1o

we have

\/gie_(é_ 1211+1)
V1

< l l < \/gie_(Til_ﬁ)
20\1/2 TVl ’



when [ > 2. Moreover, for each even ty > 2, and each even t > t,

2 > %</t:+2%<2 > %

to+2<l even <t to<l even <t

It follows that, for each ¢,

o B lin) =

where the asymptotic statement is in terms of the growth of .

5.7 Poly-log-wise independence versus AC)

We consider in this section the problem of derandomizability of ACy by arbitrary
k-wise independent probability measures, when k is made polylogaritmically large
enough. We reduce this problem to a conjecture about the the symmetry of the opti-
mum of some symmetric optimization problem with linear constraints and a nonlinear
objective function.

Consider the following problem which was essentially proposed by Linial and Nisan
[LN90].

Problem 5.7.1“k-wise independent versus ACy”: How large should k be as a func-
tion of n, M, d, and € so that the k-wise independence property is sufficient to e-fool
any AND-OR circuit on n bits of size M, depth d, and unbounded fanin?

The generality of the problem has many potential applications. We explain in
Section 5.7.1 its relation to d-biased probability measures, an application related
to the distribution of quadratic residues, and its dual which is asking for a new
characterization of ACy by low-degree polynomials over the reals.

First, we reduce Problem 5.7.1 in Section 5.7.2 to to the following question.

Problem 5.7.8 “Low-degree polynomial predictors”. How large should k be in terms
of h and n, so that if X;,..., X,, .1 are binary k-wise independent random variables,

no degree < h polynomial p over the reals on Xy,..., X, can predict the value of
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X,+1 with a probability significantly better than 1/27

The reduction corresponds to the case when h is polylogarithmic in n, and is based
on the approximability of AC) circuits by low-degree polynomial over the reals (Beigel,
Reingold, and Spielman [BRS91], Aspnes, Beigel, Furst, and Rudich [ABFR94]), and
the unpredictability perspective in Section 5.2.

Using Theorem 5.6.1 (Limited independence versus weight probability lemma),
we establish in Section 5.7.3 a good bound in the restricted setting of Problem 5.7.8
corresponding to the case when p is a symmetric polynomial.

We show that if k& > 167h?, h is larger than some absolute constant, and X1, ...,
X1 are binary k-wise independent random variables, then no symmetric degree-
h polynomial over the reals on X;,..., X, can predict the value of X, with a
probability larger than 1/2.

Due to the highly symmetric nature of Problem 5.7.8, we conjecture in Section
5.7.4 the following.

Conjecture 5.7.14: The symmetric case is a worst case. In other words, for all 0 <

h, k < n, when maximizing the probability that a degree < h polynomial on x4, ..., z,
successfully predicts the last bit of a k-wise independent probability measure on
{0, 1}, over the choice of the polynomial and the measure, the maximum is attained
by a symmetric polynomial and (consequently) a symmetric measure.

Establishing this conjecture will pull the bound we established in the symmetric
case to the more general setting of Problem 5.7.8, and consequently will resolve in
a satisfactory way Problem 5.7.1. The correctness of the symmetric optimum con-
jecture implies that in order to guarantee that the k-wise independence property is
sufficient to M~®W-fool any size-M depth-d circuit in ACy, it sufficient to make
k = ©(log* M).

5.7.1 The AC, conjectures

Problem 5.7.1 [LN90] “k-wise independence versus AC,”: How large should k be
so that the k-wise independence property is sufficient to e-fool any circuit on n-bits of

size M, depth d, and unbounded fanin?
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Denote the minimum such k by K55!(n, M, d,€).

Problem 5.7.2 “j-bias versus AC,”: How small should § be so that the §-bias prop-
erty is sufficient to e-fool any AND-OR circuit on n-bits of size M, depth d, and

unbounded fanin?

Denote the minimum such § by 6552 (n, M, d,€).

Conjecture 5.7.3 “The poly-log-wise independence versus ACy conjecture”:
K3, (n,n°0, d,o(1)) = Olog”' n),

when d = O(1).

Conjecture 5.7.3 can be called the relaxed Linial-Nisan conjecture since Linial
and Nisan originally conjectured in [LN90] that K5 (n, M, d,0.1) < log®™! M, but
with these tight parameters this statement is apparently not correct as noted in Luby
and Velickovic [LV96]. Using their result stated in Theorem 5.5.6, Linial and Nisan
established the bound K%%!(n, M,2,0.1) < /M log M. Note that this is only slightly
better than the trivial bound.

The correctness of the symmetric optimum conjecture, that we state in Section
5.7.4, implies that K551 (n, M, d, M—°W) = O(log"* M).

Recall that Corollary 5.5.12 is a statement about the correctness of Conjecture

5.7.1 in the special case of read-once DNF formulas.

Conjecture 5.7.4 “The inverse-quasi-poly-bias versus AC\ conjecture”:
Fidi (n.n0, d,o(1)) = Q27 ="),
when d = O(1).
It follows from (b) in Theorem 5.1.3 that

2
—log 85%:2(n, M, d, ) < K55 (n, M, d, %) logn + log =. (5.21)
€
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Thus
Proposition 5.7.5 Conjecture 5.7.3 implies Conjecture 5.7.4.

From Corollaries 5.2.5 and 5.2.6, the dual perspective is as follows

Corollary 5.7.6 1) Conjecture 5.7.4 is equivalent to: For any f : {0,1}" — {0,1}
that is computable by an ACy circuit of depth d, there exists fi, fo : Z§ — R
such that

a) | fills, 12l = O )
b) i<f<fo
¢) E(fa— f1) =o(1).

2) Conjecture 5.7.3 is equivalent to: For any f : {0,1}" — {0, 1} that is computable
by an ACy circuit of depth d, there exists fi, fo : {0,1}" — R such that

a) deg(f1),deg(f2) = O(log® @ n)
b) L <f< [
c) E(fa— fi) =o(1).

Compare this with the known approximation of ACy by low degree polynomials
summarized in Section 5.1.2.1. See Remark 5.1.4.

Note that Nisan generator for ACy (see Section 5.1.2.2) is a special O(log®®)
n)-wise probability measure. It is also linear. See Section 5.8.2.3 for a comparison of
Nisan generator with arbitrary linear k-wise independent measures.

Finally, observe that by arguing as in Corollary 5.5.3, we can derive some conse-
quences of small bias conjecture to the distribution of quadratic residues as follows.

Let S1,..., S, be arbitrary subsets of F,. Let ) be the set of quadratic residues

in Fy. Let I =U;S;, 1 € 74 the all ones vector, and n = |I|. Then

1 1 -
5#{a EF,: S +adg Q,Vi}— 2—n#{z €zl 2ls, # 1|s,,Vi}| <,
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where € is such that 6552(n,m, 2,€) > 2n/,/q.
Compare with Corollary 5.5.3. Similar statements can be derived for the quadratic-

residues-like PRG’s defined in Section 5.1.2.3.

5.7.2 Low-degree polynomials predictors

Consider

Theorem 5.7.7 [BRS91, ABFR94] Let f : {0,1}" — {0,1} be computable by an
AND-OR depth-d circuit of size M with unbounded fanin. Then there exists a family

of functions {pa}tact, Pa € Z[x1,...,2y,], and I some index set such that
1) the degree of each pq is at most h = h, hg = O(log % log M)
2) for each x in {0,1}", Proci[pa(z) # f(x)] <0,

where 6 > 0 is tunable.

Note that the maximum absolute value of each p, on {0,1}" can be as large as
20(log G log M)? a1 that E|po — f| is potentially as large as (20 (log ' log M)

Note also that the statement in [BRS91, ABFR94] is (4) in Section 5.1.2.1. But,
we need the stronger statement in Theorem 5.7.7 which can be extracted from the
proof in [BRS91, ABFR94| used to establish (4).

Using Theorem 5.7.7 and Lemma 5.2.7, we can reduce Problem 5.7.1 (k-wise

independence versus AC)) to

Problem 5.7.8 “Low-degree polynomials predictors”: Let i be a k-wise independent
probability measure on Zy'. Let p: 75 — R such that deg(p) < h. How large should

k be with respect to n, h, and €, so that
1
Procylp(en, - 0) = ] < 5+ (5.22)

Denote minimum such k by K208 1(n, h,e).
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It is important to stress here that essence of Problem 5.7.8 is that that p can take
values other than 0 and 1.

