TOPICS IN NONLINEAR FILTERING THEQRY

by
DANIEL OCONE -

Sc.B. ~ Brown University
(1975)

SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE
DEGREE OF

DOCTOR OF SCIENCE

at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 1980

(© Massachusetts Institute of Technology 1980

Signature of Author

S Vv e N = A

// ‘ Department of Mathematics
May 23, 1580
Certified by VR
. Sanjoy K. Mittar
Thesis Advisor
Acceptad by ' ' -

Michael Artin
Chairman, Department Committes




2
TOPICS IN NONLINEAR FILTEZRING THEORY

by
DANIEL OCONE

Submitted to the Department of Mathematics
on May 23, 1980 in partial fulfiliment of the
requirements for the Degree of Doctor of Science in
Mathematics

ABSTRACT

This thesis studies two topics in the theory of nonlinear
filtering; the use of multiple stochastic integrals to analyze filters,
and the use of Lie algebraic and operator-theoretic techniques to
discaver new, finite-dimensionally solvable filtering problems.

The main results of the multiple integral techniques are:

1. A simpler and more insightful proof of a result of
S. Marcus on filtering polynomials functions of a
Gauss-Markov process.

2. A formula for representing the product of two multiple
integrals as a sum of multiple integrals, thus providing
a rudimentary calculus of multiple integral expansions.

3. An expansion of the optimal mean square filter as a
ratio of two multiple integral expansions.

4. Integral equations for the kernels of the best mean
square filter of the class of (finite) rth order multiple
integral expansions.

The problem of estimating a diffusion process observed in
white noise is studied with Lie algebra techniques. Necessary con-
ditions, and in the scalar case, necessary and sufficient conditions,
are given for estimation algebra finite dimensionality. Examples of
scalar problems with fin. dim. estimation algebras are discussed, and
it is shown that, from among them, no new cases exist for which Zakai's
equation can be solved by a Wei-Norman type method.
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Title: Professor, Department of Electrical Engineering
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CHAPTER T: INTRODUCTION

1.1 The Nonlinear Filtering Problem

Nonlinear filtering theory is the study of a broad range of
problems in the estimation of stochastic processes. A typical
example concerns the estimation of a signal in additive noise. vIn
this situation, one is interested in the properties of a stochastic
process'{X(t)Itzp} called the signal. One might want to know, for
instance, the value of f(x(t)), for a function f, or even the
value g(k(skﬂ§§gﬁ) for a functional of the past of x(:) up to time t.
waever, information about x(+) is available only through observation

of the process
t
h(t) = JO h(s,x(s))ds + w(t) (1.1)

in which h 1is a given function and w(t) is a "noise", usually an
independent increments process. Thus estimates, or rather, filters,

for f(x(t)) and g(x(s);0<s<t) must be constructed from {y(s)|O<s<t}.

Minimization of.the mean square filtering error is the
criterion generally chosen to guide filter design. Thus, in Tinear
filtering theory the goal is to produce the best (mean square)
estimate that is a linear functional of {y(s)|O<s<t}. Nonlinear
filtering theory goes further; it asks for the best mean square

estimafe.given the past of y(-). If Efz(x(t))<w and if F{ denotes the




¢ -algebra o{y(s)|0<s<t}, it is well known that this estimate is
ﬁt(f) = E{f(x(t))lF{}. The goal of nonlinear filtering is to com-

pute or to approximate this conditional expectation.

Interest in filtering problems stems from their central role
in several applied subjects. For example, in the theory of com-
munication (Van Trees [48]), (1.1) is a common model for a signal
sent in a noisy channel; successful transmission of information re-
quires extracting the signal from the noise. It may also be
necessary to decide on the basis of {y(s)|s<t} between two
possibilities, h(s,x(s))z0, s<t, or h(s,x(s)) = a given signal.
This "signal detection" problem is closely related to optimal
filtering (E. Wong [461). Stochastic control problems, in which
a control is to be chosen so as to inf]uence signal process be-
havior, can also involve filtering if the control is allowed to
depend on noisy or partial observations of the signal (see

Fleming and Rishel [14] and references cited therein.).

The modern literature of nonlinear filtering begins with the
contribution of Kalman and Bucy [24], who formulated and solved the
modé1 (1.1) for the case in which x(t) is a Gaussian diffusion,
h(s.x) is a Tinear in x, w(t) is Brownian, and f(x(t))=x(t).

