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CONJUGATE FUNCTIONS, DUALITY THEORY,
AND OPTIMAL CONTROL

by
Willy Heins
ABSTRACT

Optimal control problems with Tinear equations of evolution,
convex cost functions and constraints on controllers and responses
are considered. A Caratheodory-Hamilton-Jacobi approach to such
problems leads to Pontryagin's maximal principle in a generalized
form and the construction of the dual problem. A.very general and
complete duality theory is presented for a wide range of optimal
control problems, resulting in existence theorems for optimality
and a generalized maximal principle.

Duality theory applied to interconnected optimal control pro-
blems, with convex cost functions of separable type, gives rise
to a decomposition of such interconnected problems into subprob-
lems. Optimality of the overall problem is expressed in terms of

optimality of the subpréb]ems. '
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" CHAPTER 1
INTROBUCTION

This research is concerned with the study of classes of optimal
control problems which enjoy certain convexity properties. In all
the cases considerad, the equations of evolution are linear and the
performance functionals are convex while the controllers as well as
the responses are constrained to lie in convex sets.

The .techniques used are based on results obtained in modern con-
vex analysis concerning the properties of real valued convex func-
tions and their conjugates, defined on linear topological vector
spaces. In the literature the concept of“convex conjugate functions
has resulted, among other things, in a very satisfactory duality
theory for convex extremum problems initfated by Fenchel[1] and
generalized by Rockafellar [8 ]. The very generality of Rockafellar's
probiem setiing in topological vector spaces, allows one to formulate
a unified duality theory for a wide variety of optimal control prob-
lems described by ordinary, partial or functional differential equa-
tions, as has been carried out here. Duality theory as known in
mathematical programming was applied to control problems by Pearson
[ 23, [ 3], using the classical Legendre transformation. The concept
of a conjugate function may be thought of as a generalization of the
Legendre transformation.

Further, the work of Pshenichnyi [ 4 ] and Demyanov, Rubinov [ 5]
on convex extremum problems has app]icai&oqs in optimal control and

has a direct relationship to Rockafellar's duality theory although

the approaches taken by the authors are Qifferent. The former are



less complete but in their work certain numerical aspects are taken
into consideration.

Novel results have been obtained for.the classes of problems
considered. \

Existence theorems for optimal controllers are given under con-
ditions weaker than that in the literature. Pontryagin's maximal
principie is formulated in a generalized form and is shown to be
valid under the much weaker condition of subdifferentiability rather
than the usual differentiability requirements. An intimate and
natural relationship between the maximal prfncip]e and the dual pro-
blem has been established in the sense that the role of the first in
control theory as a necessary and sufficient condition for optimality,
is similar to that of the second in mathematical programming inas-
much the primal problem has a solution if and only if the dual has
one. | |

Furthermore, results have bgen derived for decomposing large
interconnected control systems into smaller subsystems.

Existence theorems for optimality of the subproblems and a
characterization of an optimal controller for the overall problem in
terms of optimal controllers to the subproblems are given.

" The theory underlying the results is se]féontained in the sense
that it develops along some main lines directly originating in the
basic properties of conjugate functibns.

The material presented in this thesis is divided into eight

chapters.



Chapter II contains a summary of the properties of convex
functions.

In Chapter III a,quathéodory-Hami1ton-Jacobi theory is given
for linear processes with convex costs and special attention is paid
to the convexity cf the problem and the technique of handling the
constraints. The ideas outlined in Chapter III are particularly
useful in Chapter IV to prove the generalized maximal principle.

From there we proceed to construct another optimal control problem
with properties expected to be present in a dual problem as known 1in
the theory of mathematical programming.

Having shown 1in Chapter IV how the maximal principle leads in
a natural way to duality, we present in Chapter V a general duality
theory due to Rockafellar in termsvof a Qenera] optimal control prob-
lem and apply this duality theory to control processes with ordinary,
parfia] and functional differentié] equations. This is done in
Chapters VI, VII and VIII respectively where in each case the maximal
principle is obtained from the duality theory.

In Chapter IX we apply the duality theory of Chapter V to in-
terconnected control processes to arrive at a technique for decom-

posing the process into subprocesses.



CHAPTER II
CONVEX FUNCTIONS ON TOPOLOGICAL VECTOR SPACES

Some of ‘the properties of convex functions which are used in
the sequel are summarized here. For a more complete treatment, see
L6, [ 71, [ 8], and the references given there.

Let.E and E* be real vector spaées in duality with respect to a
certain real bilinear function <-,+> . We shall assume that E and E*
have been assigned locally convex Hansdorff topologies compatible
with this duality, so that elements of each space can be identified
with continuous 1iaéar functionals on the other. E and E¥ will thén

be referred to as topologically paired spaces.

Properties of Convex Functions

Definition 2.1
An infinite valued convex function f on E is an everywhere de-

- fined function with range in [-»,+=] whose (upper) epigraph
epi(f)= {(X,u)|x € E, u e R, n _>_f(X)}
is.a convex set in E & R.
If f does not assume both - and +~ as values this definition of

a convex function is equivalent to

vXy & Eayxy e E:f(xx]+(1-A)xz)fAf(x])+(1—A)f(xz),

0<r<T.



Definition 2.2

The set,

.

dom (F )= {X € E|f(x) < +=}

is the effective domain of f.
Note that dom(f)is the projection of the epigraph epi f of f

on E.

Definition 2.3

A convex function f on E is said to be proper if f(x) > -=» for
all x ¢ E and f(x) < + « for at least oné.x e E.

If f is a proper convex function, then dom (f )is non-empty and
f is finite there. On the other hand given a finite valued convex
~ function f on a non-empty convex set C in E, we obtain a proper con-

vex function fo with effective domain C by

f(x), x e C
fo(x) = {

+ o ,x¢C.

Definition 2.4

" The indicator function Ve of a non-empty convex set C in E is

defined as

(%) {O,XEC
Yelx) =
¢ +o, X ¢ C



~

Thus, the indicator function of a non-empty convex set is a proper

convex function.

Definition 2.5

A convex function f on E is lower semi-continuous (1.s.c.) if

for each p € R, the convex level set

{x e E|f(x) < u}

is a closed set in E.
Lower semi-continuity of convex functions is a constructive
property. Given any convex function f on E, one constructs a 1.s.c.

convex function T on E by taking

Vx e E:F(x) = 1im inf f(z2)
z > X

Conjugate Convex Functions

Definition 2.6

Let f be a proper convex function on E. Its conjugate function
f* on E* (with respect to the given bilinear function <.,.>) is de-

fined by
VX* ¢ E¥:f*(x*) = sup {<x,x*> - f(x)}
xekE

The function f* is a 1.s.c. convex function but not neces-

sarily proper. However, if f is a 1.s.c. proper convex function,



then f* is also 1.s.c. proper convex and

(P4 = f.

.

Thus, a one-to-one correspondence between the 1.s.c. proper convex

functions on E and those on E* is defined by the formulas

*(x*) = sup{<x,x*> - f(x)}
xek
(2.1)
f(x) = sup{ex,x*> - f*(x*)}
x*eE*

Functions f and f* satisfying (2.1) are said to be conjugate to each

other.

Definition 2.7

An element x* ¢ E* is said to be a subgradient of the convex

. function f at the point x if
fly) > f(x) + <y-x,x*> , Yy eE.

The set of all subgradients at x, denoted by 3f(x) is a weak* closed
convex set in E* which might be empty. If af(x) is non-empty, the
convex function f is said to be subdifferentiable at x. If f is
differentiable in the sense of Frechet, 3f(x) consists of a single
point, namely the gradient vf(x) of f at x. Further, if f(x) is
finite the one-sided directional derivative

f(x+rz)-f(x)
A

f'(x;z) = lim
Ao



exists, although it might be infinite and it is a positively homo-
geneous convex function of z. Then,

x* e 3f (x) < f'(x32z) > «z,x*> ,. ¥z e E
and such an x* exists if and only if'f'(x;z) is bounded below in z
in some neighborhood of 0. A useful fact regarding 1.s.c. proper

convex functions on a Banach space is the following.

Theorem 2.8

Let E be a Banach space and f a 1.s.c. proper convex function
on E with effective domain C. Assume C has non-empty relative in-
terior ri(C). Then f is continuous on ri(C).

A function g on E is said to Be concave if -g is convex. The
- theory of concave functions therefore parallels that of convex func-

tions with certain natural changes.. In particular,

g*(y*) = inf{<y,y*> - g(y)}
yekE .

- g(y) = inf {<y,y*> - g*(y*)}
y*eE*
define a one-to-one correspondence between the upper semi-continuous
(u.s.c.) pfoper concave functions on E and those on E*.
The following property of conjugate functions which follows
easily from the definitions will be frequenf]y used and is stated as

-

a theoren,



Theorem 2.9
If f is a 1.s.c. proper convex function on E and g is an u.s.c.
proper concave function on E then,
x* ¢ 3f(x) <> x e af*(x*) «— Fx)+f*(x*) = <x,x*>

x* e 3g(x) <> x e 3g%(x*) <> g(x)+g*(x*) = <x,x*>

Integrals with Convex Integrands

We give some results on integrals of convex functions of the

type

[ f(t.x(t))dt [ F(t,ex(t))dt
T T

. where f(t,X) is a proper convex aﬁd 1.s.c. function of x for each t
and thus in general not continuous in x and f*(t,x*)_is the conjugate
of f(t,x) for each t. MoreoVer one should 1ike to know what the
relationship is between these integrals, regarded as functionals on
the spaces to which the curves x(t) and x*(t) belong. The following

1+n but the re-

facts were proved in [ 9] in case f is defined on R
sults can be readily extended to separable Hilbert spaces as en-
countered in optimal control theory. In fact, the extension will
follow if one formulates Lemmas 1 and 2 of [ 9] for a separable Hil-
bert space and furthermore recalls that the results of [11], used in

[ 9], were proved for a Hilbert space rather than for R,

The following two Lemmas correspond to Lemma 1 and 2 of our
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reference [ 9].

Definition 2.10
Let T be a measure space with o-finite measure dt and L be a
real vector space of measurable functions u from T to a separable

-

Hilbert space H and consider,
I(u) = [ f(t,u(t))dt
T

where f is a function from T x H into (-w=,+»]. Then f is called a

normal convex integrand if it satisfies the conditions

(i) f(t,x) is a 1.s.c. proper convex function on H for each
fixed t |
(i1) there is a countable collection U of measurable %unctions u
from T to H such that
(a) for each u ¢ U, f(t;u(t)) is measurable in t
(b) for each t, U, ndom (f(t, x))is dense in dom(f(t,x))
where, |

Uy = u(t)|u e U},

Lemma 2.11

Suppose f(t,x) = F(x) for all t, where F is a 1.s.c. proper
convex function on H. Then f is a normal convex integrand.
Proof: By the separability of H, there exists a countable dense sub-
set D of the non-empty convex effective domaiﬁ of F.

Let U consist of the constant functjohs on T with values 1in D.
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Then U satisfies conditions (a), (b) in Definition 2.10 and since F

is 1.s.c. and proper, F is a normal integrand.
Q.E.D.

.

Lemma 2.12

Let the function f(t,x) on T x H have values in (-=,+=] such
thét f(t,x) is measurable in t for each fixed x and for each t,
f(t,x) is a 1.s.c. proper convex function in x with interior points
in its effective domain. Then f is a normal convex integrand.
Proof: Let D be a countable dense subset of H and let U be the set
of constant functions on T with values in D. °

Then U satisfies condition (a) of Définition 2.10. Further D
has a dense intersection with the interior of dom (f(t,x))and there-
fore with dom f(t,x) because dom(f(t,x))és a convex set with non-

empty interior has no isolated points.
: : Q.E.D.

Definition 2.13

Let T be a measure space with a o-finite measuré dt, H be a
separable Hilbert space and L a real vector space of measqrab1e
functions from T to H. Then, L is said to be decomposable if it
satisfies the following conditions
(i). L contains every bounded measurable function from T to H which

vanishes outside a set of finite measure.
(ii) if uel and C is a set of finite measure in T, then L contains

Xc U where Xc is the characteristic function of C.

Iﬁ other words, if L is decomposable one can alter functions in

L arbitrarily in a bounded fashion on every set of finite measure.
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Namé]y, subtract Xc U from u and add any bounded measurable function
vanishing outside C. If L* is topologically paired to L with re-
spect to <-,+> such that <u(t),u*(t)>H is summable in t for every
uel, u* e L*, then condition (i) of Definition 2.13 also implies
that the functions in L* are summable on sets of finite measure. An
important class of function spaces which are decomposable in this
sense are the_Lg(T) spaces.

Finally we give the following theorem which relates the inte-

grals of conjugate normal convex integrands as conjugate functionals.

Theorem 2.14

Let L and L* be topologically paired by means of the summable

inner product on H, that is
<u,ur> = [ o<uft),u*(t)>dt Yu e LYu* ¢ L*
T

and suppose L, L* are decomposable. Let f be a normal convex inte-
grand such that f(t,u(t)) is summable in t for at least one u e L
“and T*(t,u*(t)) is summable in t for at least one u* ¢ L*, Then the

functionals 1. on L and I, on L* where
I = [ fltu(t))dt I = [ £x(t,u*(t))dt
T : T

are proper convex functions conjugate to each other,

Proof: See [9]



CHAPTER 111
" CARATHEODORY~HAMILTON-JACOBI ' THEORY ' AND
*  OPTIMAL CONTROL IN CONVEX CONTEXT

3.1 Introduction

In this chapter we will outline -a Caratheodory-Hamilton-Jdacobi
(C-H-J) theory for optimal control processes which enjoy certain
convexity properties. Modern convex analysis leads to immediate
generalizations of some classical concepts and sets up a unified
approach to such problems in'the sense thét'motivations and‘results
are stated in terms of some basic properties of convex functions.

Given a differential process S),
S) X = f(t,x,u), x(0) = X,

with cost function

T
C(u)= fOL(t,¢(u)(t),u(t))dt

where the response vector g(u)(t) ¢ E" and the control vector
u(t) e g, .

‘ Suppose; the response of S) must be steered from Xo into some
target set G in e, on.[O,T], using controllers u(t) constrained to
lie in a given subset @ of E™ such that C(u) is minimized. The aim
of the C-H-J theory is to characterize an optimal controller in terms

of the solutions to the Hamilton-Jdacobi partial differential equation

13.



"%%ﬁx,t) + max {<f(t,%,z), v5(x,t)> - L(t;k;z)} =0
Zef : : -
Sx,T) = 0, VxeG

For various ways leading to thé HamiTton-Jacobi equation in optimal

control with the non-classical Hamiltonian,

H(t,xsn) = max {<f(t,x,z),n> - L{t,x,z)}
Zeld :

See [12], [15], [16].

Here, we are interested in solutions S of the Hamilton-Jdacobi
equation which have the property that S(x,t) is a convex function on
E" for fixed t. This leads to a class of brob]ems wheée S) is a
linear differential equation and the integrand L in the cost has con-

vex properties.

3.2 Conjugate Functions and C-H-J Theory

Following the terminology in [17 ] we have

Definition 3.1

A control process in E", X = f(t,x,u) with control constraint

set o< E™ and cost function

T
C(u) = IO h(t,8(u)(t),u(t))dt



15

and Hamiltonian H(t,x,n,z) = <f(t,x,2z),n> - h(t,x,z) has a feedback
control uo(t;x;n).if

max H(t,X,n,Z) = H(t,X,n,Uo(t,Xsn))-
ZeQ

Furthermore, if n is specified as a function of t and x then u(t,x)=
u?(t,x,n(t,x)) is called a control law. '
Given a sufficiently smooth control law, say u(t,x) e C] on E]+n,

a response g(u) satisfying
x= F(ExU(EX)) , s@(0) = X,

and a controller u(t) = u(t,p(u)(t)) are uniquely determined.

Consider the optimal control problem in E",

(P) L) x=A(t)x+B(th , x(0)=x,
A(t) and B(t) are continuous matrices on [0,T].

The responses g(u) of L) are elements of Lp[E";O,T], p>1,
and are constrained to 1ie in the convex subset X of Lp[En;O,T] de-
fined as

X={g ¢ Lp[E";O,T]|¢(O)=x0,¢(t) e G @;E" on [0,T],6 is convex}

The controllers u are in Lr[Em;O,T], r>1, and the class of

—
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admissible controllers U is.the convex subset of Lr[Emgo;T] defined
as
U= tue L [E"0,7T] u(t) e 2cE™ on [0,T],0 is convex,
response g(u) ¢ X}

. :
Clu) = fO’{H(t,u(t)) + K(t,g(u)(t))1dt

and satisfies the following hypotheses

(1) H(t,z) is continuous on plim

and for each t, H(t,z) is a
convex function on EM. |
(ii) H(t,u(t)) is summable in t for each u e Lr[Em;O,T].

+n and for each t, K(t,x) is a

(i1i) K(t,x) is continuous on E
convex function on E".

(iv) K(t,g(t)) is summable in t for each ¢ ¢ Lp[En;O,T].

Before we consider the Hamilton-Jacobi equation of this optimal

control problem we first prove a lemma.

Lemma 3.2
Given the optimal control problem (P), for x ¢ En, t, ¢ [0,T],
let U(xo,to) be the class of controllers defined by

U(xo,to)ﬁfu € Lr[Em;O,T]|u(t) e 2 on [0,T], response ¢(u,x0)

such that ¢(u,x0)(to) = Xy ¢(u,xo)(T) e G}
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Assume that for each'x0 € En, t e [0,T], there exists a u° ¢ U(xo,to)

0
such that the cost function

.

T . ,
Clusx_»t ) = [ {H(t,u(t)) + K(t,#(u,x_)(t))}dt
0°0 & 0
.- o
is minimized for u® with respect to U(xo,to) and that the minimal

cost is finite.
Thus,

C(u%:x_,t ) = min Clusx ,t )
00 UEU(XO,to) 0" o
exists and is finite. Write V(xo,to) rather than C(u°;xo,to).

Then V(xo,to) is a finite convex function on E" for each to € [0,T].

"Proof: If t, = T, the conclusion is obvious.
Fix some t, e [0,T). To simplify our notation we write C(u;xo)
rather than C(u;xo,to).
Because the differential equation L) is linear we have for any
1.2

. N : 1 2
XgoXg N E” and any two controllers up e U(Xb’to)’ u, € U(xo,to)

B+ (1-0)uy ax b+ (1-0)x2) (£)= ag(ug %] ) (£)+(1-2)8(u,,62) (t)

0<x<l, te [to,T].

Compute,
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C(au +(1-2)u -Ax1+(1A}\)x2) =
AT AR TA LA L T

T . T D » .
= THCE T (111U (6))d e K(E,80u+ (10 )y ax 0+ (1-1)x2) (£) )t
't t :

: : .
af, Wit u (£) + K(t.B(upx]) (£))3dt +
. |

;
+10)f H(Eup() + K(t,$(u,,x2) (£))3dt
(0]

Or,
C(au,+(1-2)u 'Ax]+(1-x)x2)<xc(u 'x])+(1-A)C(u 'x2)
A B 2°"%0 o'~ 1°%0 : 2°%0

. . o 1 0 2
By hypothesis there exist contro]lers’u] e U(xo,to),u2 ? U(xo,to)

such that

. I R o, 1y _ 1
m}n C(u,xo) —.C(u],xo) 5 V(xo,to)
UCU(xo,to)

. 2y 0.2y 2
.m;n C(u,xo) = Clugsxg) = V(xo,to)
USU(XO,tO)

Thus,
COu+(1-0)uds 11+ (1-0)x3) < avix],e )+l e )
0 2> 7o't "0 — 0’70’ " 0’0

Furthermore there exists a controller ug € U(Xxl+(lfA)x§,to) such

that ‘ .
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. R PP N . 2
min .(U,Axof(1?§)xo)— g(u3,3x0+(1-x)xo)

”EQ(*xof(l'?)xo’to)

E "
V(xxo+(1-x)xo, to)

- -

. Hence,

1 2 1,y 2
VO +(1-2)x0) < aV(xt )+ (1-A)V (x Lt )

Thus V(xo,to) is a convex function on E" for each t, e [0,T] and by

hypothesis it is finite.
Q.E.D.