The relation is as follows.

Lemma 5.7.9 Ki/!'(n,M,d,e) < K508 (0, hi, (1 —«)§), where

poly—pred
ho = O(log 2L log M), and 0 < o < 1 tunable.
Proof. Using Lemma 5.2.7, there is f’ : {0,1}" — {0,1} of the same circuit com-

plexity as f, and a measure g’ on {0,1}""! in the same class of u such that

1
Prosyrlf (@1, 20) = 0] > 5 + g (5.23)

Now consider the family of polynomials {pa}acr, Pa € Z[z1,. .., x,], With respect to
/" in the setting of Theorem 5.7.7. Since for each x in Z%, Praecr[pa(z) # f'(x)] <6,
we get that there is a € I such that Pry.,/[po(z) # f'(z)] < 6. Hence there exists a

p: Zy — Z such that

1) deg(p) < h df hd ho = clog % log M, ¢ > 0 a constant

2) Prou[p(a]p) = o] > 2+ € — 0,

where 6 can be tuned. Set § = «e/2. [ |

Thus Conjecture 5.7.3 (The poly-log-wise versus ACy conjecture) follows from

Conjecture 5.7.10 K>%  .(n h,o(1)) = poly(logn,h).

poly—pred

We will establish in the next section this conjecture in the special case when p is

a symmetric polynomial, which will lead us to the more specific version

Conjecture 5.7.11 K278 (n h,0) = O(h?).

poly—pred

Remark 5.7.12 Note that we need to proceed in Problem 5.7.8 (Low-degree poly-
nomials predictors) by unpredictability in the sense that we cannot hope to go far
with the following question. Consider the k-wise independent situation. If p is a low

degree polynomial on {0,1}", how large can

€= |Prx€{07l}"[p(x) = 0] - Prxw[p(ﬁ) = OH
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be when p is a k-wise independent probability measure on Z§ and k is large enough?
The issue with this question is that € cannot be made arbitrarily polynomially small.
For instance, say that p is the discrete probability measure supported by a linear
code defined by the single constraint which requires that the parity of all the variables
Z1,...,T, is zero. Say also that n is even and that p(z) = >, ; —n/2 — 1. Then
i is (n — 1)-independent, and the degree of p is 1. But € = @(ﬁ) So with this

3

question we cannot hope to achieve an e below @(ﬁ) (e.g. € =n~* is not achievable)

regardless of how large we make k as long we are below k = n.

5.7.3 A good bound in the symmetric case

Assuming that the polynomial p in Problem 5.7.8 (Low-degree polynomials predictors)
is symmetric, we establish the following bound. The bound is consequence of Theorem

5.6.1 (Limited independence versus weight probability lemma).

Theorem 5.7.13 Consider Problem 5.7.8 (Low-degree polynomials predictors) in
the special case when p is restricted to be a symmetric polynomial on the variables
Tl ..y Xy, L€, assume that p : Z4 — R is such that the value of p(x) on x € ZY

depends only on the weight w(zx) of x.

Let KDoi® o ca symm (10, B €) be the corresponding minimunm.
Then
5.7.8 2
Kpoly—pred—symm(n7 h? 0) S 167h

when h is larger than some absolute constant.

This means that under these conditions the chances of predicting x, .1 correctly
cannot be better than the value 1/2; which is achieved by the constant polynomials
p=1orp=0.

Proof. Let 1 be a k-wise independent probability measure on Z3™, k > 2. We will

use the following consequences of the k-wise independence of yu:

e The projection p' of p on Zj, i.e.,

iy, . . xn) = p(xe, ..o 20, 0) + (.o g, 1),

171



is k-wise independent.

1

o The last bit 2,4, of u is unbiased, i.e., Prou[zni1 = 1] = 5.

Let p : Z§ — R be a symmetric polynomial on the variables x1, ..., z,. Assume that

deg(p) < h. We will show that if

1/1
> 7( ) > 4bh, (5.24)
0<i even I<|k/2|—1 20\1/2
or equivalently if,
k > 16wh® when h > some absolute constant, (5.25)
then
1
Proup(x, ... 2,) = Tpqq] < 5 (5.26)
Let
ﬁ = PTwNM[p(‘Tlu < e 7xn) = xn—l—l],

and let y/ be the projection of

If the degree of p is zero, then 3 = % when p =0orp =1, and § = 0 otherwise. So
assume that deg(p) > 1. Since p(x) depends on the weight of =, let f be a univariate
polynomial in R[a], deg(f) < h, such that p(z) = f(w(x)) for each = € Z§. Let S
be the set of solutions of in R of the equation f(a) = 0, and S; those of the equation
f(a) = 1. So |Sy|,|S1| < h, and for each x € Z5™ satisfying p(x1,...,2,) = Tne1, We

have w(xy,...,x,) € SoUS;. Therefore

B < Prywlw(z) € SoU S| <[SoU S| max }PTINM’[w(x) =a].
aec n

.....

Using Theorem 5.6.1, and the bound | Sy U S;| < 2h, we get

2h
p< n
2 (12)

2 o<t even 1<|k/2)—1 77 \1/2

1
<_7
-2
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where the last inequality is (5.24). The asymptotic expression in Theorem 5.6.1 means
that (5.24) is equivalent to & > 16(m + o(1))h?, and hence (5.25) since since k and h
are integers and 7 is irrational. [ |

It is important to note that we partially used in the proof the fact that p is k-
wise independent. We only used the fact that p’ is k-wise independent, and that
the last bit of u is unbiased. In general when p is not symmetric, we know that we
must use the limited independence properties of the last bit. However, the symmetry
of the problem suggests the following conjecture: in the setting where u is k-wise

independent, the worst case is achievable by a symmetric polynomial.

5.7.4 The symmetric optimum conjecture

Accordingly, we can reduce Problem 5.7.8 (Low-degree polynomials predictors) to the

following conjecture.

Conjecture 5.7.14 K578  (n, h,0) = K>3 (n, h,0).

poly—pred poly—pred—symm

In other words, the worst case of Problem 5.7.8 is achievable by a symmetric
polynomial.

Backtracking, we get from Theorem 5.7.13, Lemma 5.7.9, and Proposition 5.7.5
that

Proposition 5.7.15 Conjecture 5.7.14 implies:

o Conjecture 5.7.11 (The K218  .(n,h,0) = O(h?) conjecture),

poly—pred
e Conjecture 5.7.4 (The inverse-quasi-poly-bias versus ACy conjecture), and
o Conjecture 5.7.3 (The poly-log-wise independence versus ACy conjecture).

It specifically implies that K55} (n, M,d, M~—®W) = O(log™ M), when d = O(1).

Note that Problem 5.7.8 (Low-degree polynomials predictors) can be phrased as

a symmetric optimization problem over linear constraints as follows.
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We are interested in
®(n, h, k) def max Proulp(x, ... 20) = Tpga),

where we are optimizing over the polynomials p : Z§ — R, deg(p) < h, and the k-wise
independent probability measures p on Z3™.

Denote the R-linear subspace {f : ZJ* — R} by L(ZJ).

Let M C L(zy™) be the convex polytope consisting of u € L(z3) satisfying:
pw>0,, pu(x) =1 and 3, u(x)X.(z) = 0 for each z # 0 € 5! such that w(z) < k.

Let P be the linear subspace of L(Z}) consisting of all the functions p in L(Z})
satisfying: >, p(z)X,(x) = 0 for each y € Z% such that w(y) > h.

Finally, let U : L(z5*") x L(z5) — R be given by

Up,p) =Y {m(x) sz € 25" st p(xy,...,20) = Toga }

Then
®(n, h, k) = U . 5.27
(nh k)= max Uly.p) (5.27)
The symmetric group S,, of permutations 7 of {1,...,m} acts on the vector

space L(z5') = {f : Z§ — R} by permutations of the variables, i.e., via (p,f)(x) =
f((zx@))i)- Sn acts also on L(z5*!) in a natural way when S, is identified with the
subgroup of S, consisting of the permutations that leave n + 1 fixed. Thus S5, acts

on L(z3) x L(zy*h) naturally via p,(f, 1) = (pxf, prpt). In this sense we have:
a) U is invariant under the action of S, i.e., U(px(p, 1)) = U(p, ), Vm € S,.
b) P is symmetric under the action of S, i.e., p-(P) = P, V1 € S,,.
¢) M is symmetric under the action of S, .1, i.e., p.(M) = M, Vr € Sp41.