Their main result, to be stated in lemma 3.1, proves that the
conditional density of x(t) given F{ is Gaussian and provides a

method to compute the conditional mean and covariance recursively.



For few other cases is such a complete and easily constructed
solution available. However, two very powerful characterizations
of optimal filters are known to hold in quite general situations.
The first is a Bayes-type formula for ﬂt(f), which is due to
Kallianpur and Striebel [22] and which, in essence, represents
“t(f) by a functional integration in process path space (see
Section 1.3). It is valid for Brownian noise w(t) with minimal
restrictions on x(+), h, and f. When the signal is Markovian,
nt(f) can be further characterized as the solution of a stochastic
differential equation (Fujisaki, Kallianpur and Kunita [15]). In
~general, nt(f) cannot be.found from this result because the co-
efficients of the filter equation involve optimal estimates of
¢(x(t)) for fdnctions ¢ different from f. Thus additional
.equations are required to compute Ht(¢)’ which. in turn require
estimates of yet other functions of x(t). The resulting system
of equétions is in general infinite-dimensional. The cleanest
formulation of this infinite dimensionality is Zakai's [47]
stochastic partial differential equation for an unnormalized
version of the conditional density, assuming this density exists.
(see Chapter 5). Finally, several very recent déve]opments
promise new insights. V. Benes [1] has derived new examples of
explicitly solvable filtering problems, and Brockett and Clark
[17], Brockett [5], and Mitter [35] have begun applying Lie

algebraic and operator. techniques to the study of conditional




density equations. These developments will be discussed in

Chapter 5.

The abovesbriefly outlined results constitute the principal
highlights of nonlinear filtering theory, but, despite their
mathematical depth, they remain incompletely developed. For
many common filtering problems 1ittle is actually known about the
filter structure and one must resort to reasonable, but ad hoc
techniques. A powerful and general theory for building,

analyzing and comparing suboptimal designs does not exist.

1.2° Summary of Thesis

This thesis studies two different ideas for analyzing non-
Tinear filtering problems. The first is that of evaluating or
approximating filters by expansions in series of multiple
stochastic integrals. Such an approach is motivated by the fact
that the optimal estimate vt(f) may be thought of as a functional
Ft(y(-)) of the observation process. It is then possible to
explore wt(f) within the framework of a representation theory for
F, for instance, one that expands F in a series of simpler and
more easily manipulated basis functionals. Multiple integrals
are ideally suited for this, because they are easy to handle and

because they can represent a large class of functionals F
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(see theorem 2.2).

The second idea differs from the first in method and style.
Rather than expansion or approximation, it studies the question
of when a filtering problem can be solved in an exact, finite
dimensional manner. And rather than being probabilistic, the
techniques are algebraic and operator-theoretic. Brockett and
Clark [7], Brockett [5,6] and Mitter [35] have shown recently

that certain Lie algebras of operators, called estimation alge-

~ bras, can be associated to the problem of filtering a Markov

process observed in white noise. In examples with known, finite
dimensionally computable conditional densities, that is, the
examples of Kalman and Bucy [24] and of Benes [1], the estimation
algebra is also finite dimensional. Conversely, it is widely
cqnjectured that given appropriate hypotheses, Lie algebra

finite dimensionality will imply the existence of a finite
dimensionally computable expression for the conditional density.
This suggests the strategy taken up in the second part of the
thesis research: seek all problems with finite dimensional

estimation algebras and try to solve them.

The main results of our investigation are presented in the
following chapter by chapter summary of the thesis. Chapter 2
defines the multiple stochastic integral and develops some of its

fundamental properties. The main result here is the multipli-
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cation formula, (theorem 2.4, Section 2.3), which describes how

to re-expand the product of two multiple integrals as a sum of
multiple integrals and which is an important calculational and con-
ceptual tool in the theory of Chapter 4. Téchnical Temmas needed

in Chapters 3 and 4 are also stated and proved.

Chapter 3 contains a proof of a result originally due to
S. Marcus [29] on the finite dimensional solvability of filters for
estimating polynomial functions of a Gauss-Markov signal process
~given linear, but noisy observations. The proof here sets the
problem. in the context of Gaussian process theory by using
multiple integrals and homogeneous chaos theory. It is simpler
than Marcus' original proof and explains more clearly how and why
a finite number of statistics characterize the optimal estimate.

This work was done jointly with S. Marcus and S. K. Mitter.