The following theorem shows that the Hamilton-Jacobi equation

of the optimal control problem (P) has a concave solution.

Theorem 3.3

-Given the optimal control problem (P). Assume in addition that

(i) the hypotheses of Lemma 3.2 hold

(ii) the gradient vV of V is continuous on " x (0,T)

Then, S(x,t) = -V(x,t) satisfies the Hamilton-Jacobi equation

8s , max {<Ax+Bz,vS> -H(t,z)-K(t,x)} =0
ot Zef

$(x,T) =0, VYxe6

Proof: We use the dynamic programming formalism to prove the

theorem. Regard the initial state X, € EN and the initial
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time t0 e [0,T] as variables.
For some X, € E" and some to e'[O;T) choose § > 0 small enough such
that t_ + & < T.

According the notation in Lemma 3.2,

. . . ) 0. s
min C(u,xo,to) = C(u ,xo,to) = V(xo,to)
UEU(Xo,tO)

Such an u® exists and V(xo,to) is finite by hypothesis (i).

Let U] be the class of controllers u, u(t) ¢ o with responses
#(u,x,) such that g(u,x )(ty)= x and g(u,x ) (t +5)=6(u° x°)(t +o).
Then, '

to+ 8
V(xysty)=min[[  {H(t,u(t))+K(t,g(u,x ) (t))}dt
- 0
: UEU-I to
(3.1)
0
+ V(B (u,x ) (t+8),t +6)]

Write,
V(B x ) (t+8),t +8)=V (800 x ) (t +6), £ )+
+oV, (8(u®,x ) (£#6) 1) o, (8)  (3.2)

where o](a)/s - 0 with ¢ » 0.

Furthermore,
VIB(®5x,) (55+0), 1)V (B ) (2, ), 8, )+

#eB (0%, ) (b0#6)-6(u%,x ) () ),V (B(u0,x ) (2 +98) £ ),

0<e <1
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VB, (gra) ) = y(¢(u9;ko)(t6),tq) + (3.3)
+8<p(u,x ) (1), W(B(U®,x ) (t+06),t )> + 0,(s)

where 02(6)/6 + 0 with § - 0.

Substitution of (3.2) and (3.3) into (3.1), using the fact

that .
_ 0
Vixgsty) = V{B(u".x) (t5)stp)
we obtain, )
to+6
0 =min [f (H(t,u(t))+K(t,g(u,x )(t))}dt +
UEU] to

+ Vo (B(U0,x ) (£ o) st J+o<B(u®,x ) (1)), 7V (B(u,x ) (£ v08) 8 )>

+ 0,(8) + 0,(s)
Divide by 6 and let § » 6,
0 = Vt(xo’to)+ min [H(to,u(to))+K(to,xo)+<A(to)x0
u(to)eﬂ '

+ B(t Ju(t,), Wix .t )>]

This equation holds for every Xy € E" and every t, € [0,T). Drop

the subscripts and substitute S(x,t) = -V(x,t). Then
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354 mak{<Ax+Bz,vS> ~ H(t,2)-K(t,X)} = 0
3t Jon vor w2l e

and S(x,T) = 0, yx ¢ G is obvious.
Q.E.D.

One of the important practical effects of allowing convex func-
tions to have infinite values is that every constrained problem can
be formulated as an unconstrained problem. The technique is based
on redefining convex functions in such a way that‘they have con-
straint sets as their effective domains. We will do this for the
optimal control problem above and consider also in detail the con-
sequences.

Define the functions h and k as follows. For each t, h(t,z) =
H(t,z) if ze o , h(t,z) =+« if z ¢ @ and k(t,x) = K(t,x) if
x e G, k(t,x) = + =« if x ¢ G.

Then, for each t, h(t,z) is a proper convex function on E™ with
effective domain @ and k(t,x) is a proper éonvex function on EM with
effective domain G.

For the integral
| . f;'{h(t,u(t))+k(t,¢(u)(t))}dt

to make sense for all u ¢ Lr[Em;O,T] and all ¢(u) ¢ Lp[E";O,T] we
require, among other things, that for each t,h(t,z) and k(t,x) are
1.s.c. But since lower semi-continuity of convex functions is a con-

structive property, h and k can be made so, if necessary, by lowering
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their values on the boundaries of their effective domains.
In addition to hypotheSés’(i);—.(iv) in (P) assume that

(v) hf(t,u*(t)) is summable for at least one uf € LS[Em;O,T]

-

o
to=1

S |-

(vi) k*(t,g*(t)) is summable for at least one g* ¢ Lq[En;O,T],

o=

T |
O

(vii) @ , G have non-empty interiors

Note that all the assumptions (i), - (vii) hold in most practical
cases.

Then, h(t,z) is measurable in t for each fixed z and for each t,
h(t,z) is a 1.s.c. convex function with interior points in its
" effective domain . Thus, by Lemma 2.12, h(t,z) is a normal convex
integrand. Furthermore, h(t,u(t)) = H(t,u(t)) for every u e U.
From these facts and assumption (v) above it follows from Theorem

2.14 that
T
I (u) = fo h(t,u(t))dt

is a well defined proper convex functional on Lr[Em;O,T] with effec-

tive domain U. Similarly we have that,

;
1(8) = [ k(t,h(t))dt
0
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is a well defined proper convex functional on Lb[En;O,T] with effec-

tive domain X: Therefore;‘

.

T
C](u) = fb{h(t,u(t))+k(t,¢(u)(t))}dt L (3.4)
is defined and it has a finite value if and only if u ¢ U. Thus
if we replace the cost function in (P) by (3.4) then we obtain an
unconstrained problem.

The Hamiltonian of the optimal control problem (P) with cost

function defined in (3.4) is

H(n,x,t) = sup{<Ax+Bz,n> -h(t,z)-k(t,x)} - (3L5)
Zefd

~ and is defined for n ¢ ", x e G, t e [0,T] although it may have
infinite values. |

| Following the terminology in [ 17 ], the sup operation in (3.5)
is referred to as the maximal principle. ‘

Note that (3.5) can be written as
H(n,x,t)=<Ax,n>-k(t,x)+sup{<z,B*n>-h(t,2)} =
' ZEEm

= <Ax,n>-k(t,x) + h*(t,B*n)

where B* is the transposed of B.
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- Thus, the maximal principle here.is nothing else as the sup

Qperation in the definition ofva conjugate function;

Another point we should Tike to mention is that the concept of
a conjugate function can be viewed as a generalized Legendre trans-
form, see [10 ].- Where in the classical calculus of variations the
Hamiltonian is obtained as the Legendre transformation of the Lag-
rangian , with respect to the relevant variable, in our case the
Hamiltonian is defined in terms of the generalized Legendre trans-
form of the Lagrangian h(t,z) + k(t,x), with respect to u, namely
the conjugate function h# of h. Therefore one could. take this point

of view in defining the Hamilton-Jacobi equation

33 sup{<Ax+Bz,vS> -h(t,z)—k(t,x)} =0 (3.6)
ot r4539) '

S(x,T) =0, VYxeh

in analogy with the classical case.

The Hami]ton-Jacob% equation (3.6) is defined on G x [0,T]
where h(t,z) = H(t,z) on int(G) x [0,T] and k(t,x) = K(t,x) on
int(e) x [0,T]. Therefore, S(x,t) = -V(x,t) is a solution to (3.6)
except perhaps on boundary points, a price to be paid for the lower

semi-continuity of h and k.

Remark
We considered the constraint sets @ and G time independent.

However, in case @(t) and G(t) are given convex sets at each
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instant of time, all thg.resu]ts above carry over without com-
plicationép'

The ‘folTowing Theorem gives a necesséry and sufficient condi-
tion for (P) to have a feedback controller, in which case the

Hamiltonian (3.5) is finite valued.

Theorem 3.4

. The optimal control problem (P) with cost function (3.4) has a

feedback controller u®(n,t) defined by

max {<Bz,n>-h(t,z)} = <Bu®,n>-h(t,u®)
ZeQ)

if and bn]y if the conjugate function hf(t,zf) of h(t,z) is sub-
differentiable at B*n.

Furthermore, if for some specified n(x,t) the control law
u(x,t) = u®(n(x,t),t) determines the response ¢(u) of L) such that
g(u)(t) ¢ G, vt e [0,T], tﬁen g{u), whether an optimal response or

not, satisfies
~ x(t) e 3 Hn(t),x(t),t) where n(t) = n(x(t),t)

and the Hamiltonian H is defined as,

Yte [0,T],V x € G:H(n,x,t)=max{<Ax+Bz,n>~h(t,z)-k(t,x)}
2e8

= <Ax,no-k(t,x) + h¥(t,B%n).
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" 'Proof: Assume (P) has a feedback controller u®(n,t).. Then

“h*(t,B*n) = sup{<z,B*n>-h(t,z)}=
zeEM

=<u®,B*n>-h(t,u°)
h(t,u®)+h*(t,B*n) = <u®,B*n> > u®(n,t) & ah*(t,B*n)

That is, h* is subdifferentiable at B*n.. On tHe other hand if h*
is subdifferentiable at B*n then there is a u® ¢ ah*(t ,B*n) =

> B*n ¢ ah(t,u®) » h*(t,B*n) = <u®,B*n>-h(t,u®). Or,

sup {<z,B*n>-h(t,z)}= <u®,B*n>-h(t,u°),
zeEM

)

“that is u~ is a feedback controller.

Let the control law u(x,t) = u®(n(x,t),t) determine the re-

sponse g(u) of L) satisfying
x = A(t)x + B(t)T(x,t), #(@)(0) = x,

such that (W) (t) 6, Vt e [0,T].
" Then, the controller u(t) = u®(n(t),t), n(t) = a(B(ult),t) is

determined and satisfies

u(t) e ah*(t,B*(t) n(t))
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Thus, ' w | |
RE(E,2%)2hx (£, B (£)(E) Jh<z*-B* (£)T(£),T(E)>, ¥ 2% & £

+_h#(t,Bf(t)xf.)z_hf(t',B%({:)?f(t))+<B{=(t)x#-Bf(£)a‘(t5,D‘(t)>,v.x* e E"
-<B(t)U(t),xf>+h’f(t,Bf(t)x’_‘)z—<B(£)H(t5,'ﬁ(t)>+h*(t,Bf(£)'ﬁ(t))
- <A(t)¢(U)(t),xf>-<3(i)(t),x’_‘>+h’%(t,B’f(t)x*)
C > <A(E)B(U(E) ,m(t)>-<g () (£),n(t)>+h* (£, B*(£)n(t))
> <A(t)g(u) (t) ,x*>-k(t,p(u) (t))+h*(t,B*(t)x*)

> <A(t)B(@) (£),T(t)>~k(t, 8 () (£))+h* (t,B*(£)(t) Jrex*-(t) B (U) (t)>

That is,
HOx*,6(T) (t),t) > H(A(E),(T) (£),t)+<x*-(t) (1) (£)>,¥ x* ¢ E"

> B@(L) e 3 HEE(E).B(T@)(£),1)

since H is a convex function in n.

Q.E.D.



CHAPTER 1V

MAXIMAL PRINCIPLE AND DUALITY THEORY FOR LINEAR
DIFFERENTIAL CONTROL PROCESSES

4.1 Introduction

We propose to“study Tinear optimal control problems with con-
vex cost functions.

In Section 4.2 such a problem (P) is defined and the maximal
principle of Pontryagin type is proved in generalized form. In
Section 4.3 we construct the adjoint process (P]) of (P) using the
maximal principle and the notions of the C-H-J theory in Chapter III.
The adjoint process (P]) is defined in terms of dual space variables
and conjugate functions and has duality ré]ationship to (P).

Upper bounds on fhe minimum cbst are given in terms of solu-

+ tions to linear partial differential equations'associated with the
Hamilton-Jacobi equation of problem (P). This is carried out in
Section 4.4. '

4.2 Linear Differential Control Processes with Convex Cost
Functions

Consider the optimal control problem (P) in E",
(P) L) x=A(t)x+B(tl, x(0) =x,

The responses g(u) of L) are in Lp[E";O{T], p > 1, and are con-

strained to 1ie in the convex subset X

29
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X ={p ¢ Lp[En;O,T]|¢(O)=xo,¢(t)eGg;E" on [0,T], G is open convex}

The controllers u. are in Lr[Em;O,T], r > 1. The class of admissible
controllers U is defined as

.U ={u ¢ Lr[Em;O,T]lu(t)e acE™ on [0,T],2 is convex response g(u) ¢ X}
The cost function is
T
C(u) = [ {h(t,u(t)) + k(t,x(t))}dt
0

where

(i)  h(t,z) is continuous in t for each fixed z in E™ and for each
t, h(t,z) is a 1.s.c. proper convex function in z with effec-
tive domain q.

(ii) h(t,u(t)) is summable in t for all u e U and h*(t,u*(t)) is

summable in t for at least one u* in LS[Em;O,T], %—+ %—= 1

‘ (iii) k(t,x) is continuous in t for each fixed x in EM and for each
t, k(t,x) is a 1.s.c. proper convex function in x with effec-
tive domain G. |

(iv) k(t,g(t)) is summab]e‘in_t for all g ¢ X and k*(t,g*(t)) is

1_ 1

summable for at least one g* in Lq[E";O,T], %—+ q

(v) 2, has non-empty interior.
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Furthermore, we assume that for every X, € G, td e [0,T] the func-

tion V(xo,to),

.

V(xo,to) = E:G C(u;xo,to) exists and is finite

and that V(x .t ) is in ¢l on G x (0,T).
Remark

The hypotheses (i) - (v) guarantee that the integrals

T T
fo h(t,u(t))dt, Io k(t,g(t))dt

T , T '
Io h*(t,u*(t))dt, fo k*(t,g*(t))dt

"are well defined for every u, ¢, u*, g*, see Theorem 2.14. Inte-

"grals of conjugate functions will be used in the next section.

We have the following theorem which is of Pontryagin type in

'generalized form.

Theorem 4.1 (Generalized Pontryagin Maximal Principle)
Given the optimal control problem (P). A controller u with re-
sponse g(u) is an optimal controller if and only if there exists an

n-vector n(t) satisfying the adjoint differential equation of L)

L*) Xk = -AF(E)xx £ Y*, R(T) = 0
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for some y*(t) e ak(t,#(u)(t)) and such that the maximal principlie

max{<B(t)z,n(t)>-h(t,z)}=<B(t)u(t),n(t)>-h(t,u(t))
ZeQ .

holds a.e. on [0,T].

Proof: -For some t ¢ [0,T], x ¢ G and some controller u with response
g(u) such that g(u)(t) = x, denote the corresponding cost on [t,T] by
Clusx,t,T). |

For any X € G there exists an optimal confro]]er u on [0,T]
with response g(u) such that g(u)(0) = x.

We have on [t,T], 0 <t < T, that

t+ :
C(ﬁ§¢(ﬁ)(t),t,T)=ft{ﬁ(r,UYr))+k(r,¢(ﬁ)(r))}dt+c(ﬁl¢(ﬁ)(t+A),t+A,T)

. where C(u;g(u)(t+a),t+a,T) is the minimal cost on [t+a,T] according
the Principle of Optimality.

Consider controllers u on [t,T] with responses g(u) such that
“glu)(t) = p(u)(t) where u(x) is arbitrary on [t,t+a] but g(u)(z)
lies in G on [t,t+a] and C(usg(u)(t+a),t+a,T) is minimal on [t+a,t].

For such controllers u, the cost Clu;g(u)(t),t,T) on [t,T] is

_ t+a.
C(u;¢(U)(t),t,T)=ft h(t,u(7))+k{z,8{u) (1)) }ds

+C(uzg(u) (t+a),t+a,T).



33

where

Cluzd(u) (t+a),t+a,T)=V(g(u) (t+a),t+a) is minimal.

We have,

Cusg(u)(t),t,T) < Clusg(u)(t),t,T)

Or,
t+a

[ {h(z, () )4k (.8 (W) (x)) 3otV (6 (T) (t+a) )
t | (4.1)

t+A ’
gft{h(T,U(T))+k(r,¢(U)(T))}dT+V(¢(U)(t+A),t+A)

By hypothesis, V(x,t) is in C1 on G x (0,T) and by Lemma 3.2,’V(x,t)
is a convex function on G for each t. |

To simplify our notation let

n(z) = - W(g(u)(<),7),

and

n(t) = - W(g(u)(<),1)
Then, by convexity,

V(¢(G)(t+A),f+A)3y(¢(u)(t+A),t+A)+<¢(G)(t+A);¢(u)(t+A),-n(t+A))>
(4.2)

Substitution of (4.2) into (4.1) gives
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£4A ‘
f£{h(T,GYT))+k(T,¢(ﬁ7(T))}dr+<¢(ﬁ)(t+A)-¢(u)(t+A),—n(t+A)>

t4+A
:_ft tht,u(t))+k(r,8(u) () Hde

With, B (tra) = (W) (t)rad(@)(t) + o, (s)
B(u) (t+a) = $(T) () + ag(u)(t) + o,(a)

where
O](A)/A and 02(A)/A go to zero with A

tA ) '
féfh(T,GXT))+k(T,¢(U)(T))}dT+A<¢(U7(t)-¢(u)(t),-n(t+A)>+o](A)+02(A)
tha
'ﬁ_ft{h(r,u(T))+k(r,¢(u)(T))}dr
t+a
. f;{h(r,ﬁlr))+k(f,¢(ﬁ)(r))}dT+A<B(u)a(t)-B(t)u(t),-n(t+A)>+0](A)+02(A)

t+A .
:_ft{h(r,u(T))+k(T,¢(u)(T))}dr

tha .
S (T80 (D) eru (0)-T(8), B () bre) >+ (8) 0y (8))/

<

t+a
ftfh(t,u(r))+k(r,x(r))}dt

D> | =

Thus for A » 0,
h(t,u(t))+k(t,g(u) (t))+<u(t)-ult),B*(t)n(t)>

< h{t,u(t))+k(t,p(u)(t)) almost everywhere.
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Or, | ,
h(t,u(t))+<u(t)-u(t),B*(t)n(t)><h(t,u(t)), yult) e , a.e.