Conjecture 5.7.14 can be stated as follows: For each 0 < h, k < n, the maximum in
(5.27) is achievable by a pair (p*, u*) invariant under the action of S, i.e., pp* = p*
and pyu* = p*, Vo € S,, Or equivalently, by a a pair (p*, u*) such that p* is a

symmetric polynomial on the variables z1,..., z,.
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A final remark is that U is obviously not convex, and the above general symmetry
remarks are unlikely to be sufficient alone if we ignore the other special features of
the problem. Resolving the conjecture should involve taking more advantage of the

structure of U, P, and M.

5.8 Parity with encrypted linear help

We study in this section the problem of approximability of high-degree parity func-
tions on high-dual-distance binary linear codes by low-degree polynomials with coeffi-
cients in fields of odd characteristics. This problem has applications to the derandom-
izability of ACy or low-degree polynomial equations on binary input variables with
coefficients in small finite fields of odd order by binary linear codes with sufficiently
large dual distance. Among other results, we relax this problem into essentially a
single low-dimensional low-complexity linear program in terms of Krawtchouk poly-

nomials. We leave the problem of bounding the optimum of the linear program open.

5.8.1 Summary

We consider the following special case of Problem 5.7.8 (Low-degree polynomials
predictors).
Problem 5.8.2 “Parity with encrypted linear help”: Let ' = Q or F,, ¢ an odd

prime. Let C be a block-length n binary linear code and X be a parity function on

C such that:
1) the dual distance of C' is above k
2) any realization of X on C requires a XOR of more than & bits.

How large should k& be with respect to n, h, and €, so that X cannot be approximated
on C' with a probability larger than 1/2 + € by a degree < h polynomial p on the n
bits of C' with coefficients in F'7

Our interest in this problem is motivated by the following applications:

175



e When F =F,, ¢ = O(1), this problem is essentially equivalent to the usability
of arbitrary binary linear codes with sufficiently large dual distance to fool low-
degree polynomial equations over binary input variables with coefficients in F'.

See Lemma 5.8.4.

e When F' = Q or F,, ¢ = O(1), the problem of derandomizability of AC, by
arbitrary linear codes with sufficiently large dual distance can be efficiently
reduced to Problem 5.8.2 with h polylogarithmic in n. See Section 5.8.2.2. In
the rationals case, this relation is a special case of the reduction in Section
5.7.2. In the finite-fields case the reduction is based on the AC|, versus low-

degree polynomials theorem of Razborov [Raz87].

The classical parity approximability problem by low-degree polynomials corre-
sponds to the case when C' = {0,1}" and X is a parity on all the n bits of C. The
classical problem was resolved to some extent by Smolensky [Smo87] who argued that
parity on the {0, 1}" cannot be approximated by a degree h = o(y/n) polynomial with
a probability larger than 1 + Q(%) Note that the error term % is very unlikely to
be tight. For instance, when h = 1, and F' = F3, the error term appear experimen-
tally to be 279, Moreover, assuming Conjecture 5.7.14 (The symmetric optimum
conjecture), the error term is zero when F' = Q and k > 16wh?.

We argue in Section 5.8.3.4 that the argument of Smolensky provably fails to
generalize to the setting of Problem 5.8.2 (Parity with encrypted linear help) in the
typically case when the minimum distance of the code C' (not the dual) grows linearly
with the block length. The reason is that, in such a case, the graph constructed by
modding out the Hamming cube by the dual of C' is a good expander. Roughly, this
invalidate the geometric argument of Smolensky since this argument is essentially
based on the low expansion of some sets of probability 1/2 in the Hamming cube.

The Nisan generator for AC| (see Section 5.1.2.2) is a linear code and hence falls
in this category of PRG’s. The argument behind Nisan generator is by reduction to
the problem of approximability of parity on the whole Hamming cube. We argue in

Section 5.8.2.3 that arguing by reduction fails to generalize to arbitrary linear code
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with sufficiently large dual distance. The failure occurs provably in the typical case
when — again — the minimum distance of the code C' (not the dual) grows linearly with
the block length. The meaning of the failure of the reduction in such a case is that the
extra information given to the original circuit or the polynomial is written in a format
which is too hard for a small constant-depth circuit or a low-degree polynomial to
reproduce even partially.

We explain the algebraic interpretation of Problem 5.8.2 (Parity with encrypted
linear help) in Section 5.8.3.3. Algebraically, this problem is about bounding the
dimension of the space of solutions of a type of difference equations on Cayley graphs
based on linear codes, or, equivalently, the problem of bounding the dimension of
the vector space spanned by translations of a function on the graph whose support
has a special geometry. We use the later formulation to conclude that Smolensky’s
argument does not generalize.

Then we proceed by doubly relaxing Problem 5.8.2.

5.8.1.1 The first relaxation

We know from Smolensky’s work [Smo87] that parity on the Hamming cube cannot
be approximated by a low-degree polynomial. The setting of Problem 5.8.2 (Parity
with encrypted linear help) is parity on a linear code. Consider (1) and (2) in Problem
5.8.2. What (2) is saying is that all the realizations of this help are difficult on the
low-degree polynomial, i.e., the help is in a suitable sense encrypted and potentially
useless. What (1) is saying is that the code is k-wise independent. This is supposed
to make the help even more useless, but (2) is already a relatively strong condition
alone. We relax the problem by dropping (1). This drastically simplifies the problem.
We note in Section 5.8.4 that, by dropping (1), we can reduce to the case when the
polynomial p has degree 1. We can reduce further to the setting when the polynomial
has all its coefficients equal to 1 in the small finite-fields case. In the rationals case,
we can reduce to a similar setting where all the coefficients of the linear form are +1
under bounds on the coefficients of the original polynomial, which are consistent with

the AC) situation. See Section 5.8.5.3.
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5.8.1.2 The LP relaxation

Then motivated by Delsarte LP coding bound [Del73], we relax the resulting prob-
lem further into a low-dimensional low-complexity linear program. The relaxation
corresponds to relaxing the problem of optimizing on linear codes to the problem of
optimizing on probability measures whose Fourier transform is nonnegative.

In the special case of linear codes, we can look at Delsarte LP coding bound as a
bound via this relaxation. See Lemma 5.8.19. Recall that we studied in Lemma 5.3.4
this relaxation carefully and we characterized the position of linear codes in the set
of all probability measures whose Fourier transforms is nonnegative.

To test the goodness of the relaxation in the setting of Problem 5.8.2 (Parity with
encrypted linear help), we test it on the following related problem. How small can a
linear code C of block-length n be if we know that there is a parity function X on C
s.t any realization of X on C' requires a XOR of more than k bits. This is equivalent
to asking how large can a coset of a linear code be if we know that it has no element
of weight below d = k + 1 bit. Let My the maximum. By applying the relaxation to

this problem, we argue in Lemma 5.8.16 that we get the following linear program.
Let f:]0:d] x[0:n—d — R,

2" ifw1+w2 =0
f(w17w2> =

0 ow.

Let M, = min E3g, where we are optimizing on ¢ : [0 : d] X [0 : n —d] — R such
that with ¢ : [0:d] x [0:n — d] — R related to g via

g(wi,we) =Y g(ly, 52)’Cz(f)(w1)’€z(f_d)(w2)>

li,l2
where the {K{™(v)}, are the Krawtchouk polynomials, we have
a) g = f
b) g(l1,13) <0, when [y <y and [ + l5 # 0,
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where [ is the product binomial measure on [0 : d] X [0 : n — d]. Here we are

using the notation [n; : ns © o)

By suitably constructing ¢, we argue in Lemma 5.8.17 that My = M, = 2"~%. This
is an indication of the goodness of the relaxation.

By similarly relaxing the reduced version of Problem 5.8.2 (Parity with encrypted
linear help), i.e., after the first relaxation summarized in Section 5.8.1.1, we show in

Lemma 5.8.15 that we obtain the following linear program.

The finite fields case: Let by € F,, ¢ a small odd prime (e.g. ¢ = 3), and
f:0:k+1]x[0:n—k—1] — {0,1} be given by

1 if wy +wy + by = (—1)"* (mod q)
f(w17w2> =

0 ow.