In Chapter 4 we present expansion theories fér the general
filtering model of estimating a signal in white Gaussian noise.
First, we derive a representation of the full optimal filter as
a ratio of multiple integral expansions. In effect, this
representation evaluates the functional integrals of the Kallianpur-
Striebel formula with multiple integrals. Secondly, we pose a
basic problem,suggested by the multiple integral idea, for the
design of suboptimal filters: For any r, what is the best (mean

th

square) estimator having the form of an r-" order multiple
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integral expansion? Using the expansion representation in con-
junction with the multiplication formula, we derive integral

th order estimate. We then

equations for the kernels of a best r
rederive the Kalman-Bucy filter and discuss the case r=2 as examples

of the technique.

Chapter 5 discusses the Lie algebra approach to finite
diménsiona1'fi1ter computation. The main results are presented in-
Section 5.3. For vector diffusion signals with non-singular, constant
local covariance, a fairly restrictive necessary condition is given for
estimation algebra finite dimensionality. In the scalar case, this
allows all possible problems with finite dimensional estimation
algebras to be Tisted. A solution of some of these filtering problems
is then attempted using a method developed and discussed in Sections
5.1 and 5.2. The result is that only those previously known examples

of Benes can be solved finite-dimensionally by this method.

It is worth remarking that the last chapter is discursive in
style and does not present a complete theory. This chapter is
a preliminary report and discussion on calculations of interest to
a new, developing theory with important implications. To shorten
the exposition and concentrate on the main idea, we have omitted

certain cases from the analysis, but, as shall be mentioned, the
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results extend formally to them. In this regard, work remains
to be done in building more complete results. However, we feel
the ideas are sufficiently well-developed and interesting to merit

inclusion.

1.3 The Fundamental Problem: Mathematical Prerequisites

The work of this thesis employs teéhniqués from a variety
of fields. Chapters 2-4 assume familiarity with certain elements
of stochastic process theory, in particular, stochastic inte-
gration with respect to Brownian motion, stochastic differential
equations, and Ito's rule. Chapter 3 uses some homogeneous
chaos theory, which is summarized briefly in Appendix 1. Finally,
Chapter 5 requires familiarity with the use of Lie algebra/

Lie group methods in systems theory and with the theory of self-
adjoint operators. Appendix 2 states the basic definitions and

results that are needed from operator theory.

We will adopt the following conventions throughout the
thesis: all Brownian motions are assumed to have mean zero and
unity scale; 1if {z(t)[t>0} is a stochastic process,

‘Fi = o{z(s)|s<t} denotes the g-algebra generated by z(s) for

s<t.
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We now state the precise filtering problem to be considered in
the thesis. Let {x(t)|t ¢ [0,T]} be a measurable real-valued process on a
probability space (a,F,P). Let h(s,x) be a Borel measurable function.
Set
t
y(t) = J h(s.x(s))ds + w(t)  te [0,T] (1.2)
0 .

and assume

(1) w is a Brownian motion independent of the signal
process x{ )

I
(ii) E JO hz(s,x(s))ds <@

Definition 1.1. A pro;ess‘{y(t)lt e [0,T]} defined by 1.2 satisfy-

ing the stated assumptions is called an observatipn“semimargjnga}e.

Given a functional f(t;x(s),s<t) of the past of x(:), we want to

compute the optimal mean square estimate

nt(f) = E{f(t;x(s),si)lF{}

The following theorem of Kallianpur and Striebel [22] will
be a principle theoretical tool of this thesis. For a good

exposition, see Wong [46].

Theorem 1.1 (Kallianpur, Striebel). Let

dp T T

70 = o [ [ nix(shants) - 3 [ niix(s)as],
0 0
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Then (1) P0 is a probability measure, P and PO are mutually

absolutely continuous, and
T T

& - exptfoh(x(s))dy(s> - 3 | Wos)as]
t t
(19) O{dp 7Yy exp[foh(x(s))dy(s) ; Hohz(x(s))ds].

(iii) W.r.t. P,, y(-) is a Brownian motion independent of x(-).
0

(iv) x(-) has the same law w.r.t. Py as w.r.t. P.

(v) E{f(t;x(s),sgﬁ)IF{}

: dP_ oy
Eo{f(t,x(s),s§¢) PolFt}

OdP le

Finally, the concept of innovations will occasionally be

needed.