Thus, |
CBR(t)n(t) e oh(t,U(t)), a.e. . (4.3)
and ]

max{<B(t)z,n(t)>~-h(t,z)}=<B(t)u(t),n(t)>-h(t,u(t)), a.e.
ZeQ »

We now show that n(t) = -w(g(u)(t),t) satisfies the adjoint differ-

ential equation
x¥= -A*(t)x*4y%, Y*(t) e ak(t,g(W)(t)), V't e [0,T)

For x ¢ G, t ¢ [0,T), let u be the optimal controller on [t,T] with
" response g(u) such that g{u)(t) = x.
V(1) = x* + A*(c)x* ¢ ak(t,8(W)(c)) implies
k(r:¢(U)(r))zk(r,¢(U)(T))+<¢(U)(r)-¢(ﬁ)(r),A*(T)X*(r)+§*(r)>
and (4.3) implies

h(w,u(t)) > h(z,u(c))+<u(x)-u(x), B*(x)n(x)>
t+A - t+A
So that f£{h(r,u(r))+k(r,¢(u)(T))}drzft{h(r,ﬁKr))+k(1,¢(ﬁ)(r))}dr
t+A . t+a o
+ft<¢(u)(T)-¢(u(T),X*(T)>dT+ft<B(T)u(r)-B(T)U(r),n(r)>dt

t+A _
+ft <A(x)d(u) (1)-A(r)g(u) (x) ,x*(z)>dx
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t+a t+A
ft{h(r,U(r))+k(r,¢(u)(r))}drzjt{h(r,GXT))+k(T,¢(U7(r))}dr

t+a . . t+a . .
+ ft<¢(u)(r)-¢(u)(r),x*(r)>dr+ft <g(u) (r)-g(u) (z) x*(r)>dr

tha o
+ ft{<B(T)U(T)-B(T)u(T),n(r)-x*(r)>dr

t+A ' _ t+a
ft{h(r,u(r))+k(T,¢(u)(T))}drzft{h(T,U1T))+k(1,¢(ﬁ)(1))}d1

t+a _ t+a — =
* . qr BE-B@)xH()>+] <BlJule)-Ble)ule),nle)-xx(x)-d

Adding V(g(u)(t+a),t+a) to both sides of the above inequality and

.using

V(g(u)(t+a),t+a)>V (g (u) (t+a) ,t+a)+<g(u) (t+a)-g(u) (t+a),-n(t+a)>

- t+a
V(x,t)=V(¢(U)(t+A),t+A)+f£{h(r,u(r))+k(r,¢(U)(r))}dr

- — tha. —
V(¢(U)(t),t)=V(¢(U)(t+A),t+A)+ft{h(r,U(r))+k(r,¢(U)(r))}dr

we find

tt+a
VOO (B (0,80 e lu) (1)@ (2] x ()4 (u) (1) -4 @) (t20),

t+a o y
-ﬁ1t+A)>+ft <B(7)ulr)-B{x)ulx),n(r)-x*(r)>dr _

—
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V(x, £V (B0 (£),t)+extagu) (£)- (@) (£)-ag () (£) )+ (£)+ax*(t) 7(t)

- %Kt)> m<x=g(u) (t),x*(t)>+a<B(t)u(t)-B(t)u(t),n(t)-x*(t)>+o(a)
where o(a)/a -+ 0 if a~0
V(x,t)zy(¢(ﬁ)(t),t)+<x—¢(ﬁ)(t),-ﬁ(t)>;A<é(q)(t)—é(ﬁ7(t),X*(t)-ﬁlt)>

+ <x-g () (£),50% (£)-m(£)>+a<B(£)u(t)-B(£)T(E) ,n(£)-x*(£)>+o(a)

V(x,t)zy(¢(U)(t),t)+<X-¢(U)(t),-ﬁ(t)>+A<X~¢(G7(t)zi*(t)—ﬁ(t)>

+a<A(t)x-A(t)g(u) (t),x*(t)-n(t)>+o(a)

V(x,t)>V(g(u)(t),t)+<x-g(u)(t),-n(t)>

$ex-g(T) (£) ,xF+A* (£)x% (1) -7 (£)-A* (£)7(t)>+0(a) ¥ X & G
But -n(t) = w(g(u)(t),t), éo that we must have

0=a<x-p (1) (£) , X% (£) A% (£)x (£) 1 (£)-A* (£)7(£)>+0(8) ¥ xeE"
' (4.4)

since the last inequality actually holds for all x. Let A » 0 in

(4.4) and obtain

0=<x-(T) (), x* (£} HA* (£)x* (£)-1(£) -A*(£)7()>,¥ X e E
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Hence, m + A*(t)m = x* + A*(t)x* = y*,  t e [0,T)
Furthermore, n(T) = 0 since V(x,T) =0, x ¢ E
On the other hand, assume that the controller u with response g(u),

p(u)(0) = x , is determined by

max{<B(t)z,n(t)>-h(t,z)}=<B(t)u(t),n(t)>-h(t,u(t)), a.e.
Zef)
where T satisfies x* = A (t)x* + y*, 7(T) = 0 and y*(t) ¢ ok(t,g(u)(t))
These conditions imply u(t) e ah*(t,B*(t)n(t)) and k(t,x) is
subdifferentiable at g(u)(t) » #(u)(t) ¢ G, because ak(t,x) is

“"empty if x ¢ G. Thus u(t) is an admissible controlier. To show

that u(t) is optimal, let u(t) be any admissible controller with

response g(u),p(u)(0) = X Then

h(t,u(t))>h(t,u(t))+<u(t)-ult),B*(t)n(t)>

k(t,¢(U)(t))zk(t,¢(U7(t))+<¢(U)(t)-¢(ﬁ)(t),ﬁ(t)4A*(t)ﬁ(t)>

Thus,
T T
fbih(t,u(t))+k(t,¢(U)(t))}dtzjo{h(t;ﬁlt))+k(t,¢(ﬁ)(t))}dt

T . . .
+ f6{<¢(u)(t)-¢(G)(t),ﬁ(t)>+<¢(u)(t)-¢(ﬁ)(t),ﬁ(t)>}dt
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T T
fb{h(t,u(t))+k(t,¢(U)(t))}dtsz{h(t,ﬁlt))+k(t,¢(ﬁ)(t))}dt

+<p(u) (T)-8() (1) ,0>-<x ;=% ,7(0)>

Thus, .
T T
Ib{h(t,u(t))+k(t,¢(u)(t))}dtzjo{h(t,UKt))+k(t,¢(ﬁ)(t))}dt

Hence, u is an optimal controller.
Q.E.D.

4.3 The Adjoint Problem

The maximal principle in the form of Theorem 4.1 suggests a
process in dual space variables associated with (P) and the adjoint
differential equation as equation of evolution. Because the maximal
principle constitutes a necessary and sufficient condition for an
optimal controller of (P), we are led to the question whether we
can find such a process with the role of the maximal principle. This
is the idea of duality in extremum problems.

Again, the maximal principle suggests
T
Cx(y*) = £*(-x*(T))+10{k*(t,y*(t))+h*(t,B*(t)x*(t))}dt
as a cost related to the equation of evolution

x* = -AR(L)x* + y*
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To be more precise, we define the process (P') in ED.
(P')  L*) x* = -R*(t)x* + yx, x*(T) = 0

Given an initial state Xy € G of L) we define'{xg} = VS(xo,O) as
a target set.

Further, the responses g*(y*) of L*) are constrained to 1ie in
the (convex)'set Z{ on'(O,T),.where Z% is the effective domain of the
1.s.c. proper convex function h*{t,x*) = h*(t,B*(t)x*). The class
of admissible controllers Y* consists of all measurable n-vectors y*
on [0,T] such thét y*(t) lies in the (convex) set G%, where G; is
the effective domain of the 1.s.c. proper convex function k*(t,x*)
and the corresponding response g*(y*) satisfies g*(y*)(T) = 0,
B(y*)(0) = x% and g*(y*)(t) c zF, ¥ t e (0,T).

The cost function which must be minimized is
T
C*(y*) = fofk*(t,y*(t))+h*(t,B*(t)¢*(y*)(t))}dt

The problem (P') defined above, will be called the adjoint problem
of (P).
Note that all the constraint sets in (P') are defined as effec-
tive domains of proper convex functions so that they are non-empty.
It is not surprising that the conjugate function S* of S = -V
turns out to be the minimé] cost of (P') provided an optimal con-

troller exists. To show this, the C-H-J theory is of no help because
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we do not know whether S* is continuously differentiable on En+].

Proceed as follows. In problem (P) for every x ¢ G, every t ¢ [0,T],
an optimal controller exists by hypothesis

This property is the key to prove a similar result as Theorem
4.1 for (P'), which in turn will lead to a result which expresses

the duality relationship between (P) and (P').

Lemma 4.2
Given the optimal control problem (P). Assume for XoE En,
to e [0,T] the corresponding optimal contro]]ér u is such that
u(t) e int(e). Then the adjoint prob]em (P') has an optimal con-
troller y* and the minimal cost is given by C*(y*) = -S*(x*(to),to),

vhere S* is the conjugate function of S = -V.

Proof: For some X, € G, to e [0,T] let u be the optim&] controller
with response g(u).

Then it follows from Theorem 4;1 that there exists an

y* ¢ ak(t,g{u)(t)) with response g*(y*) such that
u(t) e ah*(t,Bx(t)g*(y*)(t)) and g*(y*)(T) = 0-

Furthermore, y*(t) e ak(t,g(u)(t)) - g(u)(t) e ak*(t,y*(t))~

+ y*(t) ¢ Gf = dom(k*(t,x*)). Also u(t)e o h*(t,B*(t)g*(y*)(t))>

> B*(t)g*(y*)(t) e £} = dom(h*(t,B*(t)x*)." We must also have that

¢*(§*)(to) = vs(xo,to). Hence y* is an admfssib]e controller of (P').
We show that C*(y*) = —S*(¢*(§*)(to),to). Because G is an open

set and u(t) e int(e), S satisfies the Hamilton-Jacobi equation of

(P) on G x [0,T] since Theorem 3.3 applies in this case.

-
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Therefore,

T . T
fﬁ{ §%<¢(U)<t),t)+<¢(i)(t),¢%(§%)(t)>}dt=ft'{h(t,ﬁlt)+k(t,¢(i)(t))}dt
0 0

. - .
=ft {<u(t),B*(t)g*(y*) (t)>-h*(t,B*(t)g* (y*) (t) J+<p(u) (t) . y*(t)>+

(4 |
~k*(t,y*(t))}dt

.
= o OB () (0D (6,5%(2) <6 (W) (T),8* (%) (T)> +

(o]
—<x g 8% (%) (8 )>

T
-ft{h*(t,B*(t)¢*(§*)(t))+k*(t,§*(t))}dt+5(¢(ﬁ)(T),T)+S*(¢*(§*)(T),T)

. |
=S (x 0t )-SHB* (%) (£,) 8, ).

'So that

z
0= -fi{h*(t,B*(t)¢*(§*)(t))+k*(t,§*(t))}dt+S*(¢*(§*)(T),T)
0

-S*(¢*(§*)(to)sto)
But S*(g*(y*)(T),T) = 0
Hencg C*(y*) = -S*(¢*(y*)(to))-

It remains to show that y* is optimal. Let y* be any admissible
_controller with response g*(y*). Then y*(t) e Gf, g*(y*)(t) ¢ D
and ¢*(y*)(T) = 0.

Now,
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T .
-S(xo,to)=0(ﬁ)=f£{h(t,ﬁlt))+k(t,¢(ﬁ)(t))}dt
o
=fT {sup [<u(t),u*>-h*(t,u*)]}dt
m
to u*cE

T .
+[ {sup [<g(u)(t),z*>-k*(t,z*)]}dt
to z*eEn

T
>f  sup n[<U’(t),B*(t)v*>-h*(t,B*(t)v*)]}dt

*
to v*eE

I
[ {sup  [<d(u)(t),z*>-k*(t,z%)]3dt
to z*ek

. |
“Slxgto)=C(W) 2 [ (<BH(E)gH(y*) (£),T(t)>-(t,B4(t)g(y*) (£))
)

T
+It {<p(U) (t),y*(t)>-k*(t,y*(t))}dt .
0

T . .
=ft {<g*(y*) ()8 (u) (£)>+<g*(y*) (t) .6 () (t)>}dt
()

T .
-ft {k* (£,y*(t) )rh*(t,B* (t)g* (y*) (t))}dt
0

Thus,
“S(Xgato) 2 - <x sB*(y*)(t )> - C*(y*)
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Or,
S*(g*(y*) (t,)t)) > - C*(y*)

«

Hence,
C*(y*) = -S*(g*(y*)(t,)st,) < C*(y*)

Q.E.D.

The lemma is used to prove Pontryagin's generalized maximal

principle for problem (P').

Theorem 4.3
Consider the adjoint problem (P') of (P) for given initial

state x(0) = x_ in G. Assume the optimal controller.u of (P) sat-

0
isfies u(t) € int(2). Then, a controller y* with response g*(y*)
is optimal if and only if there exists an n-vector X such that X

-satisfies the differential equation
x = A(t)x + B(t)T(t), X(0) = x,

u(t) e ah*(t,B*(t)p*(y*)(t))
anq
max{<z*,x(t)>~k*(t,z*)}=<y*(t) ,x(t)>-k*(t,y*(t))

z*eG% .
' a.e. on [0,T].

Proof: Similar to the proof of Theorem 4.1 using Lemma 4.2.

Q.E.D.
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We can now give the following result of duality type

Theorem 4.4

Given the optimal control problem (P) and its adjoint problem
(P'). Assume in addition that h*(t,z*) and k*(t,x*) are continuous
in t for each fixed z* and x*. Then, for every X, € G, to s'[O,T],
there exists a‘corresponding optimal controller ﬁ(t)eint(n),an minimal
*ex*,t €[0,T] the adjoint

0°“0°"0
problem (P') has an-optimal controller y*, y*(t) ¢ int(G{) and min-

cost V(xo,to) if and only if for every x

imal cost V*(xg,to). Moreover,

* * - .o *
V(xo,to) +V (xo,to) X X¥ o>

Proof: Follows from Theorem 4.1 and Theorem 4.3 and the fact that

the negative minimal cost satisfies the Hami1ton-Jacobi equation.
Q.E.D.

Remark

In Theorem 4.4, V and V* are not conjugate functions.

Corollary 4.5

= \* *- r *s =
V(xo,to) v (xo,to)++ <X s XE> 0.

In which case the adjoint process (P') is ca]]ed the dual process
of (P).
Proof: Immediate from Theorem 4.4.

T .
-v*(xg,t0)=max-fb{k*(t,y*(t))+h*(t,B*.(t)x*(t))}dt
.Y* .

-

justifies the name dual. ' o - Q.E.D.
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4.4 Quasilinearization of the Hamilton-Jacobi Equation of the
Control Problem (P)

The Hamilton-Jacobi equation of (P),

vt ¢ [0,T], ¥x e G: —%+max{<Ax+Bz vS>~h(t,z)-k(t,x)}= 0 (4.5)

S(x,T) =0, V¥V xeG

is of first order but nonlinear, because of the max-operation.

We take Bellman's approach, [13], to the quasilinearization of
certain classes of nonlinear ordinary or partial differential equa-
tions to find a representation for the concave solution S to (4.5)
along any admissible response g(u)(t) of L) in terms of solutions
to a linear partial differential equation, associated with (4.5). We
will arrive at our result in a rather straight forward way using
Theorem 4.2 and exploiting the convexity of the functions involved.

Drop the max-operation in (4.5) and obtain the linear partial

differential equation for W(x,t;u) for some admissible u

vt e [0,T], X e G gﬂ-+ <Ax+Bu, TW>=h(t,u)-k(t,x) = 0 (4.6)

W(x,Tsu) =0, yYxeb

Let W(x,t;u) be a solution to (4.6) and suppose that W(x,t;u) is in

1

C" on G x (0,T) for every admissible controller u of (P). For every

admissible controller u, (4.5) can be written as
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3+ <Ax+Bu(t),vS>-h(t,u(t))-k(t,x) = p(u(t)) 4.7)

p(u(t)) <0, vtel[0,T] ,u admissible

Let Z(x,t) = S(x,t) - W(x,t;u), then it follows from (4.6) and (4.7)
that Z satisfies

Wt e [0,T1,V x eGiSE + <AxtBu(t),vZ>= p(u(t)) < 0

Z(X,T) = 0, YxeG
and Z is in C] on G x (0,T) since S and W are.

Let u be an admissible controller of (P) with response g(u).

Then g(u)(t) € G and the last expression for Z shows that

9 (B()(8),£)= ZE(8(u) (£),£1r<h(u) (£) 92(8(u) (£) ,£)>=p(u(£))<0
Thus, Z(g(u)(t),t) >0, VYVt e.[0,T], or
S(g(u)(t),t) > W(g(u)(t),tsu),¥ t e [0,T] (4.8)

We can go one step further and show that for an optimal controller u

of (P) witﬁ response g(u) we actually have

S(g(u)(t),t) = W(g(u)(t),t;u) | (4.9)



48

Theorem 4.2 implies that EKt) = vS(¢(H)(t),t) is such that |
W(t) e ah*(t,8%(t)7(t)) and n(t)= -A*(E)(EMT*(E), T5(t) e ak(t.6(@) (1)

Now,
u(t) e ah*(t,B*(t)n(t)) » h(t,u(t))+h*(t,B*(t)n(t))
=<u(t),B*(t)n(t)>

Thus,

(@) (£), t5T)+<B () (£) TS () (£) , £5T)>=h (£,T(£) Jok (£,8(T) (¢))
(4.10)

Furthermore,

§§-+<Ax,vS>—k(t,x)+maX{<z,B*vS>—h(t;z)}= 0
ot rARY)

'3%-+ <Ax,vS>-k(t,x) + h*(t,B*vS) = 0

implies

-';%(ma') (t),t)+<A(t)g(u) () nlt)>-k(t,B(u) (t))+h*(t,B*(t)n(t))=0

\_g__;cz_(gs(a‘)(t),1-.);L<A(t)¢5(i)(*c),'n‘(t)>.k(t,,;s(;,-)(t))w—(t),B*(t);]_(t)>
'h(tsa—(t)) =0

B(8(T) (£), ) +<p (@) (£),T(E)>=h (£,T(£) J+k(E, 6@ (1)) (4.11)
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From (4.10) and (4.11) it follows

( (u)(t),t)

Q.{m

(¢(U)(t) t;u) =

Thus, W(g(u)(t),tsu) = S(8(u)(t),t), v t e [0,T].

Therefore,

S(g(u)(t),t)=max W(g(u)(t),t;u)=W(g(u)(t),t;u)

uel

where U is the class of admissible controllers for (P) and u an

optimal controller.

Write V(x,t) = -S(x,t) and W(x tyu) = -W(x,t;u) so it follows

that w satisfies

YVt e [0,T].Y x e G: 9¥ + <Ax+Bu,TH+h (t,u)+k(t,x) = (4.12)

n
W(x,T;u) =0, Y XxeG

“and .
V(g(u)(t),t) < W(g(u)(t),tsu), VYuel

V(@) (1), t) = W(B@) (L), t;0),

n
where u is an optimal controller. Thus the solutions W(x,t;u) to
(4.12) constitute upper bounds for the minimum cost V(xo,to).

Finally we would Tike to remark that these results are of
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interest from a computational viewpoint. It.is pdssib]e to construct

a monotonic increasing sequence of approximating solutions, con-

verging quadratically to the solution S of the Hamilton-Jacobi equa-

tion of the process (P), see [18].



~ CHAPTER V
DUALITY THEORY FOR LINEAR OPTIMAL CONTROL PROBLEMS

5.1 Introduction

Many optimal control prob]ems can be formulated as convex pro-
gramming problems “in some topological vector space and studied in
the 1ight of duality theory for convéx programming problems. To
motivate our discussion; let us consider the fixed endpoint-minimal
effort control problem in its simplest form.

Given the linear process in E",
L) x = A(t)x + B(t)u , x(0) = 0

with convex target set D in E" and square summable controllers u in
. LZ[Em;O,T] with ranges 1in E™ and convex constraint set @ in EM. The
task is to steer the response of L) from 0 into D on [0,T], such

that the cost
| _ T )
() = 11 - % 11+ £ [u(e)] ot
is minimal, where X in D is the desired final state.

Define the functions A, f, g as
. T m
au = x(T) = [ o(T,t) B(t) u(t)dt, vue L2[E :0,T]
0
T
(ORYS | fu(e)]|%dt , Yu e L,[E"0,T]
g(x) = -||x - X || | o, VxeE"

51
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and observe that A is a 1inearvbounded transformation, f is a convex
function and g is a concave function. If C is the class of admis-
sible controllers, that is the class of all u ¢ Lz[Em;O,T] such that
u(t) lies in @ and the corresponding response steers 0 into D, then

the optimal contrql problem in terms of A, f and g is

(r) minimize C(u) = f(u) - g{au) subject to u e C

and :Au e D

The control problem as defined above is well studied by now, but
things become immediately much more complicated, if, for instance we
require the responses x to be constrained on the whole interval
fo,7].