How large should k be so that there exists g: [0: k+1] x[0:n—Fk—1] —
such that with g : [0: K+ 1] x [0 : n — k — 1] — R given by

g(wy,wsy) = Zﬁ(ll,lz)’CgH (w )’C(n " (wy),
I1,l2

we have
i)g=>f

ii) Bgg <5 +e

| =

111) g(ll, lg) S 0, when ll S 12 and ll + l2 # 0,
where (3 is the product binomial measure on [0: k+ 1] x [0:n —k —1]7

In the bounded-coefficients rational case, we end up in Section 5.8.5.3 with the fol-

lowing linear program.

The rational case: Let s1, s9, 53, $4 be nonnegative integers such that s; 4+ s, =

k+1 and s; + sy + s3+s4 = n. Let by and u be integers such that u is nonzero.
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Let f:II}_,[0: s;] — {0,1} be given by

1 if W1 + W3 — Wo — Wy + b(] = u(—l)w1+w2
flw) =
0 ow.

How large should & be so that there exists g : [[\_,[0 : s;] — R such that with

g:TI7-,[0 : ;] — R given by
g(w) =3 g(0) T KL (o),
I i=1

we have

)g=f
i) Epg <5 +e
111) Q(l) SO, when l1+l2 §l3+l4 and l1+l2+l3+l4§£0,

where 3 is the product binomial measure on [];_,[0 : s;]?

What is interesting about this relaxation is that we have now a single low-dimensional
low-complexity linear program parameterized by by € [0 : g—1] in the finite fields case.
In the rationals case, it is parameterized by the feasible settings of the parameters
S1, S2, $3, S4, bp, and u. Note that each of those parameters can take O(n) nontrivial
value only. The dimension is very low since we have O(nk) = O(n?) variables in the
finite fields case, and O(n?k?) = O(n") in the rationals case. The same estimates hold
for the number of constraints. Unfortunately, we cannot get much insight from exper-
iments since this linear program is numerically unstable due the wide spectrum of the
values taken by Krawtchouk polynomials. The numerical simulations are breaking
down before n = 50.

We leave the problem of bounding the optimum of the linear programs open.

5.8.2 The problem
In this section F' will be a field whose characteristic is not equal to 2.
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Terminology 5.8.1 IfC' C Z3 is a linear code and g : Z§ — F', by g : C = 73 /Ct —

F we mean the Fourier transform of g with respect to the characters

def Tz
{X:(z) = (1) }zeZS/Cl
of the abelian group C' over F, where xz e >iwiz; and the definition is independent

of the choice of z € zZ. Thus

or equivalently
e 1
9(z) = ] > 9(x)X:(x).

The weight of a z € 73 /C+ is defined to be the minimum weight of a 2’ € z, or
equivalent the weight of z is the distance of zZ from 0 in the Cayley graph 23 /C* as
defined in Section 5.8.5.1 to be the quotient of the Hamming cube Cayley graph on Z%
by the subgroup C* of 7.

The degree of g is defined to be the weight of the largest Z such that §(z) # 0.

Problem 5.8.2 “Parity with encrypted linear help ”: Let C' C Z% be a linear code

and z, € 75 /C* such that :

1) The minimum distance of the dual C+ of C is above k, or equivalently the

L

|C\1C s k-wise independent.

probability measure pc =

2) The weight of z; is above k, or equivalently all the equivalent representations of

the parity Xz, on C require the XOR of more than k bit.

Let p: C — F such that deg(p) < h. How large should k be so that
1
Praeclp(r) = Xz (2)] < 5 +€? (5.28)

Denote the minimum such k by K55, (n, h,€)p.

Our interest is in the cases when F' =TF,, ¢ an odd prime, or F' = Q.
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5.8.2.1 The finite fields case

When F' =F,, ¢ = O(1), Problem 5.8.2 (Parity with encrypted linear help) is essen-
tially equivalent to Problem 5.8.3 below.

Problem 5.8.3 “Linear codes versus low-degree F-polynomial-equations on binary
input variables”: Let C' C Zy be a linear code such that the minimum distance of the
dual C*+ of C is at least k. Let p: C — F such that deg(p) < h. How large should k
be so that

| Procz; [p(x) = 0] = Procc[p(z) = 0]] < €? (5.29)

Denote the minimum such k by K)3:3 . (n, h, €)p.

Our interest is in the case when F' =TF,, ¢ = O(1) a small odd prime.

Note that when, for instance, F' = Q we cannot hope to get a good bound in terms
of € in the setting of Problem 5.8.3. See Remark 5.7.12.

The relation follows from the unpredictability perspective in Corollary 5.2.8.
Namely,

Lemma 5.8.4 Let q be an odd prime, then

K353, (na— 1 %)F < K353 0 (b, €)p, < K352 (n+1,h, o),

parity poly—eqn parity
q

Proof. Let p and C be as in Problem 5.8.3. Fix k, and assume that (5.29) does not

hold. Let f : z3 — {0,1} be given by f(x) = p(x)?!, then apply Corollary 5.2.8.

This proves the first inequality. The second is immediate. [ |

5.8.2.2 AC), implications

Lemma 5.8.5 There are some global absolute positive constants cq,co such that if
f:{0,1}" — {0,1} is computable by an AND-OR size-M depth-d unbounded-fanin
circuit, C is a block-length-n binary linear code whose minimum dual distance is above

k, and
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I) either
k> K582 <n, hd, (1 — a)E>Q,

parity 2

where hg = ¢1 log % log M, and 0 < a < 1 tunable,

II) or
8. d €
k> K282 (n,hq,Z)F,

parity
q

where hy = caqlog %,
then uc can e-fool C'.

We get (I), via Corollary 5.2.8, by specializing Lemma 5.7.9 to the setting of k-wise
independent measures coming from linear codes.

The relation in (II) follows by the same argument, but while using Razborov
Theorem 5.8.6 below instead of Theorem 5.7.7. Note that in (II) we fixed a to 1/2

since, unlike in the Q-setting, we cannot hope here to get a good bound when a = 1.

Theorem 5.8.6 [Raz87] Let f : {0,1}" — {0,1} be computable by an AND-OR
depth-d circuit of size M with unbounded fanin. Let q be a power of any prime Then
there exists a family of polynomials {patacr, Pa € Fyl21,..., 2], and I some index

set such that
1) the degree of each py is at most h = h?, hy = O(qlog &)
2) for each x in {0,1}", Procrpa(z) # f(x)] <0,

where 8 > 0 is tunable.

Note that the statement in [Raz87] is (5) in Section 5.1.2.1. But, we need the
stronger statement in Theorem 5.8.6 which can be extracted from the proof in [Raz87]

used to establish (4). Note also that the theorem is nontrivial only when ¢ is small.

5.8.2.3 The nature of the problem

We point out in this section why Problem 5.8.2 (Parity with encrypted linear help)

cannot be resolved by reducing it to the problem of approximability of parity on the
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whole Hamming cube by low-degree polynomials. For the sake of comparison with
the Nisan generator for ACy, rather than working with low-degree polynomials, we
will illustrate the issue in the setting of ACy circuits. The same argument applies to
low-degree polynomials.

We want to show that when k is made large enough with respect to M = n®® and
d = O(1), there is no size-M depth-d unbounded-fanin AND-OR circuit f : {0,1}" —
{0, 1}, and no binary linear code C' C {0, 1}" such that

Precclf(x) = Parity ()] > 3 + ¢

where A C [n] is such that |A’| > k, for all A’ C [n] such that Parity 4| = Parity 4/|c.
Here, Parity 4 : {0,1}" — {0, 1} means Parity 4(z) = ®;caz;.

In other words, we want to show that such an f cannot approximate a parity
function on a code where the parity size can be made large enough so that any f
having the same complexity cannot perform the approximation if it is going to do the
direct thing: concentrate on a smallest weight representation and try to approximate
it.