Definition 1.2. The innovations process associated to the filtering

problem of (1.2) is
t
A8 =0 - | (h(su(s) ds
Interestingly, given mild restrictions on the nature of x(-) and h(s,x),

v(t) is a Brownian motion (Lipster and Shiryayev [28]).
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CHAPTER 2 MULTIPLE INTEGRALS

This chapter will define multiple stochastic integrals
with deterministic kernels, discuss their basic properties, and
establish both theoretical and technical results that are important
in filtering applications. The main result of this chapter is the

multiplication formula of theorem 2.4 in section 3.

2.1 Definition and}B§§i;\Propgrties_ofHMUT;ip]e.Intggra]s

This section is devoted to a.brief exposition of the
multiple Wiener integral and its elementary properties. Most of the
material is well known and is due to Ito ( 20 ), who developed the
definition  in its present form and demonstrated its connection to
homogeneous chaos theory. In addition, we prove some technical
results, including a construction to produce multiple integrals
recursively from stochastic differential equations, important in

subsequent work. , )

Let {b(t)}t>0 be a Brownian motion, and let

Ft 2 g{b(s)|s<t} denote its associated family of sub-c-algebras.
If ‘¢(s,m) is a measurable random process adapted t$ Ft,(i.e.,

o(t,) Is Ft-measurab1e for every t), and if E J 32(s) ds < =,

0
then for t < T we can define the measurable, adapted process

t

J@(S)db(S);
0
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see, for instance, Liptser and Shiryayev [28 1. Recall the

properties of this integral

t
Ecj s(s)db(s)] = 0
0 -
t t t
E f ¢(s)db(s) jw(S)db(S) = J Eo(s)y(s)ds
0 0 0

We will use this single integral to define multiple integrals by

iteration, a technique different than Ito's, but equivalent in

result up to a muitiplicative constant.

Definition 2.1:

(1) F e L5([0,T]") is sepavadle on s; > s

> ese >

2
if

N .
flspsreensy) = 1 Y§1)(Sp---v(1)(sr) for
T > s] > 52 > eee > 5 .
(1) T4[0,717) = ¢fe L([0,T17) | 7 1s

(a) separable on S; 2 +rr 2 5., and

(b) symmetric}

(ii1) 'tz([O,T]r) = {stz[O,T]r | £ is symmetric}.



18

s .12 Py f =y (s,)en-
pefinition 2.2 Let f = LS([0,T17), f =vq{sy)e-ov (s.) on

y/
AR The »" multiple stochastic integral of f up

to time t 1is defined inductively by

ot
r _ Lr=1 )
1507) = [ () 10 g deb(s) | (2.2)
0
r . . "N . .
and It(f) is defined on all of Ls (fo, T] ) by linear extension.
Also, we adopt the convention, Ig( ) =

Note that (2.2) is meaningful, because at each step,
using separability and induction, y1(s) I;-](YZ"'Yr) is-a measurable,

Ft-adapted process and hence may be integrated.

Theorem 2.1 "For f, g s,ti([O,T]r)

EIL(f) =0 (2.3)
£ 14(F) 15(0) = 7 (F29)

2.4

P &4

= J 'F(S-]s"':sr)g(s‘l"“’sr)dsr '”ds'l

00 O

A .
Therefore, vr! IE is an isometry between Li([O,T]r) and

IEEE?([O,T]r)]. Since T%([O,T]r) is dense in'tz([O,T]r) we can

extend the definition of 1 to 220 0,7]") by continuity.
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Proof By (2.1), (2.3) and (2.4) certainly hold for r = 1. Let f=

Y1(ST)“in(sr)’ g = a1(sl)"°“1isk)’ and suppose (2.3) and (2.4)

hold for r - 1. Then

t
r r-1 _
EI(f) =E be](S) Ig (yyeey )ds =
t
[ vy(s) € 157y as = 0
0
t
2 10F) 1509) = [ y(s)aq(s) € 10 Gy 171y
Q
t Sp-1

The theorem follows by induction on r.

Remarks 1 By continuity, (2.3) and (2.4) hold for all f in
2(10,717).