Further, very 1ift1e is known in case L) is defined in some in-
" finite dimensional Banach space rather than in E" cases which arise
as natural problem settings.for many interesting control processes.

The fact that a wide variety of optimal control problems can be
modelled in the form (P), for which an extensive duality theory is
available, motivated us to undertake our studies. Section 5.2
contains a duality theory for convex extremum problems of type (P)
in a terminology adapted to applications in coﬁtro]. A1l the results
given there were obtained by Rockafellar, see [8 1. The more inter-
esting thebrems for us are not directly obtainable from the basic
concepts and are best presented in their full context. The proofs

of the theorems are included for completeness. However, due to our

.-
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formulation in Banach spaces rather than in topological vector

spaces of the original theory, the proofs can sometimes be simplified.

5.2 Optimal Control Problems in Duality

As indicated in the introduction we consider.
(P) minimize C(u) = f(u) - g(au) subject to u ¢ C,

AU eD

as the model of an abstract, optimal control process (P) with linear
equations of evolution L). To keep our notation and terminology

transparent we let,

i) u is identified with the contro11ef and an element of a Banach
space E |

| ii) x = AU is identified with the response of L) corresponding to
u and an element of a Banach space F, where A is a linear and
bounded map defined by L)

iii) C is the constraint set for u and is a convex subset of E

iv) D is the constraint set for the response x = Au and is a con-
vex subset of F

v) ' C(u) = f(u) - g(au) is the cost function

In more complicated situations, which we shall encounter the
terms controller and response are to be taken in a broader sense,
which however can be done without confusion in each particular case.

In all what follows we may assume f is a 1.s.c. proper convex



54

function with effective domain C and g is a u.s.c. proper concave
function with effective domain D. Because if f has not already C as

its effective domain we can always replace it by fo where,

fo(u) f(U) s ueC

+ o . o $ C

folu)

and if necessary lower the values of fo on the boundary of C so that
it becomes 1.s.c. Similarly the concave function g can be assumed
to be u.s.c. with effective domain D. Therefore the minimand in (P)
is a proper convex function or identically + . '

To define the dual prob]em (P*) of (P) let E* be a real Banach
space, topologically paired with E with respect to a bilinear real
- valued function <-,-> on E x E*, That is, the elements of each
space can be identified with continuous linear functionals on the
| other by means of <+,+> . Further let F* be a real Banach space
topologically paired to F with respect to.<-,-> . In most of the
_cases E*, F;'are the dual spaces of E, F but there are interesting
exceptions.

The dual (P*) of (P) is defined as

(P*) maximize C*(x*) = g*(x*) - f*(A*x*)

subject to x* e D*, p*x* ¢ C*

where f* is the conjugate of f with effective domain C*, g* is the

conjugate of g with effective domain D* and A* is the adjoint
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transformation of A. Of course, f*, g*, A* are defined with respect
to <-,+>. Thus the maximand in (P*) is a proper concave function or
identically - .

From the viewpoint of mathematical programm1ng techniques, (P)
and (P*) can be seen as generalized dual models for linear programs.
On the other hand, the relationship between (P), (P*) can be ex-
plained directly as a generalization of a conjugate function as fol-
lows. Let f be a 1.s.c. proper convex function with effective do-

_ main C. Then, for some fixed u ¢ C,

f(u) = sup {<u,u*> - f*(u*)l=
u*ckE*

= suUp {<U,u*> - f*(u*))
u*eC* -
where f* is the unique conjugate of f with effective domain C*.
Let g*(u*) = <u,u*>, then g* is an u.s.c. proper concave func-

tion with unique conjugate g where,

g(u) = inf {cu,u*> ~ g*(u*)}= inf <u-u,u*>
u*cE* u*cE*

(1) 0O,u=u
s -o, U F U

Therefore, f(u) = inf{f(u) - g(u)}= sup{g*(u*) - f*(u*)}
ueC u *eC*

-
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A generalization of the above is obtained if g is any u.s.c.

proper concave function with effective domain D,

inf f(u) - g(Iu)
ueC

sup g*(Iu*) - f*(u*)
u*eC*

where I is the identity operator. Replacing I by any linear boun-

ded operator A gives rise to

(P) inf f(u) - g(au) ,UueC, Au€D.

(P*)  sup g*(x*) - f*(A*x*), x* e D*, p*x* ¢ C*

Note that the minimization in (P) can be carried out over all of E
(unconstrained problem) because of the fact that C and D are the ef-
fective domains of f and g respective]y.' For the same reason the
maximization in (P*) can be taken over all of F*,

We adopt the following terminology.

A controller u is a solution to (P) if and only if Ue C, AU €D
and the infimum of C(u) is finite and attained at u., A solution
u to (P) will be called an optimal controller.

The respbnse constraint set D is said to be reachable if and
only if there exists a u ¢ C such that aAu ¢ D.

Similarly i* is a solution to (P*) if and only if X* ¢ D*,
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Afi% € Cf and supremum C?(xf) is finite and attained at X*.
Further, in case inf C(u) or sup C*(x*) is attained at some
point we shall write min C(u) or max C*(x*).
Before presenting the duality theory for (P) and (P*) we sum-

marize:

Primal: (P) minimize C(u) = f(u) - g(au) subject tou e C
' AueD
where,
f is 1.s.c. convex with effective domain C, g is u.s.c.
concave with effective domain D and A is a linear bounded transfor-

mation from a Banach space E to a Banach space F.

Dual:  (P*) maximize C*(x*) = g*(x*) - f*(A*x*) subject to x* e D*,
CA*x* g C¥ | .
where,
* is the conjugate functién of f with effective domain C*,
g* is the conjugate function of g with effective domain D* and A*
is the adjoint transformation of A from the Banach space F* to the

Banach space E*.

Lemma 5.1

inf C(u) > sup C*(x*)

Proof: Let u e E and x* ¢ F*. The inequality f{u) - g(au) > g*(x*)
- T*(A*x*) holds trivia]]& if the right hand side is -~ or if the
left hand side is += . .

Assume that both sides are finite. ,Theﬁ neceésari]y uetC,
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JAu e D, x* ¢ D*¥ and A*x* ¢ C*. From the definition of a conjugate

function, it follows that

flu) + f*(A%x*) > <u,nA*x*>

g{Au) + g*(x*) < <Au,X*> = <u,A*x*>

Thus, f(u) - g(au) > g*(x*) - f*(a*x*) for arbitrary u, x*.
Hence,

inf C(u) > sup C*(x*)
' Q.E.D.

In duality theory the concept of stability is very important,
where a stably set process (P) is defined as follows.

Consider the perturbed process (P(z)) for some z e F where

(P(z)) minimize C(u,z) = f(u) - g(Au-z), u e C,

“Au e D.

Definition 5.2

If inf C(u,0) = inf C(u) is finite then the process (P) is

said to be stably set if in some neighborhood N of the origin in F,

inf C(u,ez)-inf C(u) S

€

1im -o, ¥z ¢ N.

€Y0

We shall adopt the convention that in case inf C(u) is -o(+=) we
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say‘that (P) is stably s;t (unstably set).

We must verify that the limit of the definition is well defined
for every z.* This will follow from the lTemma below where it is
proved that the function p defined as p(z) = inf C(u,z) is a convex

u
function on F, so-that its one~-sided directional derivative at 0,

inf C(u,ez)-inf C(u)

€

p'(0;z) = 1lim
€40

exists for all z although it may be infinite.
Lemma 5.3
The function p defined by p(z) = inf C(u,z) is a convex func-

u
tion on F.

. Proof: To prove that p is convex, we show that its epigraph, epi(p)
. is a convex set in F ® R. Let (z;,2;) and (z,,a,) be two points in

epi(p), that is
p(z])_<_a] <t o, p(zz) _<_32<+°°

Thus, inf f(u) - g(Au-z]) 2a; >3 U such that
f(u]) - g(Au] - z]) <ap
Let a; - {f(u;) - glauy - )} = 6, > 0 and

] .8 - 8
ayy = fluy) + 5, a1y = glauy - 29) -3
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Then, fuy) < ayps glayg - z1) >ayps 57 - Ay = 3y
Similarly we can find numbers a,,, a,, and a u, e E such that

Flup) <2575 9lhuy = 7)) 2 255, 35y - 2y, = 3y
Since f is a proper convex function,

flauy + (1-0)uy) < ragq + (lfA)aZ], 0<ac<1
and by the concavity of g and the linearity of A,

, g(A(Au] +(1—A)u2)-(xz] +(]&A)Zé)) 3_Aa]2+(1-x)a22.

" Thus for u = auy + (1-1)u,,

p(Az] +(1-A)22) < f(u) - g(Au-(AZ] +(1-A)22))
< (agy +(1-)ag)-(ay, +(1-1)ap,)
= Aay * (1ex)a2.

This shows that epi(p) is a convex set.
Q.E.D.

We have the following sufficient coendition for the stability of

(P) in which case inf C(u,z) is a smooth function in some neighbor-
u v
hood of the origin.
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Theorem 5.4
If for the linear process L), D is reachable for some u ¢ C
such that Au.e int D then (P) is stably set and inf C(u,z) is a con-

u
tinuous function in some neighborhood of the origin.

Proof: Let p(z) = inf C(u,z), z ¢ F. The effective domain of p is, .
— u h

dom (p) = {z|p(z) < + =}

= {Au-w|f(u) < + =, glw) > - =} = A(C)-D.

Since F is a Banach space we know that p is continuous on
int dom(p).  Therefore what we want to show is 0 ¢ int dom(p). By

hypothesis Au e int D for some u e C what implies
0 e A(C) - int D < int(a(C)-D)=int dom(p)

It remains to show that this fact implies stabi]ity.. Stability
. would be by definition if p(0) = inf C(u) = - = and since 0 ¢ int
dom(p) we have that p(0) § + «». Thus we may assume that p(0) is
f{nite. Then (P) is stably set if and only if the directional deri-
vative function p'(0;z) is bounded below %n z in some neighborhood

of z = 0. But for the convex function p it is known that

p(z) > p(0) +p'(05z) , vz

p'(0;z) > - p'(0;-2) . Yz



62

Since p is continuous at z = 0, the first inequality implies
p'(0;z) is bounded above in z in some neighborhood of z = 0. The

conclusion we want follows from the second inequality.
Q.E.D.

Example . '
(P) minimize f(u) - g(Au),.u e C, Au ¢ D.

If 0 ¢ C and 0 ¢ int(D) then (P) is stably set.

Example
(P) minimize f(u) - g(au), ueC, g is finite everywhere

(no constraints on the responses). If there is a u ¢ C, then (P) is

stably set.

The following theorems give the relationship between (P) and

its dual (P*).

Theorem 5.5

The process (P) is stably set if and only if
inf C(u) .= max C*(x*)
Dually (P*) is stably set if and only if

min C{u) = sup C*(x*)

Proof: Let p(z) = inf C(u,z) as before.
u
We first show that (P) is stably set if and only if p is sub-
differentiable at 0, that is ap(0) is non-empty. Assume (P) is

stably set then p(0) = - = or p(0) is finite. If p(0) = - = then
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ap(0) = F* and if p(0) is finite, p'(0;z) is defined for all z and
bounded below in z in some neighborhood of 0, since (P) is stably set.
But this implies that p is subdifferentiable at 0. On the other hand
if p is subdifferentiable at O then p(0) = - = or, p(0) is finite. If
p(0) = - », (P) is stably set by definition and in case p(0) is
finite then p'(0;z) exists and is bounded below in z in some neigh-
borhood of 0, . what implies that (P) is stably set.

Thus, (P) is stably set < ap(0) is non-empty.

If p(0) = - », then by Lemma 5.1

p(0) = inf C(u) = - = > sup d*(x*) so that

inf C(u) f C*(x*), Vx?f or inf C(u) = max C*(x*).
- It remains to show that for p(0) finite,
- x* ¢ ap(0) <> inf C(u) = max C*(x*)
In view ovaemma 5.1 it sufficeg to show that
xf e ap(0) < inf C(u) = Cf(xfz ' (5.1)
By definition,

x* ¢ 3p(0) <> p(z) > p(0) + <z,x*> , yz

Or,
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p(0) g_inf{p(z) - <Z,x¥>}
z

= inf inf {f(u) - g(Au-z)-<z,x*>}
zZ u ©

p(0) < inf inf{<Au-z,x*> - g(Au-z) - <Au,x*> + f(u)} (5.2)
: u z

Since p(0) = inf C(u) is finite
u

- o <inf{<Au-z,x*> - g(Au-z)} = g*(x*) < + « ,
z

for u ¢ C and thus for all u ¢ E.

From (5.2),

inf C(u) < inf{g*(x*)-<Au,x*> + f(u)}
u

g*(x*)—sup{<d,A*x*> - f(u)}
-~ u

g* (x*)-f*(a*x*) = C*(x*)

which is (5.1). .
This proves the first part of the theorem. The second part
follows dually.
Q.E.D.
Theorem 5.6

If (P) and (P*) are both stably set then both have solutions
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and

.

-0 < min C(u) = max C*(x*) < + =

Proof: Theorem 5.5 implies min C(u) = max C*(xf) if (P) and (P*)
are both stably set. But the minimand in (P) never has the value
- =, so that an infimum of - « cannot be attained at some u, as the
use of "min" is meant to indicate.

Thus min C{u) > - » and dually max C*(x*) < + o« .

Q.E.D.

Theorem 5.7
(P) is stably set and has a solution if and only if (P*) is

stably set and has a solution.

' Proof: By Theorem 5.6, (P) is stably set and has a solution if and
only if min C(u) = max C*(x*) if and only if (P*) is stably set and
-has a solution.
Q.E.D.

Optimal controllers, that is solutions to (P), can be character-
ized by certain subdifferentiability conditions on f and g in ana-
logy with the ordinary case in the calculus whén f and g are differ-
entiable. To get a better insight into the nature of the next
theorem ndte that the convex function f - g o A attains a finite
minimum in precisely those points u where 0 is a subgradient. Thus

optimal controllers u satisfy



66 o

0ca(f~goa) ()

.

We will prove in a moment that,

0 e of(u) - A*(ag(Au)) < AU ¢ agf(x*),Afxf e af(u) (5.3)

for some x* ¢ F*.
Provided,

0 e a(f -goa)u) < 0coaf(u)-a*(ag(au)) (5.4)

holds, the right hand side of (5.3) constitutes a convenient form
for characterizing optimal controllers. Indeed, (5.4) is true under
the stability condition, see the next theorem.

To verify (5.3) assume that 0 ¢ 3f(u) - a*(ag(au) for some
u e E. Then there exists a u* e af(u) and x* ¢ ag(au) such that
u* = A*x*, and x* ¢ ag(Au) > Au € ég*(x*). On the other hand if u,
x* satisfy the right hand side of (5.3) then x* e ag(au) > AFXE g

r*(3g(Au)) so that 0 ¢ of(u) - A*(ag(Au)).' This proves (5.3)._

Theorem 5.8
The process (P) and its dual (P*) are stably set, with solutions
u, x* respectively, if and only if u, Xx* satisfy AU ¢ ag*(Xx*) and

Ax* e of (u).

Proof: Suppose (P), (P*) are stably set. By Theorem 5.6, (P) and

(P*) have both solutions, u, x* and

—
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f(u) - g(au) = g*(x*) - £*(a*x*) (5.5)

Further, fU) + F*(A%X*) > <U,a*x*>

Cg(au) + g*(x*) < <pau,x*> = <u,A*XF>
So that in view of (5.5),
<U,A¥x*> = f(u) + f*(A*x*) = g(au)+g*(X*)=<Au,x*>

what implies AU e ag*(x*), A*x* ¢ 5f(u).

On the other hand suppose u, x* be such that

AU e ag*(X) and A*Xx* ¢ 5f(u)

Then,

f(u) + f*(a*x*) = <u,A*x*>

g(AT) + g*(X*) = <AU,X*> = <U,A%%%>
Thus, U is a solution to (P) and X* is a solution to (P*) by Lemma
5.1. Furtherimore, min C(u) = max C*(x*) so that (P) and (P*) are
both stably set by Theorem 5.5.

Q.E.D.

Corollary 5.8

If the process. (P) is stably set, then u is a solution to (P)

-
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if and only if there exists an x* such that AU e 3g*(x*) and
CAFX* e af (u).

Proof: Immediate from Theorems 5.7 and 5.8.

Q.E.D.



CHAPTER VI
'LINEAR DIFFERENTIAL CONTROL PROCESSES

6.1 Introduction

The duality theory of Chapter V is applied to a class of linear
differential processes with convex cost functions. In Section 6.2
the parameters f, g, A, f*, g*, A* of tﬁe model (P) are determined
explicitly. An existence and uniqueness theorem for optimal con-
trollers is given under weaker conditions than appears in the 1it-
erature. After introduction of the adjoint differential equation of
the process, we arrive at Pontryagin's maximal principle in gener-
alized form and in so doing reveal the existence of an intimate
relationship between duality and maximal principle in optimal con-
trol. Section 6.3 deals with control processes where the initial
" state is allowed to vary over some convex set. The results obtained

follow without difficulties from_those in Section 6.2.

6.2 Linear Optimal Control with Convex Cost and Constrained
Responses :

Consider the linear control process in E",

(P) L) x = A(t)x.+ B(u) u, x(0) =0
where A(t), B(t) are continuous matrices on [0,T].