The most direct thing to try is a reduction, i.e., try to argue that if there is such an
f with a small circuit complexity, then there is a small circuit of constant depth that
can approximate a plain regular parity function to get a contradiction. Unfortunately
we can argue that if this is going to work then the minimum relative distance of C
must be zero in the limit, which is not a typical case. By “if this is going to work”, we
mean the natural meaning of a reduction in this setting: find a linear encoding map
of Eof C, E:{0,1}* — C, i.e., a bijective Fo-linear map, such that Parity , pulls
back by E to a parity function Parity : {0,1}* — {0, 1}, i.e., Parity , o E = Parityp

for some B C [u], satisfying
e |B| is large, and

e for each 7, 1 <i < n, E;(r) is easy to compute as a function of r|p by a parity

of weight s;, when r|,)\p is fixed to some desirable value.
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This means that the total number of ones in the columns of the generator matrix of £
corresponding to B is at most Y 7" ; s;, and hence at least one of those columns must
have a (nonzero) weight less than or equal to I | s;/|B|. Therefore the minimum
distance of C' can be at most Y., s;/|B| = o(n) when the s;’s are small enough
and |B] is large enough to get a result. This reduction framework is essentially the
mentality of Nisan generator for AC| (see Section 5.1.2.2) which is a linear code whose
minimum dual distance is poly-logarithmic, but has also a zero minimum relative
distance in the limit by the above counting argument.

The meaning of the failure of the reduction when the minimum distance of the
code C grows linearly with the block length is that the extra information given to
the original AC| circuit is written in a format which is too hard for a constant depth
circuit of a small size to reproduce even partially.

The same reasoning applies to the case when we have a low-degree polynomial
instead of an AC\ circuit. The reduction fails when the minimum distance of the
code grows linearly with the block length because the extra information given to
the original polynomial is written in a format which is too hard for a low-degree
polynomial to reproduce even partially.

Note that, typically, the minimum distance of C' grows linearly with n since a
random C, satisfying constraints (1) and (2) in Problem 5.8.2 (Parity with encrypted

o1

linear help), with for instance k = log®" n, has minimum distance n/2 — o(n).

5.8.3 The algebraic setting
5.8.3.1 Cayley graphs based on linear codes

Let C' be a binary linear code of block length n and dual distance d. Thus C' C F}

def

is a linear space and the minimum distance of Q = C* is d. Consider the space

X zk /() which is isomorphic to C' as Fa-vector spaces. The group Z§ when seen as
the Hamming cube is a Cayley graph generated by ey, ..., e,, where ¢; is the vector in
zy with a single one at position i. Consider the quotient graph structure on the group

X resulting from modding out the Cayley graph Z% by the subgroup (). This Cayley
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graph is generated by ey, ...,é,, where if x € ZJ we mean by Z the corresponding
element in z5/Q. In other words, Z and y are connected by an edge if z = y + ¢; for
some ¢€;. A fundamental domain or a Dirichlet region (by borrowing from Riemann
surfaces terminology) of X in Z7 is any subset D of the Voronoi cell of zero in Zj
with respect to () such that D is maximal with the property that no two points in
() are equivalent by translations via elements in (). Since any such D contains the
|d/2]-neighborhood of zero in Z§, we see that any |d/2]-neighborhood of a node in
X looks exactly like the |d/2]-neighborhood of zero in the Hamming cube Z%, i.e.,
they are isomorphic as graphs. Thus, if d is large, X looks locally like the Hamming
cube Zy. In other words, Z% is in a suitable sense a combinatorial covering of X. Note
that X will have multiple edges or equivalently have degree below n if and only if we

are in the extreme case d = 1. Assume for the rest that d > 1.

The local properties of X such as the volumes of small neighborhoods and expan-
sion of sets inside small neighborhoods are the same as those of Z§. To study other
properties such as expansions of more spread sets, consider the Laplacian of the graph
X. Let L(X) be the space of complex (or real, it does not make a difference) valued

functions on X. As a linear operator on L(X), the Laplacian A of X is given by
(Af)@) =2 f(@) - f(z+e), feLX).

The complex characters of X are {X,(z) % (=1)**}.cc, where C' = Q* is the
dual of @), i.e., the original code we started from. Note that xz def Yoix;z; and is
independent of the choice of z in z. These characters form an orthogonal basis for
L(X).

It is not hard to show that the eigenvalues of the Laplacian A are exactly twice
the weights of the codewords of in C'. A proof can be found in [AR94]. Moreover, the
eigenspace of the eigenvalue A € 2w(C), w meaning the weight function, is spanned
by the characters {X.},co s t.uw(z)=/2-

Hence, specifically, the smallest nonzero eigenvalue of A is A\ (X) = 2d,,in(C),

where d,;,(C) is the minimum distance of C'. Thus we can get a bound on the
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Cheeger constant of X

e(l4],1Bl)
A,BcZE )Q;:anB=0 min{|Al, |B|}’

with e meaning the number of edges between A and B. From the bound h(X) >
A1(X)/2, we obtain

5.8.3.2 Equations on codes versus difference equations on graphs

Let I’ be a field whose characteristic is not equal to 2, and C' and X as above.
Let L(C, F) be the F-vector space of F-valued functions on C, and L(X, F') be the
F-vector space of F-valued functions on X. We can view L(C,F') as an F-algebra
under pointwise multiplications in which case we denote it by A(C, F'), and we can

view L(X, F') as an F-algebra under convolution *

(axb)(2) = >_a(@b(z + ),

Y

~

in which case we denote by A(X,F). Thus we have the F-algebras isomorphism:
A(C, F)—nZl(X, F), where " is the Fourier transform

A 1
f2)= = > fla)X=.
C
Note that fl(X , ') is isomorphic to the group algebra
FIX|¥ {r=%.2a(3) |a: X — F}

via A(X, F)—F[X], a =Y, a(2)z.

Now, let f € L(C, F), and consider the set V(f) of zeros of f, i.e.,

V(f)={zeC| f(z)=0}
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We are interested in the number of zeros. We have |V (f)| = dimpA(C, F)/(f), where
(f) is the ideal generated by f in A(C, F).

Thus by the isomorphism,

V() = |C] = dimp(a). = dimp(a);

* )

where

o™ fe AX,F),

(a), is the ideal generated by a in A(X, F), and (a); is the annihilator of (a),, i.e.,
the ideal in A(X, F) given by

(a)f ={re A(X,F):rxa=0}.

Note that A(X, F) = (a), ®r (a).

We can think of dimp(a), directly as it is defined, i.e., the dimension of the F-
vector space spanned by the translation {o;a};cx of the function a : X — F. w Here
oz means the translation operator on X given by (0:a)(y) = a(y + z). Note that this

is the case because osa = a * 05, where

Regarding dimp(a)t, in general, define, for ¢ € L(X, F), the F-linear operator

T(g) on L(X, F) by T(g) = 3. g(2)o, e,
(T(9)r)(2) € Y g@r(z+7) = (r 9)(2).

We can think of T'(g) as a Toplitz-like (or Laurent-like) operator with respect to the
Fourier transform on C, and hence the terminology. When ¢ is nonzero only in a

small neighborhood Nj(0) of zero, we can think of 7'(¢g) also as a local averaging
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operator,

(T(9) )2 = > 9@ f(z+y),

FENL(0)
i.e., as difference operator by analogy with a differential operator on a Lie group.

Here, if Z € X, Nj(Z) means the h-neighborhood of Z in X, i.e.,
Nip(z) ={y € X :d(z,y) < ht}.

Back to dimp(a)t, we are interested in the case when f = X — p, where the

* )

degree of p is small and the weight of z; is large. This means that T'(b), where b = p,
1

*

is actually a local averaging operator. Thus dimp(a); is the dimension of the space

of solutions of the difference equation

T(b)g =0xn9
in g.

5.8.3.3 The algebraic formulation
Back to Problem 5.8.2 (Parity with encrypted linear help), in the language of Section

5.8.3.2, we have

Lemma 5.8.7 Let C C ZI be a linear code. Consider the Cayley graph X =z /C'.
Let z; € X. Assume that:

1) The minimum distance of the dual Q = C+ of C is above k, or, equivalently, X

looks up to neighborhoods of radius | (k 4+ 1)/2] exactly like the Hamming cube.
2) The distance between zy and zero is above k.

Then each of (I) and (II) below is an equivalent formulation of Problem 5.8.2. Let

be L(X,F) such that b is nonzero only inside Np(0).

I) Leta = b—6s,, and I be the ideal of A(X, F) spanned by the translation {oza}sc x
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of a. How large should k be so that

1
dimpl > |X|(§ —€)?

II) Let J be the ideal of A(X, F) consisting of the set of f € L(X, F') satisfying the
equation (T'(b) — oz,)f = 0. How large should k be so that

1
dimpJ < |X|(5 +€)?