2. It is not necessary to require that f be symmetric

since integration is carried out only aver the set

S1 28y 2 +++ > 5. However, the convention of symmetry is useful

later on.

ceq_)ds
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~

3._ For f ¢ QZEEO,T]r], let f(s,...) denote the section

of f at s. We want to write

t
10(f) = J IT(#(s,...))ds, ~ (2.5)

but, to do this, we need a measurable version of VI:(f(s,...)). If

f 1is separable on 4 Sp 2 0t 2 S, this measurable version is

immediately guaranteed; indeed, this is how we defined I;. If f
is not separab]e; 1et'{fn} be a sequence of separable functions

such that llfn-fll » > 0. We then see that Tim m.s I°(f (s>+++))
L s n

N-+ca
is a measurable version of I: (f(s,++:)) and hence (2.5) is

valid.

let @ .Er = LZ(Q,FT,P) be the homogeneous chaos
r=0
decomposition of {b(s)|s<T}, (see Appendix 1 for the definition of

this decomposition).

Theorem 2.2 (Ito)

For every r, 8. = (0(£)[f < T3(L0, 71Ny Thus, if
b € LZ(Q,FT, ), there exist kernels kr e'tz([O,T]r) such that
o= kgt ]

17 (k
r=] T

e
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Proof The full proof may be found in Ito (20), but let us sketch
briefly why it is true. First, note that the spaces

V. = I;(fZ(EO,T]r)) are closed. Moreover, by using step functions

we can see that V_ <& P and P.c Vg eV, (V. =R), (see

0
appendix 1 for the definitions of Pr and 5}). Since

G.= P. @ P it suffices to show V_ 1 Vg forr#q, that is,
that integrals of different order are orthogonal. This fact, one
of the salient features of multiple Wiener integrals, is easily
verified. If f < 12([0,T17), g < T2([0,71%: r > q, then, from

(2.5) and (2.1),

-
E 17(F) I?(g) = f E I§'1(f(s, ..))I§-1(g(s,l..))ds
0
T Sq-] o
= f [ E ISq [f(S-[, :Sq, )]9(51, asq)
0o 0
dsq-uds1
=0.

Multiple stochastic integrals generalize easily to the

T

vector case. If b (t) = (b 1(t) bv(t)) is a v-dimensional

Brownian motion and if f e'tz( 0,T1"), we can define
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t Spa1 .-
r - F .
3 () = | J JORBRRCIICRISUNCHE
o 0 r

If (r,sz--zr) # (q,k1~--kq), then the integrals

r;l'l’--n’i
t

q;l.l’-co’

1 "(f) and It 9(g) are orthogonal.

In the case of separable kernels, a construction observed
by Brackett (3 ) for realizing deterministic Volterra series can be
adapted to produce multiple stochastic integrals from stochastic
differential equations. This result motivates the use of multiple
integrals because it says we can calculate, or at Teast approximate
them recursively. Moreover, the criterion of kernel separability
is used in Chapter 3 to prove finite dimensional computability of

certain optimal filters.

Theorem 2.3. Let f a‘?i(EO,T]r). Then, for some n, there exists

an RM-valued process z(t) that satisfies

dz(t) =

A (t)z(t)dbz(t) 2(0) = z
2

1 2

<

for some n x n matrix functions Az(t)’ 2=1,-++, v, and for some

n-vector function c¢(t), such that I T(£) = ¢ (t)z(t)t<T.

t —

Proof It suffices to consider f = y](s])---yr(sr). Suppose

111 = ... Zij =1, iy < i, < +- < i and define the (r+1)x(r+1)
matrix Az(t)
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\E (t)s (1»]) = (1k’JK+1) 1< kf_J

s b —_
A1J(t) - k
0 , otherwise
‘ That is:

o 0 P

i,-row 0 711(t)

Az(t) = 0 ¢
‘fJ_"Y'OW 0¥ 1':.(t)
J

] 0

0. Consider the system z(t) ¢ Rr+]

Otherwise, define Az(t)

dz(t) = T A, (t)z(t)dv,(t), 21 (0)

ne~—<

= (O:"':Osl) .
2=1

We have



t Sp-
z¢w=[o kqhﬂ YRCRLCRERR NN
Thus Ir;zl ir(f) = (1,0,+--,0) z(t)

Finally, we will need a Fubini-type lemma on the inter-

change between ds and db integrations

Lemma 2.1 Let f e'tz(EO,T]r). For t < T

t t  Sre2t
r-] - e 0 L3R I ]
J_IS (f(sy+-e)ds = J J J Flu,sqseeess,.y)
0 0 0 Sq
du db(s,_q)---db(s;) - (2.6)
t
Proof Define gt(s1,---,sr_1) = Js f(u,s],'o-,sr_T)du. The r.h.s. of

(2.6) is 12'1(gt). To prove the ! lemma, simply verify that

t

et 1R (s, e s - 1781 = 0
0

by using the basic properties of the multiple stochastic integral.