69
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The responses g{u) of L) are in Lp[En;O,T], p>1, and are re-
quired to lie in the convex subset X of Lp[En;O,T] where,
X=1{ge Lp[E";o,T]|¢(o)=o,¢(t) e 6 ZE"a.e.-on (0,T],6, is

. convex}

The controllers u are in Lr[Em;O,T], r > 1, and the class of admis-

sible controllers U is a convex subset of Lr[Em;O,T] where,

U={uce Lr[Em;O,T]lu(t) e o EMa.e. on [0,T], @ is convex,

response ¢(u) ¢ X}
The cost function is

T
C(u) = £(g(u)(T)) + fo'{h(t;U(t)) + k(t,g(u)(t))1dt

Hypothesis:

(i) 2(y) is a 1.s.c. proper convex function on E" with effective
domain GT A

(i1) h(t,z) is measurable in t for each fixed z ¢ EM and for each t,
h(t,z) is a 1.s.c. convex function in z With effective domain
Q

(ii1) h(t,u(t)) is summable in t for all u ¢ U and H*(t,u*(t)) is
summable in t for at least one u* in Ls[Em;O,T], %—f %—= 1

(iv) k(t,y) is measurable in t for each fixed y ¢ E" and for each t,

k(t,y) is a 1.s.c. convex function in y with effective domain Gy
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(v) k(t,¢(t)) is‘summablg in t for all § e X and k%(t,¢f(t)) is

summable in t for at least one g* in Lq[En;O,T]; %-% %.= 1

(vi) e, G, have non-empty interiors,¥ t ¢ (0,T]

To formulate this optimal control problem in the form of the

model in Chapter V we define,
T m
fu) = [ h(tu(e)dt . vu e [E€70,T]

By hypotheses (ii), (vi) h is a normal convex integrand and by
hypothesis (iii) f is a proper convex function with effective domain

U. Furthermore f and f* are conjugate functions where,
T m
f*(u*) = f h*(t,u*(t))dt, v u* ¢ LS[E :0,T] (6.1)
. . 0 .

The function f* is proper by hypothesis (iii) and it -is automatically
l.s.c. as the conjugate of the proper convex function f, which in

turn implies that f is also 1.s.c. Similarly define g, g* where
T n' n
9((¢,y))=-£(y)-f0k(t,¢(t))dt,v(¢,y) eLp[E 30, TI6E

_ T
g*((¢*,y*))=—z*(—y*)-fok*(t,-¢*(t))dt,v(¢*,y*)eL q[E“;o,T]cm—:"
T (6.2)

are u.s.c. proper concave functions as it follows from hypotheses

(iv), (v), (vi). The effective domain of g is evidently X ® G-
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If g(u) is the response of L) for some u then g(u) is defined

by

t
g(u)(t)= foé(t,r)B(r)u(r)d » te[0,T] (6.3)

where ¢ is the fundamental matrix_of.L). Define the linear bounded

transformation p from Lr[Em;O,T] to Lp[En;O,T] 8 E" by
A
u > (g(u),p(u)(T)) and g(u) defined by (6.3)
In terms of f, g, A, the optimal control problem (P) is

(P) minimize f(u) - g(au) subject to u e U

and Au e X @ GT

which is precisely the form of the model in Chapter V. The dual
problem (P*) of (P) is . \

(P*) maximize g*((g*,y*)) - f*(a*(g*,y*)) subject to
(8%.y*) & X* 8 6% and a*((g*,y*)) e U*

where X* @,G?, U* are the effective domains of g*, f*, given by
(6.2), (6.1), respectively.
It remains to calculate the linear bounded adjoint transfor-

mation A* of A.
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We have,‘,

v (8%y*) e L [0, TIOE <k (g%,y%) s (%,y%)

Yuce Lr[Em;O,T].
Thus,

‘ T t T
<Au, (¢*9y*)> =f0<f0¢(t aT)B(T)u(T)dt,¢f(t)>Eﬁt+<Io¢(T,T)B(T)U(T),y*>CElrtl

Tt T
=I0f0<¢(t,T)B(T)U(T),¢*(t)>Ende#+f0<¢(T,T)B(T)U(T),Y*>En dt

TT T
=f0fT<®(t,r)B(T)U(T),¢*(t)>Endth+f0<¢(T,T)B(T)U(T)’y*>En dt

T T T
=IQ<U(T)’IT B*(T)@*(t,T)¢*(t)ét>£ndT+IO<U(T),B*(T)@*(T,T)y*>En dt

Hence, A*(g*,y*) is given by

T ‘ | -
a*(g*,y*) (t)=B*(t){[ o*(t,7)p*(t)dt+e*(T,7)y*},7 ¢ [0,T] (6.4)
T
where B*, ¢* are the transposed matrices of B and ¢ respectively.
Thus the duality theory in Chapter V applies to the present case
with f, f*, g, g*, A, A* as defined above and C = U, D = X & GT and
C* = U*, D* = X* 6 G%.
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We shall now show how the duality theory gives us an existence
theorem for optimal control under weaker conditions than those re-

ported in the literature.

Theorem 6.1

Given the opt%ma] control problem (P). Assume in addition
that (i) @ is bounded, (ii) for each t ¢ [0,T], h(t,z) > H(t) for
all z ¢ E™ where H(t) is summab1e'on [0,T], (iii) for the process
L), X®& GT is reachable. Then there exists a controller u ¢ U such
that min C(u) = C{u). Moreover if f is strictly convex, then u is

uel
unique.

Proof: For arbitrary u* e LS[Em;O,T],

T T
f*(u*)=f h*(t,u*(t))dt=/ [sup{<z,u*(t)>-h(t,z)}] dt =
-0 ZeEm .

=fT[sup{<z,u*(t)>-h(t,z)}]dt§MfT||u*(t)||dt-fTH(t)dt <+ o
0 zeq 0 0
for some positive constant M.

That is, the effective domain of f* is all of LS[Em;O,T]. The
function g* is proper, thus there exists a (g*,y*) at which g* is |
fin%te and A*(g*,y*) is evidently in the interior of dom(f*). From
the dual version of Theorem 5.4 it follows that (P*) is stably set.

From Theorem 5.5 it follows that there exists a U ¢ Lr[Em;O,T]

such that the inf C(u) is attained at u, which we write as,
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min .Q(u) = C(u) (6.5)
ueLr[Em;O,T]

It remains to show that u is admissible, that is u e U.

X & G is reachable by hypothesis which fmp]ies that there is
an admfssib]e controller u ¢ U with response g(u) such that
g(u)(0) = 0, g(u)(t) ¢ G, a.e. on [0,T]. 1In other words u ¢ dom(f)
and (g(u),d(u)(T)) e X ® GT = dom(g). Thus, for this controller u,

f(u) - g(au) is finite and therefore,
min C{u) < + N (6.6)
u

Furthermore, g*(g*,y*) - f*(a(F*,y*))is finite so that

sup C*(g*,y*) = sup g*(¢*,y*)-f*(A*(¢*,y*)) > - o

(8% ,y*) (g% ,y*
' (6.7)
From Lemma 5.1, (6.6) and (6.7) it follows
+ o > min C(u) > sup C*(g*,y*) > - o (6.8)

u ) (¢*’y*)

Hence, from (6.5) and (6.8)

min C{u) = C(u) is finite
u -

and thus necessarily U ¢ U, that is U'is'admissib1e.
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The uniqueness of u in case f is strictly convex follows

trivially from a contradiction argument; Q.E.D

Now we will demonstrate the relationship between duality and
maximal principle for the optimal control problem (P).

Define the Hamiltonian H(n,x,u) as,
H(n,X,Z) = <Ax + BZ,T'P" h(tsz) - k(tﬁx)

Assuming that k is differentiable with respect to x, the adjoint
response n(t) according a controller u with response g(u) is the

solution to the Hami]tonian differential system.
Blu)(t)= 2(n(t),g(u) (t),u(e))=A()g(u) (£)+B(t)u(t)
2(0)= - 20 (e) g0 (8) ult))= Ae(eIn(t)- 2Kit,p(u)(8)

The expression between the brackets in equation (6.4) satisfies the
above equations if g*(t) = %%(t,é(u)(t))-

Indeed, equation (6.4) which appears iﬁ the dual problem (P*)
is the connection between duality and Hémiltonian approach of the
problem on hand. .

In case we only require k to be subdifferentiable with respect
to x rather than differentiable the situation is somewhat more com-

plicated and we must write
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n(t)= -A*(£)n(E1oct(t,8(u) (£)) 5 (£, (u) (1)) & ak(t,8(u)(t))
rather than n(t) = -A*(t)n(t) - 2&(t,g(u)(t)).

Thus we arrive at the following.

‘Theorem 6.2 (Generalized Pontryagiﬁ Maximal Principle)

Given the optimal control problem (P). Assume there exists an
admissible controller u ¢ U with response g(u) of L) such that
(6(u),d(u)(T)) is in the interior of the constraint set X 6 G. Then,
a controlier u with response g(u) of L) is an optimal controller if

and only if there exists a vector 7 ¢ Lq[En;O,T] satisfying
n = -A*(t)n + x*(t,4(u)(t)),-n(T) e o £(8(u)(T))

where x*(t,g(u(t)) ¢ ak(t,ﬁ(ﬁ)(t)) almost everywhere on [0,T] and

such that the maximal principle

<B()U(t),n(t)>-h(t,u(t))= max [<B(t)z,n(t)>-h(t,2)]
Zef .

holds almost everywhere on [0,T].

Proof: By hypothesis there is a u e U with response $(u) such that
(p(u),d(u)(T)) € int(X © GT)' It follows from Theorem 5.4 that (P)
is stably set. 4

Assume, u is an optimal controller, in other words U is a

solution of (P). From Theorem 5.7, we must have that (P*) is stably
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set éhd has a solution (é%,}%). Moreover, u and (E%,?%) satisfy
T e gt F) 1%((,7) ¢ o (@)
by Theorem 5.8.

AuE(@(u) g ((T)) e ag*((8*%,¥%)) » (F*.¥) e ag((4(u),4(u)(T)))

- that is,

T T T
f&(y)-fok(t,ﬁ(t))dtgjﬂ(ﬁ(ﬁ)(T))-fok(t,¢(ﬁxt))dt+fo<¢(t)~¢(ﬁlt),

g (t)>dt +ey-p(@)(T),¥%>, v (Boy) e L [E";0,7] @ E.
‘Because ¢ 1s independent of y it follows that

2(y) > 2(B@T)) + <y-p(@(T),-y*>, ¥ y ¢ E" (6.9)

T T T
’ fok(t,fi(t))dtgjok(t,vﬁ(ﬁ)(t))dt+f0<¢(t)-¢(ﬁ)(t),-3% (t)>dt,

Voe Lp[E?;o,T] " (6.10)

Suppose, there is a # ¢ LP[E";O,T] such that for some interval a of

finite length, A < [0,T],

k(t,¢(t))-<¢(t),-3?(t)><k(t,¢(ﬁ)(t)5~<¢(ﬁ)(t),~5?(t)>
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holds on A.

Let § e Lp[En;O,T] be defined by

& . ¢(t)5 tea
g(t) ={ _
ﬁ(U)(t), t ¢ A

T oo
Then, | (k{t,9(1)) - <B(8), - Fr(e)>1dte

- . ,
<fb{k(t,¢(ﬁ7(t)) - <p(u)(t), - #*(t)>ydt

which contradicts (6.10).

Therefore,

K(E.8(t)) 3_k<£,¢<a7(t))+<¢(t)-¢<a)(t);-z%(t)>
~almost everywhere on [0,T] for each g ¢ Lp[En;O,T]. Thus actually,
L K(E) 5 k(8B (6)) ey (1), F(2)>
a]most everywhere for each y ¢ E". That is,
;37*(t) e ak(t,‘¢(?)(t)) | (6.11)
almost everywhere. Furthermore, A*(#*,y*) ¢ af(U) means,

T T T '
) CEu()dE 2 [ BET(EAE ()T, 00 (F.5) (t)sdt
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for 511 ue Lr[Em;Q,T], which imp]igs as above fhat point wise
hltaz) 5 BETE) <2-T(E) 14 F57) (1)
almost everywhere for each z ¢ EM. That is,
KT () ¢ sh(t,T(E) (6.12)
almost everywhere. But we know from equation (6.4) that

;
T (LB "I (< dorte (T, 1740 B(2)(0)

t |
where n(t) = o*(T,t)y* + IT o* (7, t) (-F* (1)) dt.

Thus 1 e Lq[En;O,T] such that,

- 7(T)= -7* € 2£(8(T)(T)) by (6.9) and n(t) satisfies

n = -A%(t)n - F*(t), - A(T) € sL($(W)(T))

where -g*(t) ¢ ak(t,#(u)(t)) a.e. according (6.i1).
Moreover, A*(g*,y)(t) = B*(t)n(t) e ah(t,u(t)) a.e. by (6.12) and
thus,

<B(t)U(t),n(t)> ~h(t,u(t))=max<B(t)z,n(t)>-h(t,2)
Z e

almost everywhere.
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" This proves one part of the theorem.

To prove the second part, assume there is a vector ¢ Lq[En;O,T]

-

satisfying

n = -A*(E)n + P T) € 2($(@)(T))

F*(t) e ok(t,(@)(t)

where g(u) is the response of the controller u determined by the max-

imal principle,

<B(t)u(t),n(t)>-h(t,u(t))=max<B(t)z,n(t)>~h(t,z) (6.13)
Zef

almost everywhere.

.Since @ is the effective domain of h(t,z) we can write (6.13) as

-aumuxmw»Mumwks@fzwumu»mux)
. 2¢e

= h*(t,B*(t)'rT(t)

almost everywhere, from which it readily follows that

B*(t)n(t) e sh(t,u(t)) almost everywhere.

But 1*%((-§*,7(T))(t) = B*(t)A(t), so that

A ((-g*n(T)) e of (U) (6.14)
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Furthermore, g*(t) e ok(t,4(u)(t)) and - n(T) & 22(g(u)(T))
imply g(u)(t) ¢ akf(t,ﬁ?(t)) and g(u)(T) ¢ azf(—ﬁlT)) respectively

and we must have that
AT = (B(0),B@)(T)) e ag*((-F%,7(T)) (6.15)

By Theorem 5.8 it follows that U is a solution to (P), that is u is

an optimal controller. Q.E.D

Remark

In the above we considered the initial state of (P) to be zero
but this is not essential. The results in the next section include the

situation where the arbitrary initial state belongs to an arbitrary

convex set.
Example
We consider an explicit condition for which an important class

of control problems is stably set.

Given the linear control process in E",
x = A(t)x +B(thu ,  x(0) = x

The controllers u belong to some Banach space U and are constrained

to lie in the closed, convex subset C of U,

C={ucel] lIuIIU < p, p > 0}
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The target set D is the closed convex subset of En,
D=txeE" [lx|] ce, c>0
E
Necessary and sufficient conditions for a controller u € C such that
the corresponding response g(u) has its endpoint in int (D) might

be of interest in itself and are first derived.

Write,

]

T
p(ul(T) = o(T,0)x, + IO o(T,t)B(t)u(t)dt

<I>(T,O)x0 + Lu

Then,
#(u)(T) e int(D) <> <a(T,0)x_,x*>=p | |Lxx*| [<e| [x*[| ¥x* ¢ E"

Suppose #(u)(T) € int(D). Then there is a u e C such that

| |#(T,0)x _ + Lu]|<e » inf||e(T,0)x_ + Lu|| < ¢
: ° ueC ‘ °

Or,
inf sup <<I>(T,0)x0 + Lu, x*> < ¢
ueC |[|x*}|< 1 . '

sup inf <<I>(T,0)xo + Lu, x*> < ¢
T1x*[]< 1 ueC |

sup | <¢(T:0) X, s X¥> - OIIL*X*II} <€
| x*[]< 1 ° '



Or,
<a(T,00x ox*> = ol [Lix*|[< & || x*[[,¥ x* ¢ E"

On the other hand let F be the attainable set, that is

F={(xekE" x= @(T,O)x0 +Llu, uecC}
and assume,

(%) <a(T,0)x ,x*> - o [|L*x*|| < e [[x*¥]|, V¥x*eE"

If F nint(D) is empty, then F and int(D) can be separated by a
hyperplane, since F is a closed and bounded convex set. Thus, there

is an X* ¢ E" and a real number o such that

X X*> > a VxeF

<X, X*¥> <o o, VX e int(D)
Thus,

SUP  <X,X*> < o & SUP.<X,X*> < o

xeint(D) XeD ‘

Or, _

e [[x¥]| < a
Further,

XX*> > o, ¥x e F o inf <o(T,00x + Lu,X*> > a
ueC
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Oor,

<o (T,0)xy %> = o| L% | > 6 > ¢ |[%¥]|

which contradicts (*).
In particular; the control process is stably set if (*) holds,

according Theorem 5.4.

Example
In this example we present a case where the primal problem is

defined in a function space, but where its dual is defined in N,

Given the control process in En,
x = A(t)x + B(t)u, x(0)=¢, u e L,[E"50,T]

. .
- Constraint set U = {u ¢ Lz[Em;O,T]lf ||u(t)||2mdt < p, p > 0}
0 E '

The task is to steer the response g(u) on [0,T] from c such

that ||¢(u)(T)||2n is minimized.
E

The attainable set F is defined as

F ='{¢(u)(T)|¢(u)(T)=®(T,O)c+f0¢‘T,t)B(t)u(t)dt}

and F is closed and bounded.
Define the functions f, g as follows
"O0,uel,x=c¢

f:Lz[Em;O,TJGEn S E's f((u,x)) = { ,
.~ 4o, otherwise
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g s E's glx) = -] Ix[1%, vxeE™
Further let A.be the Tinear bounded map defined by
m =n n Al
, A:LZ[E 30,TIOE" » E" 2 Au,x)=¢(T,0)x+[ o(T,t)B(t)u(t)dt
’ 0

The adjoint A* of A is defined by

Af P L Lz[Em;O,T] o E" 3 Afxf = (uf,yf) where
uf(t) = Bf(t) é*(T,t) x* o, t ¢ [0,T]
y* = @f(T,d) x%

The control process can be written as

(P) minimize £((u,x)) - g(au,x))su e LLE";0,T], x ¢ E"
and its dual is
(P*) maximize g*(x*) - F*(a*x*) ,  x* ¢ E"

Note that (P*) involves a maximization in a finite dimensional space
where (P) is a minimization problem in an infinite dimensional space.

Existence of an optimal controller u ¢ U
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(P)  inf F((u.x)) - g(a(u,x)) = inf||alu,c)||?
U,X - uel

.

. 2
= inf nI%
¢(u;?n.€gl¢(u)( )|

and since F is compact the infimum is attained at some g(u)(T) ¢ F

corresponding to a controller u ¢ U which is thus optimal.

(P) is stably set

For any u ¢ U, f((u,c)) = 0 and a(u,c) belongs to the interior
of the effective domain of g. Thus (P) is stably set by Theorem 5.4.

But the fact that (P)vis stably set-and has a solution implies
that (P%) has a so]utfon, say ?%, and is stably set by Theorem 5.7.

- Thus we have,

Characterization of the optimal controller u by the maximal
principle as a necessary and sufficient condition.

The solutions (u,c) of (P) and x* of (P*) satisfy

A(u,c) e ag*(x*), A¥x* e af((u,c))

by Theorem 5.8.

But, A*x* ¢ 3f((u,c)) is by definition,

T
f((u,x)) > f((i,c))+f0<u(t)-a‘(t),U%(t)>dt+<x,i*>
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in which A¥x* = (W*,7*), w*(t) = B*(t) o*(T,t)x* and

y* = o%(T,0)x*.

Since f({u,x)) is zero for u ¢ U, X = ¢ and + « otherwise the

above inequality yields
T _ R .
0> [ <u(t)-u(t),B*(t)e*(T,t)x*>dt, Vue U
0 . .
from which it follows that,
(*) Yu e Us<u(t)-u(t),B*(t)o*(T,t)x*> < 0, a.e. on [0,T].

Define n(t) by '
n{t) = o*(T,t)x*

and write (*) as

- max <B(t)z,n(t)> = <B(t)u(t),n(t)> a.e.
ZeEm

“and 7(t) satisfies the adjoint differential equation

no= - A*(t)n

with 7(T) determined as follows

() (T) = alu,c) e ag*(x*) » X* = n(T) & ag(g(u)(T))
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and because g is actually differentiable everywhere,

. T = - 2(@(T).

‘Example (Reachability)

Given the linear control process in E",
L) x = A(t)x + B(t)u,x(0)=0, u e L [E™0,T], r > 1

Class of admissible controllers U is the c]béed convex set defined
by

Us=1{ue Lr[Em;O,T]Iu(t) e & E" a.e. on [0,T],2 is closed
‘ convex}

*Assume the responses g{u) of L) in Lp[En;O,T], p>1, and let X be

the closed convex set defined by,

X=1{pe¢ Lp[Em;O,T]|¢(O)=O,¢(t) e G, ¢ E"a.e. on (0,71,

6, is closed, convex for t ¢ (0,T]}

Give necessary and sufficient conditions for a éontro]]er u e U such
that the response g(u) ¢ X.

This ﬁrob]em of reachability can be formulated as a convex min-
imization probiem.