5.8.3.4 Smolensky’s argument is ungeneralizable

In this section we note that Smolensky’s argument is ungeneralizable in the typical
case when the minimum distance of the code C' grows linearly with the block length
n. The reason is that the smallest eigenvalue of the Laplacian of X is twice the
minimum distance of C', and when the later is linear in n, X is, unlike the Hamming
cube, a good expander for sets of relative size 1/2.

Smolensky [Smo87] argued that parity on Z cannot be approximated by a degree
h = o(y/n) polynomial with a probability larger than % + Q(%) Note that the error
term % is very unlikely to be tight. For instance, when h = 1, and F' = F3, the error
term appear experimentally to be 2™ Moreover, assuming Conjecture 5.7.14 (The
symmetric optimum conjecture), the error term is zero when F = Q and k > 167h?.

In the setting of Lemma 5.8.7, the setting of Smolensky’s result corresponds to
the case when C' =z, X = Z§ with the Hamming cube graph structure, and z; is
the all ones vector.

In the setting of (I) in Section 5.8.3.3, Smolensky’s argument can be understood
as follows. Find a large set of linearly independent oza’s. We can phrase Smolensky’s
approach as looking for a subset T of X such that T'N N, (T + z;) = () which makes
the {osa}zer linearly independent simply because for each z € T, (0za)(zZ + z1) = 1
while (0za)(z+21) =0,VZ #z€T.

In the Hamming cube, we can interpret the approach of Smolensky as setting

T = Nypja-ns2-1(0) (Smolensky actually sets 7' = N, /o1 (0), but the above choice is
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) = (). Thus when h = o(y/n), by Sterling’s

tighter). This satisfies T'N N, (T + z
(%) and hence %mrl — 1 _ (L)

approximation, we get % = % - \ X| 2 vn
In order for this approach to work, we need ||)T(“ =s—o(l) and TNN,(T+7z) = 0.

But, unfortunately, when the minimum distance of C’ is ©(n), no such S exists in a

useful way not even in the most trivial case. More precisely

Lemma 5.8.8 When the minimum distance of C' is ©(n), there is no subset T C X,

such that T NN (T + z) = 0 and ||)T(“ =< —o(1), not even when h = 1.

Proof. Assume that such a T exists when A > 1. We have, with 0 meaning boundary,
ie., 0A Y N(A)\A,
TUOT C Nu(T) C T+ 7,

where the second inequality follows from the hypothesis TN N, (T + z;) = (). Thus
7|+ 10T < [T, L.

|0T| < 2|T°| — | X]|. (5.31)
Using (5.30) in Section 5.8.3.1, and then the hypothesis 7“ = % —o(1), we get

(T, T) 2 dyin(C) min{ [T, IT1} = din (O X1 — 0(1),

hence
e(T¢,T)

o7 > > (€)X (5= 0(1).

where 9,,in(C) = dpin(C)/n is the minimum relative distance of C'. Replacing in

(5.31), we get

7<) _ 1 1
> . R
x|~ 2 —|—5mm(C’)(4 o(1)),
a contradiction when 0,,;,(C) = O(1). |

Note that, typically, the minimum distance of C' grows linearly with n since a
random C', satisfying constraints (1) and (2) in Problem 5.8.2 (Parity with encrypted

linear help) with for instance k& = log®™® n, has minimum distance n/2 — o(n).
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5.8.4 The first relaxation: parity with moderately encrypted

linear help

We know from Smolensky’s work [Smo87] that parity on the Hamming cube cannot
be approximated by a low-degree polynomial. The setting of Problem 5.8.2 (Parity
with encrypted linear help) is parity on a linear code. Consider (1) and (2) in Problem
5.8.2. What (2) is saying is that all the realization of this help are difficult on the
low-degree polynomial, i.e., the help is in a suitable sense encrypted and potentially
useless. What (1) is saying is that the code is k-wise independent. This is supposed
to make the help even more useless, but (2) is already a relatively strong condition
alone. Consider dropping (1), and call the resulting problem “parity with moderately

encrypted linear help”. Denote the corresponding minimum by K352 (n, h,€)p. Thus

K282 (n,h,e)p > K352 (n,h,€)p.

parity parity

One advantage of dropping (1), is that this, essentially, reduces the problem to

the case when the degree of the polynomial is 1, i.e., a linear form.

Lemma 5.8.9 K582 (n.1,¢)p < K532 (n,h,e)p < hK532 (n.1,¢€)p.

parity parity parity

Proof. The construction behind the second inequality is to use the monomials of the
polynomial to build a linear map through which the original linear code maps to a
new linear code where the original polynomial reduces to a linear form. The block
length of the new code is at most the number of monomials which can be at most
>h (?) < n'. Since the parity on the original code cannot be realized as a parity
of k or fewer bits, and the each monomial is a parity of at most A bit, the parity on
the new linear code will have no realization as a parity of k/h or fewer bits. [ |

When the F =F,, ¢ = O(1), we can actually reduce further to the canonical case

where the coefficients are all 1.

Problem 5.8.10 “Parity with moderately encrypted linear help: the symmetric

mod-g-case”: Let C' C Z% be a linear code and let z, € 75 /C* such that the weight of
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zy is above k. Let q be an odd prime, how large should k be so that for each by € Fy,

- 1
Pracolbo + 3w = &5, (x)( mod q)] < 5 + €7
i=1

o 5.8.10
Denote the minimum such k by K0ib o (1, €)q.

The reduction is as follows.

Lemma 5.8.11 K>3 (n,€), < K332 (n,h, F, < hK i ((g—=1)n"€),.

parity—symm parity parity—symm

Proof. The additional component to the construction in Lemma 5.8.9 is to repeat
each monomial as many times as its coefficient when the coefficient is regarded as an
integer between 1 and ¢ — 1. [ |

Observe that when ¢ = O(1) and h = O(log®® n), the reduction is up to
quasipolynomial factors an equivalence. Our interest in the setting ¢ = O(1) and
h = O(log®Y n) is motivated by the ACy problem. See Section 5.8.2.2.

In the rationals case, i.e., when F' = Q, we can do something similar when we
have bounds on the coefficients of the polynomial p. We can reduce the problem to a

setting where all the coefficients are +1. See Section 5.8.5.3.

5.8.5 The linear-programming relaxation

Until Section 5.8.5.3, we will focus on the finite fields situation.

Consider Problem 5.8.10 (Parity with moderately encrypted linear help: the sym-
metric mod-g-case). We are optimizing on the linear codes C' C Z% and z, € z§/C*
such that the weight of z; is above k, i.e., the weight of any z; € z; is above k.
Equivalently, we are optimizing on p, a probability measure on Z%, and z; € Z§ such

that:

1) there exists a linear code C' C Z§ such that p is the discrete probability measure

Supported by C7 i'e'u H = ke, where [ % déf |_é‘10

2) w(z) >k+1
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3) E,X.4., =0 for each z € Zy such that w(z) < w(z) — 1.

We can do this by using a z; € z; of minimal weight.

Consider relaxing (1) in the sense of Section 5.3.2 to
1’) 1> 0, or, equivalently, £,X, > 0, for each z in Z3.

Thus, Problem 5.8.10 (Parity with moderately encrypted linear help: the sym-

metric mod-g-case) relaxes to a linear program as follows.

Problem 5.8.12 “LP-relaxed parity with moderately encrypted linear help: the
symmetric mod-g-case”: Let zy € Z% such that w(z) > k+ 1.

Let q be an odd prime, by € F,, and f : 25 — {0,1} be given by

1 Zf’(U(SL’) + by = Xz1(x> (mOd Q) ‘

0 ow.

fz) =

Primal question: How large should k be so that

1
< = ?
I;ILleaXE“f 2+€.

where P is the polytope of probability measures on Z4 such that
o £,X, >0 for each z in Z3
o E,X... =0 for each z € Zy such that w(z) < w(z) — 1.
Dual question: How large should k be so that there exists g : Zo — R such that
e g=>f
o F,g< % + €
e §(2) <0,Vz ¢ Ni(z1) U{0},

where o the uniform measure on Z5 %

194



Note that dual calculations are along the lines of Section 5.2.3.
A natural question here is how small can |C| be, or equivalently how large can
|C+| be, subject to: (2) and (3) above with u = pe? The other question is what

bound can we conclude from the above relaxation, i.e., when we replace (1) with (1")?

Problem 5.8.13 “LP-relaxed coset-size versus minimum-weigh problem”: Let f :
zy —{0,1},

Fa) = 2" ifw(x) =0

0 ow.