2.2 The Observation Semi-Martingale Case

For purposes of filtering we must define multiple stochastic

integrals
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t r-1

e [ stspeesaants 0 antsg) (2.7)
0 0

with respect to observation semi-martingales

t %
yu>=fﬂg¢+wu). (2.8)
0
(Recall, from definition 1.1 of observation semi-martingales, that
x(-) and w(-) are assumed independent, w 1is Brownian, and
7 s

E I xz(s)ds <o for somé T, 0 < T < =.) Such integrals are well

0 .
known and are developed extensively in martingale theory; Meyer [33]

is the best reference. However, the structure of the observation semi-
martingale case allows a simple construction, which we develop
here. Begin by noticing that, as stated in Theorem 1.1, y(:) is
- mutually absolutely continuous w.r.t. Brownian motion; if P
is the original measure under which the processes of (2.8) are
defined, there exists a P0 mutually absolutely continuous w.r.t.
P, such that y( ) 1is Brownian on (Q,F,PO) for t < T. Therefore,
for f ¢ LZ(LO,T]r) we define (2.7) as the multipie Wiener integral
of the previous section by working on the measure space (Q,F,PO) and

we call this integral I?{f) without reference to measure.

Remark The process with respect to which multiple integrals are
taken will-always be clear from context and so will not be

indicated in the notation I;(f).

*For simplicity of notation, we have set h(s,x)= x in (2.8) (see section
1.3). The results to follow are valid for generai h satisfying the
conditions specified in secticn 1.3.
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For F¥ -- adapted processes  4(s,w)
such that P{J ¢2(s)ds < =} = 1, we can define the integral
0
t t t
| sts)arts) = [ atsixges + [ a(s)ants) (2.9)
0 0 0

(see Liptser and Shiryayev [28]). As with the Brownian case, (2.7)

may be interpreted as an iteration of (2.9)

Lemma 2.2 Let f e 12(C0,TI").

t
10() = [OIQ"(f(s,---))dy(s) t<T.

Proof: This r%sult is an easy consequence of the more general fact:
the process I ¢(s)dy(s% defined in (2.9) is stochastically equiva-
lent to the prgcess (J ¢(s)dy(5))PO formed by working on

(Q,F,PO) where y is Bgownian. The equivalence of these integrals

is obvious for stochastic step functions

|
*

¢’(S3w) = z ¢(tisw)] )

(s
i=1 (tj’ti+1]

and it follows for the general case by taking limits of such

step functions.

](t1’ti+ﬂ (s) = indicator function of (ti’t$+ﬂ
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The expressions (2.3) and (2.4) for the mean and covariance
of multiple integrals no longer holds in the semi-martingale case.
However, it is important in later calculations to evaluate these

moments, and, for this, the next lTemma is useful.

T

Lemma 2.3 Suppose E[J xz(s)ds]r < =, Then for k < r and

f ¢ T2(00,71%) 0

(i) E[It(f)]2 < My ||f||2 ; M, < = is independent of f

‘ > 1
‘s k P
EI f = o e e f ,oon’ )
(1) £(f) jo Jo (sq Sy

E x(s1)--4-x(sk)dsk-~-ds-l .

Proof. We will actually prove by induction the more general

result: forr> 22>k o, .0, e[0,T]

E[x(ol)---X(ckﬂ)Iik(f)]zi n, k(ogars o ) FIE (2.0)

where h, | e d ([O,sz'k), and
. % ST Sk
E[x(cl)u-x(cm)Ick.(f)] . fo jo --¢J0f(s1,---,sk) (2.11)

E[x(s1)--x(sk)'(ok+1)°-x(cl)]dsk--ds1
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Lemma 2.3 is the case 2 = k for every k < r. First we

demonstrate (2.10) and (2.11) for r > 2 > k = 1, using the

iterative formula of lemma 2.2 and the independence of x(-) and

w(-). Thus
0'~| O-I
£lx(o,)x(ay) [ £()ay(s)1? = Elx(a, ) +xloy) ] Fls)x(s)es +
0 0
G'-l T
[ #(s)amts)iFs ez | (o) ox(s)P%as + (2.12)
0 0
2 Elx(o, Rox(ap) 2] F11Z =y q(ogs 00 ) 17117