Let f be the indicator function of the convex set U,

-
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- 0O0,uel
f(u) = { ‘

and thus f*(u*) = sup <u,u*> '

to, u ¢ U uel

Let g be the negative indicator function of the convex set X,

_0, ¢ e X
g(g) = { and thus  g*(g*) = inf <g,p*>
-, B 4: X o geX '

Further define the map A as,

&
A :L [E"50,7] » Lp[En;O,T] 3 pu(t) = fo o(t,t)B(r)u(r)dr ,

t e [0,T], Yuel [E"0,T]

Then the adjoint A* of A is

. [E™; m. LI 1,1,
a*:L [ET0,T] » LLER0,TL, g+ =1y prg=]

1
q
such that
.
A*g*(t) = B*(t)] o*(v,t)#*(r)dr, t e [0,T], V g* ¢ Lq[E";o,T]
T t _
Or,

o T
| AHE) = BHEI(E), n(t) = ] e, t)gn e,

The reachability problem can be written as,



(P) minimize f(u) - g(au), w e L.[E";0,T]
and its dual is

(P*) maximize g*(g*) - F*(n%g*), g* < L [€"50,T]

Note that since U and X are closed, f is l.s.c. and g is u.s.c. so
that the general results apply for (P) and (P*).
Sufficient condition for reachability.

Suppose for some U e U, there exists an g* such that,

T e ogH(F) , 1B < of (@)

Then, u is a solution to (P) and §* is a solution to (P*), see

. Theorem 6.2,

N e af (W) > Fu) > £(U) + <u-U,0%F*>, yu e L [E";0,T]

T -
> 02 [ cult)-U(t), MFH(t) > dt, Vuel
0 | .
or 0 3_f0<u(t)—UKt), B*(t)n(t) > dt; vuel
_ K
where n(t) = ft o*(1,t) g*(x)dr

From the Tast inequality it follows that,

<B(t)u(t),n(t)> 3_<B(t)u,ﬁ¥t)>, ue®,a.e. on[0,T]

-
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Or,

<B(t)A(t),7(t)> = max <B(£)z,7(t)> a.e. on [0,T]
: ' 2ef : ’

and n(t) satisfies,
n = -A*(t)n + B? . n(T)=0
where ¢* is determined by

AU e ag*(g*) > F* ¢ ag(Al)

g(g) < g(AU) + <g-Au,g*> , Vg e Lp[E";o,T]

I
Or, 0 1[0 <p(t)-g(u)(t), ¢* > dt, Vg X

implying 0 < <g(t)-g(u)(t),g*(t)> , V4(t) e G, a.e. on [0,T]

which can be written as

<B(@)(£),F*(t)> = min <x,F*(t)>, a.e. on [0,T]
* XEGt

If the problem (P) is stably set, the above conditions are also
necessary by Theorem 6.2.

Thus,
ifoeU,O0c¢ jnt(X) then (P) is stably set and there is a non-

zero controller u e U
_ with response ¢(u) ¢ X if and only if there exists a vector

ne Lq[En;O,T] such that
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<B(t)u(t)> = max <B(t)z,n(t)> a.e.
o ' CZeQ

where n(t) satisfies

no= =M+ P, (1) =
with

<p(u)(t),p*(t)> = min <x,g*(t)> , a.e.
) Xth : :

6.3 Linear Optimal Control with Convex Cost, Constra1ned rResponses
and Variable Initial States

A larger class of problems than the one considered in the pre-
vious section is obtained if we allow the initial state of the pro-
cess to vary over some convex set and seek to minimize the cost
function with respect to all such allowable initial states and the
given class of admissible controllers. The cost functions may have
a term which depends explicitly on the initial state. Again, prob-
lems of this class can Qe suitably formu]éted as convex programs of
the form considered in Chapter V. Since the process studied in this
section is a direct extension of the one in Section 6.2, it suffices
.tollimit a detailed treatment of the problem to those parts of the
theory where substantial differences arise. |

Consider the linear control process in En,

(P) L) x = A(t)x+B(t)u, x(0)=x ¢ 6,



0 | |

is a convex subset of E'. The matrices A(t) and B(t) are continuous
on [0,T]. The responses g(u) of L) are in Lp[E";O,T]; p > 1, and are

constrained to Tie in the convex subset X of Lp[Engo;T] where
X={g ¢ Lp[En;O,T]]¢(O)eGo,¢(t)thq;En,a.e. on (0,71,6, convex}

The controllers u are in Lr[Em;O,T], r > 1, and the class of admis-

sible controllers U is the convex subset of Lr[Em;O,T] defined by,

U=1{uce Lr[Em;O,T] u(t) ¢ ecE™ a.e. on [0,T], 2 is convex,

response g{u) e X}
The cost function is,'
T
C(u,X)=£0(X)+£](¢(U)(T))+f0{h(t,u(t))+k(t,¢(u)(t))}dt

Hypotheses:
(i) Lys £y are 1.s.c. proper convex functions with effective domain

Go_and GT respectively.
(ii) h, k satisfy the same hypotheses as in the previous section
(iii) @, Gt'have non-empty interiors, VYt e (0,T]

To formulate the above control process in the model form of

Chapter V, we define the following functions. -

-



95

1

f:L[E"0,710 E" > E such that

. T .
Fl(uy )= 4] hltu(t))de, (u,y) e L [E";0,TI6E"  (6.15)

1 such that

g lp[E";o,T] 0E" - E
T n

A e Lr[Em;O,T] o EN > Lp[E";o,T] ® E" such that
CA((usy))=(B(u),g(u)(T))  where g(u) is defined by
't ,
¢(U)(t)=¢(t,0)y+f0¢(t,T)B(r)U(r)dr, t ¢ [0,T] (6.17)

and ¢ is the fundamental matrix of L). Then A is a Tinear, bounded

transformation.

In the same fashion as in Section 6.2, it follows that f is a
1.s.c. proper convex function with effective domain U 6 Gd and con-

jugate f*,
[} ' . T : . m
£5((u*,y*) )=£% (y*)+f h(t,u*(t))dt, V(u*,y*) e L [E";0,TI0E"
0

with some non-empty effective domain U* 6 Gg, in LS[Em;O,T] o E".
g-is an u.s.c. proper concave function with effective domain

X0 GT and conjugate g*,
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T . . :
Gy )=ty (y4)-] ke, (e))de, (8%,y*)el [E"50,T]6E"

with some non-empty effective domain X* @ 6% in Lq[En;O,T] o EN.

In terms of f, g and A , the process (P) can be written as

(P) minimize C(u,x) = f((u,x))-g(A(u,x)) subject to
(u,x) e U B Go’ A(U,x) e X 8 GT

and the dual process (P*) is accordingly given by

(P*) maximize C*(g*,y*)=g*((g*,y*))-F*(a*(g*,y*))
subject to (g*,y*) ¢ X* 0 G and
NE(gE,y*) € Ur 8 6Y

_ A computation shows that A* is determined by
v (¢*,y#)eLq[En;O,T]@En:A*(¢*,y*)=(u*,x*)eLs[Em;O,T] o E"
T
where u*(t)=B*(t){[ o*(v,t)p*(v)dt +o*(T,t)y*}
: t
5 ' |
x* = [ o*(t,0)g*(t)dt + o*(T,0)y* (6.20)
. 0 )
Thus the duality theory of Chapter V applies to fhe present situa-

tion with f, g, A defined by (6.15), (6.16), (6.17), C=U & G, >

and f*, g*, A* defined by (6.18), (6.19), (6.20) and

D =»X 0 GT
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T

C* = U* @.Gg, D* = X*6 Gx.
| The existence theorem for an optimal pair (ﬁ:i} is

'Theorem'6.3 _
Given the optimal control problem (P). Assume in addition that
(i) @ is bounded and GO is compact, -(ii) for each t ¢ [O,T],
h(t,z) 3”H(t) for all z ¢ EM, where H(t) is summable on [0,T],
(iii) for L) X @ GT is reachable. Then there exists a pair
(u,x) e U ® G, such that min C(u,x) = c(u,x). Moreover, if f is

_ . {uyx)
strictly convex, (u,x) is a unique optimal pair.

" Proof: Similar to Theorem 6.1. Q.E.D.

As in Section 6.2, the defining equations (6.20) of A*(g*,y*)
connect the duality and Hamiltonian approaches resulting in a gen-

" eralized maximal principle of Pontryagin type. Thus,

Theorem 6.4

| Given the optimal control process (P) with variable fnitia]
state. Assume there is an admissible controller u ¢ U with response
g(u) of L) such that (g{u),s(u)(T)) lies in.the interior of X 0 G-
Then, a.pair (u,x) is optimal with respéct to the set of admissible
controllers U and the set of allowable iniiia] states G if and only

if there exists a vector ne Lq[En;O,T] satisfying

n o= -RE(E)nter (,8(0) (t), - T(T) e a2, (B(W)(T))

.r_}‘.(O-)e/a 'EO (x)
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where x*(t,¢(ﬁ)(t)) € ak(t,¢(ﬁ)(t)) almost everywhere and such that

the maximal principle

© <B(t)u(t),n(t)>-h(t,u(t))=max{<B(t)z,n(t)>-h(t,z)}
2

holds almost everywhere.

" Proof: The proof parallels that of Theorem 6.2, except that here
the condition aA*(8*,y*) = (u*,x*) ¢ af({u,x)) holds if and only if
u*(t) ¢ sh(t,u(t) and X* ¢ alo(i) where u*, x* are defined by (6.20)

and

T -
x* = o*(T,0)y* + f0¢*(t,0)3*(t)dt = n(0)
Q.E.D.

Remark |

To verify that Theorem 6.4 reduces to Theorem 6.2 for fixed
initial state x = Xg» We show that in this case the condition
ﬁKO)eazo(xo) is automatically satisfied.

Although for fixed initial state the term £o in the cost func-
tion is a constant and thus could be left out we prefer to take it

in consideration and define Ko as,

£(x) = { "%
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The advantage is to have a problem formulation which precisely fits
the theoretical setting of Theorem 6.4; since it is the particular
case‘of (P) with G, = {xo} .

But

L

n(0) & 2k (x ) < £ (x) 5 £ (x J<x-x_s0(0)>, ¥ X

and it follows from the definition of Ko that az(xo) is all of E" so

that indeed ﬁKO)eaﬂo(xo) is always satisfied.



CHAPTER VII
CONTROL PROCESSES WITH PARTIAL DIFFERENTIAL EQUATIONS

7.1 Introduction

A class of linear hyperbolic or parabolic distributed processes
can be formulated as an abstract Cauchy problem (initial value prob-
lem) in some function space and the golution is obtained as a semi-
group of linear bounded operators on the function space to itself.
The duality theory in Chapter V applies to such problems, if de-
fined in a proper way. In Appendix I of this thesis a summary is
given of the theory of semi-groups in connection with partial differ-

ential equations.

7.2 Linear Distributéd Processes with Convex Cost Functions

Given the linear distributed process in En, t > 0, with time in-

' dependent coefficients

| ) |

B (x,) = Alx)ZHx, t)+B(x)EL(x, £)+C(x)y (x, t)4D(x)u(x, t)
9X

y(x,0) = y,(x)

where the matrices A(x),...,D(x) are n x n and x ranges over some
subset X of E". The distriﬁutgd controllers u{x,t) are given on the
boundary a(X) of X for every t > 0. |

We formulate the above process as an abstract Cauchy problem in

a way described in Appendix I and write

100
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y(t) = Ay(t) + Bu(t), y(0) = y_ & D(A) (7.1)

Assume, .
the solution g(u)(t) belongs to a Banach space B] for each t,
u(t) belongs to a Banach space B, for- each t.

A = A(x) Q_E_ + B(x) g§-+ C(x) is a closed operator with dense
3X
domain D(A) and non-empty resolvent set.

B is a Tlinear bounded transformation fromB2 into D(A).

For (7.1) to be a well posed problem some additional conditions
on A, B and the control functions u(t) are needed.

In the ﬁsua] way, the uniqueness of solutions ¢(u)'to (7.1)
follows from the uniqueness of solutions g to the homogeneous equa-

tion

y(t) = Ay(t) . y(0) = y e D(A) (7.2)
_According tﬂéorems A] and A2 of the Appendix, a necessary and suf-
ficient condition for (7.2) to have a unique solution for each
yo.e D(A) and t > 0 is that A be the infinitesimal generator of a
semi-group S(t) of linear bounded transformations on B] to itself
which is strongly continuous at the origin. Moreover, the solution

is then given by

B(t) = S(t)y,
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and satisfies
llgl+ll¢(t)-yoll = 0'

Hére S(t) is required to be strongly continuous for t > 0. Necessary
and sufficient conditions for a closed operator A with dense domain
and non-empty resolvent set to be the infinitesimal generator of such
a strongly continuous semi-group are given in [20].

In analogy with the finite dimensional case, we want (7.1) to

have solutions of the form
t
g(u)(t) = S(t)yo + IO S(t-s)Bu(s)ds (7.3)

Indeed, see [23 ], it has been shown that (7.3) is the unique solu-
tion to (7.1) for each Yo € D(A), t > 0, under the conditions that

(i) A is the infinitesimal generator of a strongly con-
tinuous semi-group S(t).
(ii) B is linear and bounded.
(iii) u(t) is strongly measurable and Bochner integrable on
~ every finite interval in (0,=).
(iv) Bu(t) € D(A) for almost every t > O

t

(v) | 2 | [ABu(t)||dt < = on every finite interval [ty,t,]
t
1

in (0,=).

The duality theory of Chapter V applies to distributed control
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processes defined by (7.1) and (7.3) with a wide variety of cost

functions.
For example, the fixed endpoint problem on [0,T] with cost

function

£(8(u)(T)) = |18(u)(T)-y]|

where y is the given desired final state. This problem and the time
optimal control problem were treated in [23 ]. Here we propose to
study linear distributed processes with more general convex cost

functions of the type
T
C(u) = £(¢(u)(T))+f0{h(t,u(t))+k(t,¢(u)(t))}dt
where £, h, k are convex functions.
The class of problems includes as important special cases

(i) state regulator problem with £ a given convex function,

h(u(t))=]]u(t)][.k(8(u)(t))=]|(u)(t)]]

(i1) fixed endpoint problem with £(g(u)(T)) =]|d(u)(T)-y||

for given y and h = 0, k = 0.

To have a suitable problem setting, we consider the following
function spaces.

If X is a, not necessarily bounded, subset of N, H] will be a
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separable Hilbert space of square Bochner summable functions on X,

2
~{I|y(X)IIEndx<°° . YyeH

H2 is a separable Hilbert space of square Bochner summable functions

on the boundary a(X) of X,

[ 122 de <o, Vzed,
a(X) - E
Further, Lp[H];O,T], p > 1, is the space of strongly measurable

functions g on 0 < t < T with range in H; such that
T |
[ 1B dt <«
0 1

. and Lr[HZ;O’T]’ r > 1, is the space of strongly measurable functions

uonO0<t<Twith range in H, such that

-

T .
IO llu(t)lle dt < =

Nofe in particular that u ¢ Lr[Hz;O,T], r > 1, implies u is Bochner
summable on [0,T]. '

We can now give a precise definition of a distributed linear
control process with convex cost function.

Consider the linear distributed control process in the separable

Hilbert space H]



105

(ACP) LP) y(t) = Ay(t)+Bu(t), y(0) = O

-

where A is the infinitesimal generator of the strongly continuous
semi-group S(t) and B is a bounded linear transformation from H2 into
the domain D(A) of A.

The responses ¢(u) of LP) are elements of Lp[H];O,T], p>1, and

are required to be in the convex set Y where,

V=18 e L[H30,T][$(0)-0,6(t) ¢ 6, Hy a.e. on [0,T],

Gt is convex}

The class of admissible controliers U is the convex subset of

- Lr[Hz;O,T] defined by

U={uce Lr[Hz;O,T]]'u(t) e 2¢ H, a.e. on [0,T], @ is convex
- response g(u) ¢ Y}

The cost function is

| i |
C(u) = £(B)T) + [ (h(t,u()) + k(tgu) ()3t

and satisfies

(i) £(y) is a 1.s.c. proper convek function on H] with

effective domain GT.' -7
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(ii) n(t,z) is a normal convex integrand (see Chapter II)
with effective domain @ such that h(t,u(t)) is sum-

* mable in t for all u e U and h*(t,u*(t)) is summable

1 1 _
+§'~1.

in t for at least one u* ¢ LS[HZ;O;T],-;

(iii) k(t,y) is a normal convex integrand with effective
domain Gt such that k(t,g(t)) is summable in t for

all ¢ ¢ Y and k*(t,g*(t)) is summab]é in t for at

1

least one g* ¢ Lq[H];O,T], %-+ g- 1

In problem (ACP) defined above, LP) has a unique solution, as a

Bochner integral
¢ .
g(u)(t) = [ S(t - s) Bu(s)ds, te[0,T].
0

To formulate (ACP) as a convex program of the form in Chapter V, pro-

ceed as follows.

Let f be the function defined by
R |
f(u) =f h(t,u(t))dt, yu e L.[H,30,T] (7.4)
0 . - _

‘In view of hypothesis (ii) f is a proper convex function on
Lr[HZ;O’T] with effective domain U. Further, f and the function f*

on LS[HZ;O,T] where

T ) .
fx(u*) = [ h*(t,ux(t))dt, vu* e L [H,30,T] (7.5)
0 ' =
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are conjugate to each other. The function ff is a proper convex
function by hypothesis (ii) and is automatically 1.s.c. as the con-
jugate of the proper convex function f, which in turn implies that

f is also 1l.s.c. Similarly, define the function g on Lp[H];O,T] 0 H]

where
. T :
g((,y)) = -2(y)- fok(t,¢(t))dt,V(¢,y) e L[H:0,T1 8 Hy  (7.6)

It follows by hypothesis (iii) that g isan u.s.c. proper concave
function with effective domain Y @ GT and has the u.s.c. proper con-

cave conjugate g* on Lq[H];O,T] 8 H, where

g*((gj*sy,%))="€*('.y*)'fg*(ts'¢*(t))dtsv(¢*:.y*) € Lq[H];(J,T]@ H]
(7.7)

- In particular, f* and g* have non-empty effective domains which we
shall denote by U* and Y* @ G% respectively.
'Finaliy, define the transformation A by
A: Lr[Hz;O,T] > Lp[H]:O,T] 0 Hy such that

Yuce Lr[Hz;O,T] 2 Au = (¢(u),¢(u)(f)) where

t
g(u)(t) = fo S(t-s) Bu(s)ds, VY t ¢ [0,T] (7.8)
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Then A is a Tinear bounded transformation. The problem (ACP)

can be written as the convex program (P)

(P) minimize f(u) - g(Au), subject tou ¢ U and

A eY® Gr
and accordingly the dual program (P*) of (P) is

(P*) maximize g*((¢f,y*))—f?(A*(¢f,yf)) subject to
(¢f,y*) e Y* O G? and A*(g*,y*) e Uf.

where A*, the adjoint transformation of A, is defined by

- |
| Af(ysf,g*)(t)=B*{ftS*(s-t)¢*f(s)ds + % (T-t)y*1, (7.9)

V(¢*,Y*) € Lq[H];OsT] 6 H]

in which S*(t) is the adjoint semi-group of S(t) and B* the adjoint
transformation of B.

Now that we have shown how (P) and (P*) satisfy the conditions
of the general models in Chapter V, it suffices to remark that all

the duality theorems make sense for the control problem (ACP).

Theorem 7.1

Given the optimal control problem (ACP). Assume in addition

that i) @ is bounded, ii) for each t e [0,T], h{t,z) > H(t) for all



- 109

z e H, where H(t)is summable on [0,T], 1iii) for the process LP),
YO GT is reachable.

Then there exists a controller u €U such that min C(u) = C(u).
‘ uel
Moreover if f is strictly convex then u is unique.

Proof: We prove that f* is finite on all of LS[HZ;O,T]. The
rest of the proof is identical to that of Theorem 6.1.