Let zy € ZY such that w(z) > d, P be the polytope of probability measures on Z% such
that

o £,X,. >0 for each z in Z3
o E,X... =0 for each z € Zy such that w(z) < w(z) — 1,

and consider

My = r}l}ealgc E.f.

(To be precise, we are mazximizing also over zy, but by symmetry they are all the same
when the weight is fized).

The dual is: My = min E.g, g: %y — R, such that
cg=>f
® Q(Z) < O,VZ € Nd_l(zl) U {0},

where o the uniform measure on 2. Thus My < My, where
My = max{|Q| : Q C Zy linear and z, € ZY, s.t. min-weight(Q + z1) > d}.

This is the case because with Q = C* as above and d = k + 1,

n

2
Euof=2"pc(0) = m = Q.

195



We will argue in Theorem 5.8.17 that My = Md = 2"~ which is an indication of
the goodness of the relaxation.
To compare the above linear program with Delsarte LP bound, we can phrase

Delsarte LP bound as follows.

Problem 5.8.14 “Delsarte LP bound [Del73]”: Let f : 7% — {0,1},

Fa) = 2" ifw(x) =0

0 ow.

Let d be integer, U be the polytope of probability measures on Z4 such that
o £,X,. >0 for each z in Z3
o E,X, =0 for each nonzero z € 7% such that w(z) < d —1,

and consider

Ny = rLrLlea[}c E.f.
The dual is: Ny = min E,09, g : 25 — R such that
a) g=>f
b) §(z) <0,Vz € Z§ such that w(z) > d,

where o the uniform measure on 7. Thus Ny < N, where
Ny =max{|Q| : Q C Zj linear s.t. min-dist(Q) > d}.

Note that Delsarte LP bound is in terms of Krawtchouk polynomials, but, by
symmetry, Delsarte linear program (regardless of whether its origin is linear or non-
linear codes) can be lifted to the above linear program. See Lemma 5.8.19. Note also
that it is an old open question whether N, = N,.

A final remark is that the linear codes rate-versus-distance tradeoff problem cor-
responds to the maximal acceptance probability of an AND gate on n-bits when the

input is randomly selected from a linear code satisfying a bound on its dual distance.
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5.8.5.1 Fourier transform of weight-based functions

Let Sy, ..., S, be apartition of [1 : n], i.e., S;NS; = 0 for each ¢ # j and U;S; = [1 : n].
Here, and in what follows, we will be using the notation [n; : na] % {ni,...,ns}. Let

s; = |S;|, and consider 7 : Z% — [15_4[0 : s;], x — (w(z|s,;))5;-

Let f : Z) — R such that f(z) depends only on m(x). By abuse of notation, we
can think of f as f : [I¢,[0 : s;] — R. Consider the Fourier transform f : Z — R of
f. We have

. 1 1 (s
f@) =X f@X@) =5 ¥ fwk])(). (5.32)
z werzl[O:si]
where s & (s1,...,s.), and ICS) : Zi — R is given by

K9 < 3 x@= Y ﬁxz‘si(x

Si)

zym(z)=w zyw(zls;)=w; =1
= II > o (@) = JTEE (w(zls)-
=1 erZSi i=1

Here, if a and b are integers, K\ : [0 : a] — R, and by abuse of notation K\* : ¢ — R,

is the Krawtchouk polynomial given by

0 ¥ xe-ser ()0 Y. e

z€Zyyw(z)=b t

for y € 7§ with v = w(y).

f) =3 F)ES (1) and f(w) =37 FOKS (w), (5.34)
l

where ICS) : Zi — R, and by abuse of notation l@(j) :TI54[0 : s;] — R, is a product of
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Krawtchouk polynomials

= (s def = S5 def (s
()% S &u(a) = [IEE 1) €YW), (5.35)
x;ym(z)=w =1
for z € zZi with | = 7(2).
The direct way to see the many of the properties Krawtchouk polynomials is to

start from the hypercube. Two such immediate properties are
B Ky = 2°A(b1)d, 0, and MB1KL (01) = ARG (b2), (5.36)

where A is the probability measure on [0 : a] induced via w by the uniform probability
measure on Z%, i.e., \ is the binominal measure given by A(b) & = (Z) See for instance
[IMRRWT77, Sze75] for other properties Krawtchouk polynomials.

Similar relations apply in the higher dimensional situation under consideration.
Let 8 be the probability measure on [[{_;[0 : s;] induced via 7 by the uniform prob-
ability measure on Z7, i.e.,

of 1 15 (S
B = 511 <w> (5.37)

is a product binomial measure. Then the 1-dimensional relations immediately gener-

alize as

EsKPKS = 2"8(11)81,.4, and Bw)KL (w) = UKD (1). (5.38)

Replacing in (5.34), we get
2"8(1) f (1) = EsfK;” and B(w) f(w) = EfK). (5.39)

5.8.5.2 The low dimensional equivalent problems
Accordingly,
Lemma 5.8.15 Problem 5.8.12 (LP-relaxed parity with moderately encrypted linear

help: the symmetric mod-q-case) is equivalent to the following.

Let g be an odd prime, by € F,, and f : [0: k+ 1] x[0:n—k—1] — {0,1} be
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given by

1 ifw; +wy+ by = (—=1)"" (mod q)
fwy, wp) = .

0 ow.

Primal question: How large should k be so that
E.f < L +€?
Tealgc wf <5t

where P is the polytope of probability measures on [0 : k+1] x [0 : n—k —1] such that
° EMICIS) >0 for each l
° EMICIS) =0, when Iy > s,

and s =(k+1,n—k—1).
Dual question: How large should k be so that there exists g : [0 : k+1]x[0: n—k—1] —

R such that
e g=>f
o Fgg < %—I—e
o G(l1,l) <0, when ly <ly and l; + 13 # 0,

where 3 is the product binomial measure on [0 : k+ 1] x [0:n — (k+1)]?

Proof. First, without loss of generality , we can assume that z; in Problem 5.8.12
has weight exactly £+ 1 since the problem is about how large should the lower bound
on the weight of z; be. Let Sy be the support of z;, and Sy = [n]\S;. Thus |S1| = k+1
and |S3| = n—k — 1. The equivalence follows from noting that the objective function
is a linear function invariant under permutations of S; and S5, and all the constraints
are symmetric with respect to such permutations. To get the equivalence, we can
start with an optimum of the original problem, apply all such permutations, then

average to get an invariant optimum.

By the same argument, we get
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Lemma 5.8.16 Problem 5.8.13 (LP-relaxed coset-size versus minimum-weigh prob-

lem) is equivalent to the following. Let f :[0:d] x [0:n —d] — R,

2m ifw1+w2:O

0 ow.

f(wl,wz) = {

Primal: My = max,ep E, f, where P is the polytope of probability measures on [0 :

k+1] x [0:n —k — 1] such that
° EHIQS) > 0 for each l
o B, =0, when I, > Iy,

and s = (d,n — d).
Dual: My = min Egg, g:[0:d] x [0:n —d] — R such that

a) g = f

b) g(l1,12) <0, when ly <ly and ly + 1y # 0,
where (3 is the product binomial measure on [0 : d] x [0 :n —d].
Theorem 5.8.17 M, = M, = 2"

Proof. First we show that Md < =4 Set

R n=d  if [, =0
g(l17l2> =

0 o0.W.

Hence (b) is satisfied. To see why (a) is satisfied, note first that

Glwr, wa) =3 G, )KL (w )KL (wy) = 27 dzlc wi) I (ws).

l1,l2

But K" (w,) = 1, and

2¢  ifw; =0
Z’Cz(f)(wl)z { '
[ 0

0.w.
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Thus (a) is satisfied also. The bound My < 2"~¢ then follows since Ezg = §(0,0) =

2n—d,

The fact that M; > 2" follows from the first example to try. Namely, set

Q = z57%0% and 2, = 0"14. ]
Question 5.8.18 A purely combinatorial proof of My = 242
Similarly,

Lemma 5.8.19 Problem 5.8.14 (Delsarte LP bound) is equivalent to the following.
Let f:]0:n| — R,

2" fw=0
Flw) = !

0 ow.

Primal: Ny = max,cy E, f, where U is the polytope of probability measures on [0 : n]

such that
° EHICI(") > 0 for each
o E,L™M =0, when1<1<d.
Dual: Ny = min Egg, g:[0:n] — R such that
e g=f
e (1) <0, whenl > d,
where 3 is the binomial measure on [0 : n).