To derive the inequality in (2.12), the Cauchy-Schwarz inequality

is ¥sed several times. h € L]([O,TJR']) for 1 < r because

2,1
E[J xz(s)ds]r <=, Likewise
0

9

’ o]
1
€lx(ay) - x(op)] Fls)avg] = tlx(a,) - x(o) [ f(s)x(sas +
(2.13)
7 91
[ #s)an(s)1] = [ Fls)Ex(s)x(ay) - x(s,) Tes.
0 Q

Now suppose (2.10) and (2.11) are true for a fixed

and all 2, r > ¢ > k. Again, using I§+](f) = J Iz(f( <) )dy(s),
0

Cauchy-Schwarz, and induction,
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k+1 2
E .o I f <
[x(s,) x(sg) g (I <
Tkl s,
2 [ £Lx(o,)  xlog)x{sy 1§ (Flspoe))1%as s
0 0
k
+ 2 [ Elx(o,) xloy ) TE (75, ) D 2as
.

T

[2 I hz,k(s’°k+2’”’°2)ds + 2h2_-| ’k(dk_i_zs"adz)]llfllz
0

|A

JEICHPREERILIE

By induction, h2 k] € L]([O,le'k'1). Thus (2.10) is true for

k + 1. That (2.10) holds for k also implies

Thus, because of (2.3),

t
E f I:(f(s,"))dw(s) = 0, for t <T.
0
With the aid of this equality we can prove that (2.11) also is true
for k + 1.
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‘This completes the induction step. Induction stops at k = r since

we have required r > 2 > k in order to apply E([ xgds)r < @,

Ig

2.3 The Multiplication Formula

) To any given functional ¢ ¢ L%(Q,Fg,P) of a Brownian

motion b(t), t < T, one can associate a sequence of kernels
@ A2 r
{kr}r=0’ kr e L°([0,T] ), such that

o=k, + ]

r
n=1It(kn)

For applications, it is necessary to have rules for manipulating
this representation, rules that describe how the kernels kn

behave under various transformations of the ¢'s. This section
states, proves and discusses such a rule for the simplest case; if
fe t?([O,T]r), g e'tz([O,T]q), what are the kernels {Zi}?=0 such

that

S0 s T

The answer will require some new definitions.

Definition 2.3

L

(1) P. = projection of Lz([O,T]r) onto tz([O,T]r):
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g.) = lr } hio

(Prh)(cl’ r rl £
7eS

where Sr = permutation group on r letters.

(ii) For integers r,q,k, 0 < k < min(r,q), and

€ ?-Z(EOsT]r): g 512([0$T]q)

(fk ® (t)gk) (O"l > ’cr+q-2k)

t t

-1 ..
= H‘j "J' f(S-Is askac'l""cr_k)
0 0 -

g(s'l [l ’Sk’cr-kﬂ PR ’°r+q-2k) .dSk’ . 'dS1

(i'ii) f Q gk c'ls";cr+q_2k)

Prag-2k [T @ (819 (oq57 50,0 5, )]

(iv) fOg=f,O(t)g

Pr+q[f(0'.l,--,qr)qcr+],..,0- )]

r+g

() (t) is the basic operation by which new kernels are

created from o1d, and, indeed, we will show in lemma 2.4 that

7,0 (t 2(10,717) = 1%(10,71%) ~T2([0,71797%%) . To better under-
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stand @ (t), it is useful to think of the functions f and g

as tensors, which they in fact are under the isomorphism
L2([0,717) = L3([0,T]) ® -- ®L([0,T]) (r-fold). Then

fk (:)(t)gk may be viewed as a tensor contraction, and

ﬂ( C)(t)gk as a symmetrized tensor contraction. The notation
fk() (t)gk is meant to recall the summation ndtation, i.e.,

a sum (integral) is taken alodg the first k indices of f and g.
It is in this definition that we make use of the convention that the
integrands f and g are symmetric; otherwise (®(t) would have
a much more complicated definition. Finally, as an example of (),
consider the case r > g = k. By direct computation using the

symmetry of f,

q Y‘-q [}
t t
11 '
r=q q‘ J [ Sz 'F(S-l: 3Sq ‘n’(])’ ,Oﬂ_(r_q))g(s1 ’ s SY')
0 0 °r-q
X dsq--ds1
t t
) %T I ) j Flsqgsrssgs0ys0es Ur_q)9(31,",sq)dsq--ds] .
0 0