For arbitrary u* ¢ Ls[HZ;O’T]

T T
fx(u*) = [ h*(t,u*(t))dt=/ [sup{<z,u*(t)>~h(t,z)}]dt
0 0 zeH,

.
= [ [sup{<z,u*(t)>-h(t,z)}]dt
0 ze0 i

T T
<M [ |Jux(t)||dt - [ H(t)dt < +
0 0

for some positive constant M.
Furthermore f*(u*) > - » for every u* because f* is a proper

convex function.
Q.E.D.

Because A is the infinitesimal generator of the strongly
continuous semi-group S(t), there is a real number W, (see Appendix

I) such that the resolvent R(A;A) of A can be expressed as
_ o=t
R(x:A)y = [ e ""S(t)y dt, A > Wy
0 .

which implies
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This and the ¥act that H] is reflexive guarantee, [20 ], that the

infinitesimal generator A* of S*(t) is the adjoint transformation of

A.
Furthermore, if the semi-group S(t) is compact, S*(t) has the

same properties of S(t) and the abstract Cauchy problem
at) = - A*n(t), n(T) = y*

is well posed with unique solution n(t) = S*¥{T-t)y*, 0 <t < T,
see [23 ].
Equation (7.9) can be written as
(gEyA)(t) = BEn(t)
where -

I
n(t) = S*(T-t)y* + jtS*(T—t)¢*(t)dt (7.10)

satisfies
n(t) = - A*n(t) + g%(t), " n(T) = y*
The above observations were made to prove

Theorem 7 .2 (Generalized Pontryagin Maximal Principle)

Given the distributed control problem (ACP). Assume in addition
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that the semi-group S(t) is compact and that there exists an admis-
sible controller u ¢ U with response g(u) of LP) such that
(#(u),g(u)(T)) lies 1in the interior of the constraint set Y @ Gy.
Then, a controller u with response g(u) of LP) is an optimal con-

~ troller if and only if there exists a vector n in Lq[Hl;O,T] satis-

fying
n(t) = - A*n(t) + y*(t,6(@)(t)),-n(T) e al((W(T))
with y*(t,8(u)(t)) e ak(t,g(u)(t)) a.e. and such that

<Bu(t),n(t)>-h(t,u(t))=max{<Bz,n(t)>-h(t,z)} a.e.
ZeQ

Proof: Similar to that of Theorem 6.2. (

Q.E.D.

Remark: For examples of calculation of the infinitesimal generator of

semi-groups which are solutions to partial differential equations,

see [19], [21].



CHAPTER VIII

CONTROL PROCESSES WITH FUNCTIONAL DIFFERENTIAL EQUATIONS

8.1 Introduction

Optimal control processes whose equations of evolution are
linear functional differential equations with constant coefficients
are again properly defined in a function space. Following the
techniques outlined in [24], we let the process evolve in a Banach
space and obtain the responses as linear bounded transformations
(semi-groups) of the control inputs. In Section 8.2 the preliminary
mathematica]lfesu1ts are givén and in Section 8.3 an optimal control
problem is definéd and it is shown how the general duality theory
can be applied to this problem. As in the previous chapter the
solutions to the functional differential equation define a semi-
group with infinitesinial generator A. In this case, however, the
Banach space fails to be reflexive and it becomes a complicated
matfer when the adjoint semi-group can be identified‘with the solu-
tions of the equation determined by A*. A priori introduqtion of
the adjoint functional differential equation is the way out but it
leads to a duality theory in Banach spaces which are not each others

dual.

8.2 Linear Functional Differential Equations in Banach Spaces

In this section we follow J.K. Hale in [24 ] where the proofs of
the theorems can be found.

For any two real numbers o, 8, o < B, C[E";d,s] is the Banach

112
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space of continuous functions on [a,8] with range in E" and norm de-
fined as

.

v 8 e CLE"5a,81: [[8]] = sup [[8(8)]]
_ 0<0<B E

-

For any o > 0, K > 0 and any continuous n-vector x on [-o,K], define

for fixed t ¢ [0,K] the function x, on [-a,0] by

t

vte[0,K]: xt(e) = x(t+0), . yoe [-o,0]

Thus Xy € C[E":-0,0] and coincides with the segment of the function
x on [t-a,t]. |

Let f(g) be an n-vector valued linear function defined on
: C[En;—a,oj and consider the linear functional differential equation
with constant coefficients.
(8.1)

X - f(x,)

where X denotes the right hand derivative of x.

Definition 8.1

Let t, > 0 be any real number and ¢ ¢ C[E";-a,0],[]g[] < H.
The function x(to,ﬁ) is said to be a solution to (8.1) with initial

function ¢ at t0 if there is a number K > 0 such that

(i) for each tystst)+K x£(§0,¢) is defined, belongs
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to CLE"3-0,01, [[xy(ty.#)] < H.

(11).x, (t,.8) = ¢
(o)

(iii) x(t0,¢) satisfies (8.1) for to<t glto + K.

If f satisfies a Lipschitz condition then, [14], equation (8.1)
has a unique solution which depends continuously on g for every
¢ ¢ C[EM;-a,0]. We shall assume that f is Lipschitzian (well posed
problems). Then f is continuous on C[En;-a,O] and has a represen-
tation as a Stieltjes integral with respect to some matrix m with

elements of bounded variation on [-a,0],
0 ~ ]
f(g) = [ [dm(e)lg(e), V@ e C[E'3-a,0] (8.2)

This shows in particular that (8.1) includes all linear differ-

ential-difference equations with constant coefficients of the form
L ] n .
X(t) = Z Ak x(t"Tk), Tk l O
k=0
Without loss of generality, take t0 = 0 and write x(g) rather than
x(0;¢) for the solution of (8.1) with initial function ¢ at zero.
For ¢ ¢ C[E";-a,0], let x(g) be the corresponding solution of

(8.1) and define the transformation S(t) on C[E";-0,0] to itself by

Vt > 0: x.(#) = S(t)p , V6 e C[E"5-0,0] (8.3)
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It is shown in [24], that S(t) is a semi-group of linear
bounded transformations with S(O) = I and which is strongly contin-
uous for all t > 0 and compact for all t > a.

Thus, see Appendix I, the infinitesinial generator A of S(t)

~ defined by

o i S(t) - 8
Ag = llg+ -t

is a closed and linear operator with dense domain D(A).
From the definition (8.3) of S(t) it follows that S(t)g is

defined as

S(t)g(e) = g(t +0), t+0 <0

(8.4)
t+o
Sﬁmm)=¢wﬁf0 f(S(t)g)dr, t + 0 > 0,-a < 8 <0

A calculation, using (8.4) shows that Ag is defined as

%%§e+) s =0 < 8 <0
Ag(s) = 0 | (8.5)
98(0) = 17 [am(0)T8(e) = £(g)

Equation (8.1) can be written, in view of (8.2), as

0
x(t) = [ [dm(e)] x(t+e), t>0 (8.6)

-Q
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The adjoint equation of (8.6) is

0 .
*y(s) = - [ [dn*(e)] y(s-6), s <0 (8.7)

-a

Because if we let i, M be the operators defined by

0 . 0
Ex(t)=x(t)- [ [dm(o)Ix(t+e),My(s)=y(s)+ [ [dm*(e)]y(s-o)

) -0

then,

. 09
<y (£),Lx(£)>+My (£),x(t)>= TLay(t),x(t)>=f [ <y(t+e-o),

o

[dm(e)Ix(t+e)>de ]

For ¢ C[E";-a,0], v € C[E";0,0] define the bilinear real valued

function (y,#) where,

: 0 o
(v,8)=<y(0),8(0)>- [ fo <y(g-6),Ldm(e)]d(z)>de. (8.8)
o .
If.w e C[E":0,o] then the adjoint équation (8.7) has a solution

y(v) with initial function y at zero and defined for all s < a. As

above let

vs<0:y(v)e)=y(v)(ste), 0 <o <a

-
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and define the transformation S*(s) where

¥ s < 0y (w) = S*(s) v, v ¥ & CLE"30,0] (8.9)

It follows that S*(s), s < 0, has all of the same properties as S(t),
t>0.

The infinitesimal generator A?, of S*(s) is defined by

S*(s) v - v

A¥ y = Tim S

S0

A calculation shows that if A* is the operator defined as

A* = -AT then A*y is defined by

f%g(e-),o'f_eia

Axy (o) = -y O
|40 =1 Fan(o)Tu(-0)

(8.10)

and S*(s), A* satisfy the relationship,
vo e D(A%): S prsr(s)y = -sx(s)A%y,s < 0
Finally it'can be shown that

(v,Ag) = (A%y,8) , yd e D(A) (8.11)

Yy ¢ D(A*).
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where (+,+) is defined in (8.8).

8.3 The Fixed Endpoint Problem

In what follows Lp(C[En;-a,O]), p > 1, will denote the space
of strongly measurable functions x on [0,T] with range in C[E";-0,0]

such that

! (t)]|P dt
< + o
IO [Ix CLE";-a,0]

Similarly, Lr(C[Em;-a,OJ), r > 1, is. the space of strongly
measurable functions u on [0,T] with range in C[E™;-a,0].

Consider the following fixed endpoint problem.

Given the ]ineaf control process in C[E";-a,o]

(ACP) LF) Xy = Axt + Buy, Xy = 0

whefe A is the infinitesimal generator of the strongly continuous
semi-group S(t), t > 0, defined by (8.5) and B is a constant linear
transformation from C[EM;-0,0] into the domain D(A) of A.
_ Note that differentiation with respect to t in LF) is taken in
the strong topology of C[E";-a,0]. .
The responses x(u) of LF) are elements in Lp(C[En;-a,O]), p>1.
The target set G is a convex subset of C[En;-a,O] defined by

G = {x e C[E";-0,0]] ||x-X|| < e, € > 0,X given} .
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The class of admissible controllers U is a closed convex sub-

set of Lr(C[Em;-a,O]) defined by

Ustu e L (C[E™;-a,01) |u, < Q€CLE™;-a,0]0n[0,T],

Q is closed convex, response endpoint xT(u) e G}
The cost function is
C(u) = ||xT(u) - x| |
To show how the general duality theory applies to the above
'OQ,uel
f(u) =
+o,u ¢ U

then f is a proper 1.s.c. convex function on Lr(C[Em;-a,O]).

problem, define

) =] |x-x|],x € @
g(x) =

..oo,)(#G

then g is an u.s.c. proper concave function on C[En;-a,o].
&z L(C[E";-a,0]) > C[E"5-0,0]  such that

;
hu = fo S(T-t)Bu_dv, ¥ u e L (C[E";-a,0])
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Then A is a linear bounded transformation. The optimal control

problem (ACP) above is in terms of f, g, A

(P) minimize f(u) - g(Au), subject to
all u in Lr(C[Em;-a,O]

The dual problem (P*) is

(P*) maximize g*(xf)-f#(A*x*), subject to

all x* in C[En;O,a]

where f* and g* are the conjugate functions of f and g with respect
to the bilinear function (-,-) defined in (8.8).
The adjoint transformation A* remains to be determined explic-

itly.
a*: CLE"0,00 » L (C[E™0,0], 1 + 1 = 1
such that yu ¢ Lr(C[Em;-a,O]), VY e C[E";d,a]
T
fo(ut,(A*w)t)dt = (hu 49) =
06 T
=<pu (0),(0)>- [ f <IOS(T—t)But(s—e)dt,[dm(e)]w(s)>d£

-0

T T 0 ¢
=<J’OS(T-t)Bu(t)dt,w(0)>-f0 i IZ<S(T-t)But(£-e),[dm(e)]w(a)>dadt

bl 3
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T 0.8
;=fb{<ut(0),Bfo(t-T)w(0)>=_f f0<ut(£-e),[dm(e)]B%S%(t-T)w(a)>dg}dt

Thus A*y is defined by
(M%), = B*S*(¢-T) ¢ ,T>t >0 (8.12)

Theorem 8.1
Given the optimal control problem (ACP). If U is weakly com-
pact and there exists an admissible controller u ¢ U then there

exists a controller u ¢ U which is optimal, that is,.

min C(u) = C(u)
uel

Proof: If U is weakly compact then,

F(ut) = supl(u,ut)-F(u)I= sup (u,ut).
uel (C[EM;-0,0]) U<

Since (u,u*) is weakly continuous and U is weakly compact f* is
finite on all of LS(C[Em;O,a]). The rest of the proof parallels

that of Theorem 6.1. Q.E.D.

If we define for some wo ¢ C[E";0,0] the function n° dn

L (C[E™0,07). L+ 1
q( [ al), 5+ 3" where

ng = S*(t-T)¥d T>t>0
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0

Then n~ is the unique solution of

T.lt = 'A*Tlt s'ﬂ?--_-wo
where A* is defined in (8.10).
This fact, and the connection of ng with (A*wO)t according to

(8.12) leads to

Theorem 8.2 (Generalized Maximal Principle)

Given the functional differential process (ACP). Assume there
is an admissible controller u ¢ U with response x{u) of LF) such
that xT(u) lies in the interior of G.

Then, a controller U with response x(u) is an optimal controller

if and only if there exists a vector n in Lq(C[E";O,aj) satisfying
nt = - A*nts = -ﬁ-T € 39(XT(U))
almost everywhere and such that

<Bﬁi,ﬁ£> = max <Bu,E£>
Uef

almost everywhere.

Proof: Similar to Theorem 6.2.

Q.E.D.



CHAPTER IX

INTERCONNECTED CONTROL PROCESSES

9.1 Introduction

It frequently occurs that control précesses of large dimension,
that is with many }nputs and many outputs, have the structure of
mutually interconnected subprocesses of smaller dimension. Here, we
consider such a Tinear interconnected optimal control process with
cost funcfion of separable type and show how the duality theory is
of help in finding subprocesses which make up the dual of the inter-
connected process. In particular we obtain a decomposition theorem
which relates the optimal controllers of the individual dual sub-
processes to the optimal controller of the original overall process.
For related work, see References [‘25] to [‘30].

9.2 Linear Interconnected Control Processes with Convex Cost
Functions of Separable Type

Let E(n) denote the Euclidean vector space of dimension n,
Lp[E(n);O,T] the space of p-summable functions on [0,T] with range

in E(n) and consider the linear interconnected control process in

N
E(.z ni)
i=1

(r) L) >'<1. = Ai(t)x,i + Bi(t)ui v,
xi(O) =0 i=1,...,N

T) vy(t) Fij(thx;(t)

J

I
Nk N2

1
i

123
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where Vis X; are in Lp[E(ni);O,T], p>1, u; in Lr[E(mi);O,T], r>1,
and Ai(t), Bi(t), Fij(t) are continuous matrices of appropriate
order, i, j = 1,...,N.

The responses ¢i(u],...,uN) of L) are constrained to lie in the

convex subsets Xi of Lp[E(ni);O,T] where

Xi=18; © LLE(n;)50,T1]8(0)=0,8,(t) < G4(t) & En;)

a.e. Gi(t) is convex} i =1,...,N
Let U, be the convex subset in Lr[E(mi);O,T] defined by

U;=tu; e Lr[E(mi);O,T]lui(t) e Qe E(mi)a.e. 2, is convex}

The class U of admissible controllers u = (u],...,uN) is defined as

N .
U={u=(u],..{,uN) € Lr[E(iZ]mi);o’T]lui.e Uss

resbonses ¢%(u],...,uN) € Xi,i=1,..,N}
The cost function is
. N T
C(u],...,uN)=1Z]IO{hi(t,ui(t))+ki(t,¢i(u],...,uN)(t))} dt .

and satisfies as before,
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(1) hi(t’zi)’ i=1,...,N, is a normal convex integrand (see Chapter
2) such that hi(t,ui(t)) is summable in t for all us e Ui and

h?(t,u?(t)) is summable in t for at least one uf e LS[E(mi);O,T],

1
to=]

5 |—

(ii) ki(t’yi)’ i=1,...,N, is a normal convex integrand such that
ki(t’¢i(t)) is summable in t for all g; € Xi and k?(t,¢?(t)) is

summable in t for at least one g¥ in L [E(n;);0,T], %~+ %-: 1.

Extremum problems of this type were considered in [30 ] from a
mathematical programming point of view and it was shown how a dual
problem can be constructed via the Lagrangean function of the overall
problem and further how a decomposition of the dual can be obtained.
But, due to the strong assymmetry between primal and dual problem one
may arrive at the conclusion that decomposition could be obtained via
duality. This is not so, we feel, and may lead to confusion.

Here we take a different approach and apply the duality theory

of Chapter V, after appropriate modeling of the process (P).

Set,
X](t) U](t)
x(t) = : , u(t) = : and write L) as
XN(t) UN(t)
LY x = A(t)x + B(t)u, x(0)=0 (9.1)

where,
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AJE)  Fp(t)- - - <F () B, (t)

Foo(t) A (t) - - - -F, . (t \ 0
o) - l2]() ,(t) l2N() o]

1 : \

() Fp(t)- - - Ay [ 0 By(t)

«

Define the functions f, g and their conjugates f*, g*.
It follows from hypothesis (i) in (P) that the functions fis
i=1,...,N,

T .
fi(ui) = fo hi(t,ui(t))dt (9.2)

are 1.s.c. proper convex functions on Lr[E(mi);O,T] with effective

domains Ui and conjugate functions
T
fH(u¥) = [ h¥(t,u¥(t))dt (9.3)
it o | i

on LS[E(mi);O,T]. In particular f¥ has non-empty effective domain

“ which we denote by U?. Let f be defined by

f:Lr[E(m]);O,T]@—-Q r[E(mN)aO,T] - E(1)
such that
F(u)=(F10--0F ) (uys. ., ug)=Fy (ug )+, 4y uy ),

Vue D) (m)50,7] (3.4)
i=1

It is clear that f is a 1.s.c. proper convex function with effective
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domain U = U]G——GUN and conjugate.f*'Where
N
f*(u*) = (ff@—--@fﬁ)(u*), u* e Ls[ ) (mi);O,T] (9.5)
o i=1

with effective domain U* = UT&---@Uﬁ.
From hypothesis (ii) in (P) it follows that the functions 9y
i=T1,...,N,

T :
g1(¢1) = - J'O k1(t,¢,‘(t)) dt (9.6)

are u.s.c. proper concave functions on Lp[E(ni);O,T] with effective

domains Xi and conjugate functions
T
g(g5) = - [ kE(t,-g*(t)) dt
S 0 .

In particular gf has non-empty effective domain and we denote
by X?.
Let g be the function defined by

g:L,[E(n)30,710--0 L [E(ny)30,T] > E(1)
such that '
' N

'l:
(9.11)
then g is an u.s.c. proper concave function with effective domain

X = X]é--—®XN and conjugate g* given by
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| N
.-gf(é*)é(gf@--fﬁgﬁ)(¢#), Vgt e Lq[izl(ni);O,T] (9.12)

with effective domain X* = XT@—-—@XE. Finally define the map A by,
. A:Lr[E(m] );OaT]G"er[E(mN) ;O,T]"* Lp[E(n] ) ;O,T]@—-@LP[E(HN) ;O!T]

such that

Au = g(u) , You,

and g(u) is defined by

¢ .
g(u)(t)= fo o(t,t)B(r)u(z)dt, t e [0,T] (9.13)
 where ¢ is the fundamental matrix of (9.1). Thus ¢ satisfies

o= A(t) o, o(0) =1

which is a system of N x N matrix differential equations

J811- - - - 81 f]‘t) Fya(t)- - ‘FN](t) fpm - - - g1l

R Y S LW O L RO R PR
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17 = A (808P (108 - - 4y (D)9, i
- ' s 157

. L ANC) { o
B = P (D81 Fpa ()8 - - Ay (E)dyy B
(9.14)

The interconnected control process (P) in terms of f, g, A defined

by (9.4), (9.11) and (9.13) becomes
(P)  minimize f(u) - g(au), subject to u ¢ U, Au e X
and consequently the dual (P*) is

(P*) maximize g*(g*) - f*(A*g*), subject to g* ¢ X*,

CA*gx ¢ U*

where f*, g* are defined by (9.5), (9.12) and A* is the adjoint of

A
It follows from (9.14) that

V% o L[E(n))30,T16--8L [E(ny)30,T):n%g%e L [E(m;)50,T10--0L [E(my):0,T]

such that ‘
Bf(t)

\

$(T,t)85, (T,t)- - -5, (T,t) g} (t)

: ' 0 ¢* (TQt)¢* (T’t)’ - '¢* (Tst) ¢*(t)
A*¢"E(t)= \\ ]|2 22\ ~ N2 ' 2'

0 Blef \gy (T3 (1) () e
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Thus the general duality theory of Chapter'V can be applied to

the interconnected control problem (P).