Note that this the classical statement of Delsarte linear program.

5.8.5.3 The characteristic-zero case

Consider Problem 5.8.2 (Parity with encrypted linear help) when the base field is
F = Q. In order to be able to reduce to a canonical linear program similar to
the one in Lemma 5.8.15, we need a reduction to a canonical problem like Problem

5.8.10 (Parity with moderately encrypted linear help: the symmetric mod-g-case). We
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partially have such a problem from Lemma 5.8.9, but this is not directly reducible to
a low dimensional LP after relaxation.

We can however reduce to a problem similar to Problem 5.8.10 when we have
bounds on the coefficients of the polynomial. If we can assume such bounds, we can
naturally reduce to the situation of a linear form where all the coefficients are +1.
As far as the ACy application is concerned, we can assume such bounds. We can
extract from the construction in [BRS91, ABFR94] the stronger version of Theorem

5.7.7 where in addition to (1) and (2), we can assume that:

3) The sum of the absolute values of the coefficients of each p, is 20(*1s M),

Consider Problem 5.8.2 (Parity with encrypted linear help) in the setting when
the base field is Q. Restrict the problem further to the situation where we are given

a bound L in such a way that p satisfies:
3) up=3;a(2)X, whereu # 0 € Zand a : 2§ /C*+ — Zis such that 3, |a(2)| < L.

Let K230 pounded—coes (T, Ity L, €)g be the corresponding minimum, and let

K382 unded—coes (T, hy L, €)@ be the minimum corresponding to dropping (1) as in
Section 5.8.4.
Then, we can reduce to the following variation of Problem 5.8.10 (Parity with

moderately encrypted linear help: the symmetric mod-g-case).

Problem 5.8.20 “Parity with moderately encrypted linear help: the symmetric
rational-case”:  Let C' C 2% be a linear code and let z; € 7Z5/C* such that the
weight of Z1 is above k.

How large should k be so that for each partition S’,S” of [n|, and for each by € Z
andu # 0 € Z,

1
Proeclbo + Z Li — Z T, = uXz] < 5 +€?

€S’ €S

K5.8.20

Denote the minimum such k by K 000 0 (0, €)o.

The reduction is as follows

(082 (n,h, L,e)g < hI 5820 (2L, €)o.

parity—bounded—coe f parity—symm
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This proof is along the lines of Lemma 5.8.11.

The linear-programming relaxation then translates naturally as follows. We only
have to change the the definition of f in Problem 5.8.12 (LP-relaxed parity with
moderately encrypted linear help: the symmetric mod-g-case) as follows.

We have a partition S’,S” of [n], by € Z, u # 0 € Z, and f : Z} — {0,1} is given
by
1 ifw(z|s) —w(z|sr) + ap = uX,, (x)
flz) =

0 o.w.

As for the low dimensional equivalent problem, we get the following.

Problem 5.8.21 “LP-relaxed parity with moderately encrypted linear help: the
symmetric rational-case”: Let s1, S, S3, 54 be nonnegative integers such that s, + s, =
k+1 and sy + S+ S3+ sS4 = n. Let by and u be integers such that u is nonzero. Let

foTI, [0 : 5] — {0,1} be given by

1 Zf wy + W3 — W2 — W4 + b(] = u(—l)w1+w2
flw) =

0 ow.

Primal question: How large should k be so that
E.f< L +€?
Tealgc wf <5t

where P is the polytope of probability measures on [[7_,[0 : s;] such that
° EMICIS) >0 for each l
° EMICIS) =0, when l1 + lg > 13 + l4,

and s = (81, S2, S3, S4)-
Dual question: How large should k be so that there exists g : T[7_[0 : s;] — R such
that
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® f](l)ﬁo, whenl1+l2§l3+l4 andll+l2+l3—l—l47é0,

and (3 is the product binomial measure on [T;_,[0 : s;]?

5.8.21 .
Let K}p2 urity—symm (1 €)o be the minimum such k.

This relates to the AC, situation as follows.

Lemma 5.8.22 There are some absolute positive constants c¢,c’, such that if f :
{0,1}" — {0,1} is computable by an AND-OR of size-M depth-d unbounded-fanin
circuit, C' is a block-length-n binary linear code whose dual has minimum distance
above k, and

k> heKGE <2L, (1— a)g) ,
0

LP—parity—symm

where hg = clog%log M, L = 2¢h5ls M 4nd 0 < o < 1 is tunable, then e can

e-fool f.

5.8.6 Some generalities

In the setting of finite fields, Problem 5.8.3 (Linear codes versus low-degree F-
polynomial-equations on binary input variables) is a special case of the following
problem, which is essentially about approximating the number of solutions of low-
degree character equations on abelian groups over small finite fields.

Let G be a finite abelian group together with some grading on its group of char-
acters G. Let H be a subgroup of GG such that all the defining characters of H have
high degree. Let p be a low-degree function on G taking values in a small finite field
F whose characteristic does not divide the order of G. The problem is about when
can we guarantee that the fraction of elements g of G satisfying the equation p(g) =0
does not change significantly when we restrict g to be an element of H.

So, Problem 5.8.3 corresponds to the case when G = z§, F' = F, with ¢ = 3 for
instance, and the grading is coming from the Hamming cube.

A similar example is, for instance, when G = Z?, F' = F,, and the grading is

coming from the Cartesian product of n copies of the circle graph on Zjs.
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5.9 Open problems

We conclude with the resulting open questions:

e The symmetric optimum conjecture (Conjecture 5.7.14), and the original low-

degree polynomial predictors problem (Problem 5.7.8).

e A bound on the linear programs in Lemma 5.8.15 and Section 5.8.5.3, and the
original parity with encrypted linear help problem (Problem 5.8.2) from the

algebraic perspective in Lemma 5.8.7.

e The k-wise independent versus ACy problem (Conjecture 5.7.3 and Problem
5.7.1), and the J-biased versions in Conjecture 5.7.4 and Problem 5.7.2.

e (lassify the nonlinear extreme points of the convex polyptopes @ and P, i.e.,

Problem 5.3.5, Conjecture 5.3.2, and Problem 5.3.3.

e Problem 5.5.5: how weak are probability measures induced by the uniform

measure via arbitrary depth-1 maps?

5.9.1 The power of the quadratic residues PRG

One of the basic questions motivating the start of the research in this chapter is the
quadratic residues PRG. See Section 5.1.2.3. Consider the quadratic residues PRG
over a prime field F, for nondegeneracy reasons.

The mystery of the way quadratic residues are oddly distributed for a given prime
promises great derandomization capabilities and intrigued people long before com-
plexity theory existed. It is very tempting to conjecture that they look random even
to something as powerful as all polynomially sized circuits. A more modest start is

the following;:

e Show that the quadratic residues PRG can o(1)-fool all DNF formulas of size
M on n bits when the prime ¢ is made polynomially large enough in terms of

n and M.
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e Show that the quadratic residues PRG can o(1)-fool all read-once oblivious
branching programs of size S on n bits when the prime ¢ is made polynomially

large enough in terms of n and log S.

Note that constructing polynomial complexity PRG’s for small DNF formulas or
low-memory read-once oblivious branching programs is a fundamental open question
because it is essentially not known how to (unconditionally) construct polynomial
complexity PRG’s for any relatively-general computational model (If we exclude mod-
els such as polynomial size decision trees, and DNF formulas where the number of
inputs per clause is bounded above by a constant).

It follows from Weil’s bound that this PRG has the 2n/,/g-bias property as noted
in [AGHP92]. The quadratic-residues PRG seems to have much stronger proper-
ties, but in all the proof attempts we were trying, we were not using more than
this property, which lead us to the following question: what can we conclude from
this property alone? i.e., what kind of functions can be derandomized by this prop-
erty alone? Is this property alone sufficient to derandomize AC\ (At this point the
transition from a polynomial complexity objective to a quasipolynomial complexity
objective happened)? or small read-once oblivious branching programs? And, natu-
rally, the following related problems appeared. What can we conclude from the k-wise
independence property alone? i.e., what kind of functions can be derandomized by
this property? Is it sufficient to derandomize AC, when k is poly-logarithmically
large?” What kind of functions can be derandomized by arbitrary linear-codes-based
k-wise independent probability measures? The rest of the story is in the beginning

of this chapter.
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