We shall write (P) and (P*) in a form which emphasizes the sub-
problem-structure of both (P) and (P*).
: : . N
For Au = (¢],Z.,¢N),u € Lr[E(.Z]mi);O,T], define the map [P

i=1

' N
Ai:LP[E(iglmi);o’T] > Lp[E(ni);O,T] such that Aiu = ¢i’

N
and similarly for a*g* = (uT,...,uﬁ), * ¢ Lq[E( ) ni);O,T], define
- : i=1
the map A% by )

N
A?:Lq[E(ié](ni);O,T] > LS[E(mi);O,T] such that Nig* = u¥,

Note that A? is not the adjoint of A From the above definitions

it follows that

N N
<Au’¢*>. - .i_Z] <Aiu’¢?|5> 14 <U,A*¢*> = ig] <u.i 3A1|5¢*>

We can write (P) as,
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(P) inf{f(u)-g(au)} = inf[f(u)- 1nf{<Au ¢*>—g*(¢*)}]
' uel uel ¢*

T = inf[f(u) + sup {g*(#*) - <Au,¢*>}]
uel greX* .

Or, in view of (9.12) and (9.15)

(P) inf[f(u) + Z SUPX{g*(¢ ) =<nsu,g¥>1] (9.16)

uel - 1 i

Similarly we can write (P*) in the form

(P*) sup [g*( Z inf {F(u;)- <us.adg*>1l. (9.17)
pgreX* =] usel,

For fixed u, (P) has N separate subproblems (Pi) of the form

(P.) sup {g¥(#*)- <pju,%>3, 1= 1,2,..0,N (9.18)
ZEE

- where for fixed ¢*, the dual (P*) has N separated subproblems (P?)

of the form

(P¥) inf (F;(u;)- <u, ,A*¢*>}, i=1,2,...,N (9.19)

u, sU_I

Note that (P) as well as (P*) has the same subproblem-structure.
Before we can relate the solutions of the subproblems (Pi)’

(P?) to those of the overall problems (P) and (P*) we have to make
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some preparations.

Introduce the function K{ug *) where

N

K(u,g*) = £(u) + g*(#*) - <tu,g*> . (9.20)
Then, K is a 1.s.c. proper convex function of u, with effective
domain U and an u.s.c. proper concave of ¢* with effective domain
X*,
A point (u,g*), u e U, g* ¢ X* is a saddle-point of K(u,g) if

K(u,g*) = min K(u,#*) = max K(u,p*)
| uel greX*

Theorem 9.1 v

The function K(u,$*) defined in (9.20) has a saddle-point
(u,g*) if and only if (P) and (P*) are stably set in which case u
is a solution (optimal contéo]]er) of (P) and g* is a solution of

(P*).

Proof: For any u e U, #* e X*,

inf K(u,g%) = g*(g*) - F*(a%g*)
uel

sup K(U,¢*) = f(0) - g(ad)

¢*€X*

Thus, (U,$*) is a saddle-point of K{u,g*) if_and only if
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F@) - gll) = g*F) - FHF)

.

which, in view of Lemma 5.1, is equivalent to

min (P) = max (P*)

are attained at u and g*.
The conclusion of the theorem follows from Theorem 5.5.

Q.E.D.

Cdro]lary 9.2

Assume the process (P) is stably set. Then W is a solution of
(P) if and only if there exists an g* such that (u,g*) is a saddle-
point of K(u,g*).

Proof: Immediate from Theorem 9.1 and Theorem 5.7.
' Q.E.D.

We can now prove the decomposition theorem for the interconnected

control problem (P) and its dual (P*).

Theorem 9.3

Assumg (P) and (P*) are both stably set. If for fixed g%, E}
solves the subproblem (9.19), i = 1,...,N of (P*) then u = (U},..,UN)
is a solution to (P) if and only if g* is a solution to (P*).
Dually, if for fixed U, B solves the subproblem (9.18), i = 1,...,N,
of (P) then g* = (B?,...,Eﬁ) is a so]utjon of (P*) if and only if
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u is a solution of (P).
Proof: Let for some g* e X*, G} be a solution to (P?), i=1,...,N.
Assume u = (Ea,...,ﬁh) js a solution to (P). Because H} solves

(P?) it readily follows that

—f?(A?E%) = fi(ﬁ}) - <ﬁ},A§B?> »i=1,..,N (9.21)
and thus

-FF(A%6*) = £(1) - <G',Af}5‘*_«> (9.22)
Therefore,

K@F*) = g*(F*) + £(@) - «atf>= . (9.23)

= g*(F*) - F*(a%F*) < sup K(T,g*)
A . B X*

Since (P) is stably set and has a solution u, it follows from
Theorem 5.6 that (P*) has a solution and thus by Theorem 9.1 we

must have,
min (P) = sup K(u,g*) (9.24)
¢*€X* .
Hence, from (9.23) and (9.24)

g*(F*) - F(A¥F*) < min (P) _
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But by Lemma 5.1,

Jmin (P) > g*(g*) - f*(a¥g*)

—

so that

min (P) = g*(g*) - f*(n*g*)

what implies that 54 is a solution of (P*).

On the other hand assume g* is a solution of (P*). Then,
max (P¥) = g*(F*) - fFx(ng*)
Or in view of (9.22), (9.23)
max (P*) = g*(#*) + £(u) - <ATF*> = K(u,g%)

- But (P*) is stably set and has a solution implies (P) has a solu-

tion, by Theorem 5.7, such that
min (P) = max (P*)
That is,
min max K(u,g*) = max min K(u,g*)

ucl g*eX* g*eX* uel

and in view of (9.23),

min max K(u,g*) = max min K(u,g*) = K(u,5*)
uel g*eX* . g*xeX* ucl

Hence, (u,g*) is a saddle-point of K(u,ﬁ*) implying that U is a
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solution of (P) by Theorem 9.1. This proves the first part of the

theorem and the second part follows dually.
' : Q.E.D.

The following theorem guarantees that the subproblems (Pi)

and (P?) in (9.18) and (9.19) are stably set and do have solutions.

Theorem 9.4

Given the interconnected control problem.(P) and its dual (P*).

Assume that, for i = 1,...,N

(i) the effective domain Q; of hi(t’zi) is bounded
(i1) hi(t’zi) z_Hi(t), Y2z e where Hi is a summable
function on [0,T].
(iii) the effective domain G?(t) of k?(t,y?) is bounded
(iv) k?(t,y?) 3_Ki(t), Vyfe G?(t) where K; is a summable
function on [0,T].

Then, the subproblems (Pi) in (9.18) and (P?) in (9.19) are stably

set and have solutions.

* Proof:

. (Pi) sup {g$(¢$) - <Asu,g*>}, for some u
¥eX¥ v .
i

has a dual process

;r']f' £;(8;) - 9;(8;)}
1

where : -
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i
" sup Bi-hjugd> =
i

Further, according (9.6)

T T
9(8;) = - ] K(t,g;(t))dt = - fo{ing;¢i(t),¢¢>-k*(t,¢$)}dt
11
.
= [ {sng;-ﬂi(t),¢?> tkx(t,4(t)}dt
1

T
>/ tsup *<—¢i(t)’¢?> K (E))dt > - o
1 1 ’

We also know that 9; is a proper concave function so that 95 is
finite on all of Lp[E(ni);O;T]. Thus the dual problem of (Pi) is
stably set by Theorem 5.4. Clearly, Asu is also the solution to
this dual problem from which it follows by'Theorem 5.7 that (Pi) is

stably set and has a solution.

(P?) inf {fi(ui) - <ui,A?¢*>}, for some g*,

u,isUi

has a dual,

' *(u* -
sup tpf(uy) - fHut)y
i - -
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where

*(u* in *5 o %A%
p¥(u¥) = infl<uy,u¥> - <UgL YT

Ui\

0, "i

-0 . *g*
, uy # L3

- *hk
A3

j <U. ,U¥-p%*g*>
inf u1,u1,A1¢_

Y3

From (9.2) we have

T T
.f?(u$) = fo h?(t,u?(t))dt = jo{;u29<zi,u?(t)> - hi(t,zi)}dt
i

T
< [ {sup <zi,u?(t)> - HoAt)Mt < + =
T 0 z.eQ. 1
i

Because ff is also proper it follows that f? is finite on all of
LS[E(mi);O,T]. It follows by Theorem 5.4 that the dual of (P?) is
stably set. Furthermore it has A?¢* as a solution so that (P?) is

stably set and has a solution by Theorem 5.7.
| Q.E.D.



CHAPTER X
SUMMARY AND CONCLUSIONS

A study of linear optimal control problems with convex cost -
functions and convex constraints on controllers and responses has
- been carried out, based on some recent results in the theory of
convex functions and thefr conjugates in topological vector spaces.
The interesting aspects of modern convex analysis for applica-
tions in control theory are centered on the concepts of infinite
valued funcfions and subgradients. Infinite valued convex func-
tions make it possible to deal with constrained problems as if
they were unconstrained by redefining the convex functions involved
in such a way that they are finite on the constraint sets and in-
finite elsewhere. This leads to functions which are discontinuous
on the boundaries of the constraint sets. The functions, however,
are required to be 1ower-semi—contindous and this is a cbnstructive
property. A convex function which is finite valued on a non-empty
convex set and infinite valued elsewhere can be made lower-semi-
continuous if necessary by redefining its values on the boundary of
this convex set. The concept of the subgradient of a convex func-
tion allows generalizations of results which only could be ob-
tained under differentiability conditions. Theorem 4.1, the maxi-
mal principle of Pontryagin's type in generalized form is such a

novel result.
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The theory of convex functions in topdlogical vector spaces
is also the context of R.T. Rogkafe]]ar's elegant and general dual-
ity theory.

In this thesis, applications of this duality theory have been
made to optimal control problems with ordinary, partial or func-
tional differential equafions, providing a unified theory for a
wide range of problems.

The main results in control theory obtained from this duality
theory are existence theorems for optimal controllers and Pontrya-
gin's generalized maximal principle. The existence theorems in
all the cases presented are novel because of the weaker conditions
under which they apply (boundedness of the control constraint set
rather than compactneSS).

To the author's knowledge, the maximal principle has not
appeared in the literature in the form presented here, relying on
subdifferentiability rather than on the stronger condition of dif-
ferentiability. Duality theory also leads to a technique of decom-
posing large interconnected control problems with cost functions of
separable type into smaller subproblems. Due to the symmetry of
primal and dual problem, the subsystem structure of the primal is
reflected in a.simi1ar structure of the dual. This is an advantage
which is not obtained if the dual is defined in the calssical way
by means of the Lagrangian function of the problem. Optimal con-
trollers of the interconnected problem can be expressed in terms

of optimal controllers of the subproblems. Existence theorems for
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optimality of the subproblems are given.

The results obtained in the thesis have engineering signifi-
cance, specially for state constrained optimal control problems.
Practical considerations often require that the response of the
system is constrained to 1ie in some set after some time has elap-
sed. The C-H-J theory in Chapter III and its applications in
Chapter IV have been given for the case that the constraint sets
are time independent. The essential point of the theory is to
deal with response constrained problems and it follows from the
proofs of the theorems that extensions are readily made to those
cases with time varying constraint‘sets. These include the sit-
uation mentioned above where the system is required to operate in
such a way that its response lies in some convex set after some
time has elapsed.

Of special practical interest is the bang-bang control prob-
lem because of the simplicity of its implementation in control
systems. It is clear that the theory presented in the thesis does
not allow a nonconvex set of admissible bang-bang controllers.
However, theoretical investigation of certain problems shows that
the bang-bang controller is optimal with respect to a wider class
of admissib]e controllers. For instance consider the example of
reachability on page 89 and specialize to the one dimensional case

for simplicity. Let the class of admissible controllers U be given

by
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U= {uce Lr[E];O,T] | Ju(t)|]< 1 a.e. on [0,T]}

and let the response constraint set X be given by

1

X = (f e Lp[E‘;o,T] | 8(0)=0, #(t) « 6, CE' a.e. on (0,71}

According to the maximal principle, a controller u has its response

#(u) in X (X is reachable) if there is an n in Lq[E];O,T], such that

W(t) B(t) W(t) = max z B(t) T(t) a.e. on [0,T]

z|< 1
Or,

u(t) = sgn[B(t)n(t)], a.e. on [0,T]
and 1 satisfies
n=-Ath + P, WT)=0

where

g(u)(t)g*(t) = min x g*(t), a.e. on [0,T]
XEGt

- The results obtained in this thesis are believed to be of importance

in the numerical solution of optimal control problems. In connection
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with extremum problems some numerical results on convex functions
and subgradients have been obtained, see [4] and the references
‘given there. Further investigation in this direction however, is

needed as a next step in the applications of the results to prac-

tical problems.



APPENDIX I

 SEMI-GROUPS"AND SOLUTIONS OF 'LINEAR
'PARTIAL DIFFERENTIAL EQUATIONS

1. The Initial Value Problem

Initial value problems described by certain classes of Tinear
partial differential equations give rige to linear bounded transfor-
mations with semi-group property. Intuitively this can be seen on
hand of the following eXamp]e. The ideas brought in here will be
summarized more precisely later on.

Consider the linear partial differentié] equation, with time

invariant coefficients

yi(6st) = alxy,, ()b (dy, (t)te(x)y(x,t), £ > 0 (A1)

-0 < X <+

and suppose (A.1) together with a certain function class of initial
values is well posed in the sense of Hadamard, Thus, to every
initial value f(x) in tﬁe function class there corresponds uniqUe]y
a solution y(x,t) of (A.1) which, in some sense, tends to f(x) when
t > 07, For a fixed t each y(x,t) belongs to the same function class
and may be considered as the image of f(x) under a linear transfor-
mation S(t), y(x,t) = S(t)f(x). Then y(x,t+s) = S(t+s)f(x) but if
the solution y is uniqﬁe, we may consider y(x,s) as the initial
value so that y(x,t+s) = S(t)y(x,s). Therefore the linear transfor-
mation has to satisfy the semi-group property S(t+s) = S(t)S(s) and
S(0) = I, the identity transformation.
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According this intuitive idea of a semi-group {S(t){t > 0} as
a solution, one relates to the partial differential equation (A.1)
a function space in which the solutions are required to lie and
imposes the semi-group property S(t+s) = S(t)S(s) together with the

- strong continuity condition

Tim [[S(t+h)y-S(t)y || =0, v ¥
h+ot

The connection between (A.1) and a particular semi-group is made up

by the infinitesimal generator A of the semi-group where

py = 1im,  SlEhly - s(tly

h»>o

The domain D(A) of A consists of all y for which the 1imit exists.
Thus if y(x,t) = S(t)f(x) then

y(x,t+ha:y(x,t) _ S(t+h%-$(t) £(x)= §£El:l.y(x,t)

For y € D(A) and h » o+ we find, at least formally, that
Ay = a(x)y,, + b(x)y, + clx)y
These intuitive ideas lead one to consider a solution to the initial

value problem for (A.1) as a linear transformation y(x,t)=S(t)f(x)

where S(t) is a semi-group generated by the differential operator
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CN2
A = a(x) 3—2- + b(x) %§-+ c(x). The partial differential equation
9X

(A.1) is written as
y(t) = Ay(t) . y(0) = f

and the initial value problem formulated as an abstract Cauchy prob-
Tem in some function space in which the solutions y(x,t) are required

to lie.

2. Summary of Semi-Group Theory

A family of linear bounded operators {S(t)|t > 0} on a Banach
space B to itself is called a semi-group if S(t+s) = S(t)S(s) for

t, s > 0.
We assume that S(t) is continuous in the strong operator topo-
logy for yt > 0. Then
Wy = Tim Jog|[[S(t)[|/t <
N ) t.;m *
. The semi-group is said to be of class Co if

Vim [[S(t)y-y[[ =0, ¥ ye B
t»0

which is written as  Tim, S(t)y =y, V y ¢ B.
t»0

Then it follows that given w > W, there exists an M > 0 such that
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[IS(E)]| <M exp(wt), t>0

Further there is a set D dense in B such that for x in D,

lS(t)x “X _yl| = 0

Tim, | i

t»o0

for some y in B. Of course y depends on the particular choice of x

and writing y = Ax, xe D,

Tim, TEAGIL I S R
t-0 t |

defines the linear operator A on D, the domain of A which we shall
denote by D(A).

We write,

i, SEX =X oo yxe ()
t»o

The Tinear operator A is called the infinitesimal generator of the
semi-group S(t) and one proves that A is a closed operator, its

resolvent R(1,A) exists and

R(A,A)y = [ exp(-At)S(t)ydt, Re a > W,
0
VyeB
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Further, ¥ y e D(A), Tim, S(t)y = y and by definition S(0) = I.
t-0 .

Finally for some y ¢ D(A) and h > 0 consider

RES(E#h)y-S(£)yd= S (h)-1S(£)y=S(t) S (h)y-yH].

Because y ¢ D(A) the right hand side converges to S(t)Ay if h - ot.

Therefore the middle member converges so that

vy e D(A) : S(t)y e D(A) (A.2)
Hence the "right derivative" exists and satisfies

Vye D(A):g%zt)y=AS(t)y=S(t)Ay, vt>0"

But for 0 < h < t,

L estt)y-Ste-Hy> = s(t-h) i(ﬂ,)lLV-

and it follows that the "left derivative" exists and equals S(t)Ay.
Thus,

Vye D(A):g%(t,)y=AS(t)y=S(t)Ay, vt > 0 (A.3)

Note that (A.2) makes it possible to continue the solution of a

partial differential equation in time.
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The derivative with respect to time as defined by (A.3) is
taken in the strong topology of the Banach space B. Thus if A is
identified with the differential operator equation (A.1), %%- is a
generalized partial derivative, namely, %%-= gE~S(t)f, which is ob-
tained by having A act on f according (A.3) and S(t) on D(A) provides

a solution to the abstract Cauchy problem
y(t) = Ay(t) y(0) = f

3. A General Abstract Cauchy Problem

(ACP) Given a linear operator U with domain and range in a
complex Banach space B and given an element Yo in B, find a function

y(t) = y(tsy,) such that,

(i) y(t) is strongly absolutely continuous and continuously differ-

entiable in each finite subinterval of [0,x)
(i) y(t) e D(U) and ULy(t)} = y(¢J, t>0

(#41) Timy(tsy ) =y,

t->0+ (4] (4]

The following two theorems are due to R.S. Phillips [22], and
constitute necessary and sufficient conditions for (ACP) to have a

unique solution.

Theorem A.1
If U is a closed operator with dense domain D(U) in B and U = A

is the infinitesimal generator of class Co, then (ACP) has a unique

solution.
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On_ the other hand,

Theorem A.2

Let U be a closed 1inear operator wfth dense domain D(U) in B
and non-empty resolvent set. Suppose that for each Yo € D(U) there
is a unique solution to (ACP). Then U generates a semi-group S(t)

of class C0 such that

S(t)y0 = y(t;yo) for all y_ ¢ D(V)
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