The Main theorem of this section is:

Theorem 2.4 Let f ¢ L2([0,717), ¢ = 1%([0,T19).
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min(r,q) ;
e i) = I, Oty L (2.9)

k=0 r-k
(2.14) shall be referred to as the multiplication formula. Our
proof of (2.14) uses Ito's differentiation rule and induction, and
it is fairly complicated in its details. Therefore, before embarking
on the proof, we will set forth the relevant properties of (©
in some preliminary lemmas. In what follows, f will always denote

a function in ’EZ(EO,T]F), g a function in 'tz([O,T]q).

Lemma 2.4 For every t < T

f, O (t)g,  L3([0,T17F"2K)

In fact

150 (0912 < e oy 1112 g1l

where ¢ is independent of f and g.

r,q,k

Proof It suffices to prove the lemma for ®, instead of © ,

since P is a bounded operator. Let do = do]--d

r+q-2k Tprsq-2Kk

ds = ds]--dsk. We then have, using the Cauchy=Schwarz

inequality

@l = [ & 1
[0 T]r+q-2k )
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x [ [ dsf(sqsvasy00e)90sy0 S0 a0 o) ]
[0,71¢

‘ - 2
*f dS §7(Sqa 0581000 12 " 2T pequg)
[0,71¢

1 a2 a2
MPIY: HEH Tl

Lemma 2.4 establishes that the kernels in the expansion
2.14 are square-integrable and hence that the multiple integrals
are well-defined. The next lemma collects useful identifies and
facts about () . Recall that the notation f(sl,--,sk,--) in-
dicates the section of f in which the first k variables are

fixed at 51""Sk’ respectively.

Lemma 2.5

(1) flogsee)y G(c])g(UT,-.)k(gz,..,cr+q_2k_1) 20, T)rHam2kATy

(11) £, O (t)g, . |
=-fk® (a)g, + Lf(s,--)k_}O (s)g(s," )y _1ds (2.15)




(i) follows by calculations similar to the proof of
lemma 2.4, namely, one writes out the definition
of the square norm and applies Cauchy-Schwarz. The

details will not presented.

(i1) By direct calculation and definition, using the

symmetry of f and g extensively.

t t
1
= Pr+q_2k[ET[ b [ dS-x'-dskf(S-ls",Sk,")g(S],.-,sk,..)]
0 .

tS1 Sk )
= Pr+q-2k [JOIO ...JO f(s1,..,5k,..)g(s],..,sk..)dsk.. 51]



+

1
Pr+q_2kETE:TT![cds [0"I0f(51,'-,Sk,°j)g(s1,--Sk,--)dsk--dsl]

£
£, O (a)g + chs £(s10) g O (8905, )y g

(ii1) and (iv). The proofs of (iii) and (iv) are similar, (iv)
being just a special case of (iii). We shall only present (iv)

as it is simpler. Note first that, by definition,
'Y:_{—q'[f(c'l"°) 0 (t)gl(O’Zs"’O’rq.q)

B} 1
“ wq ) ngﬁ f§°1 9 (2) "% (r)
q-

g(cv(r+1)""°n(r+q)) (2.]8)

where 7 ¢ S is interpreted as a permutation of {2,.-,r+q} .

r+g-1
Now using the symmetry of f, (2.18) may be written as:

jth position
v

1=
(r+q) | jzl ) f(c'.r(Z)’“’cn(,j-Z)’c'l’Grr(j-l)’“’cw(r)) X

= TTESr+q_]

g(ow(r+1)".’°n(r+q)) (2.19)
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Using the expression ana]ogousvto (2.19) for F%E O 0t)g(c1--)

(g Flop ) O (1)g + 2 FOE) gl )1 (og0emu0)

th

1 | - i“" position
) rq !EJZ] weg f(Un(Z),i-,c1,°°,cw(r))
, TTr+g-1
Hn(m1)2"%n(req))

q
t b L Ty e e

ifh position
9(Sa(re2) 7" 19127 59 (1eq) )]

]
G VT DRSSO PR AT

r+q

= f Q (t)g(c],--,c

This is the desired result.

) .

r+q

Proof of theorem 2.4. We use Ito's differentiation formula and the

preceding Temmas to implement an induction argument that proceeds
in two steps:

(a) Show (by induction) that (2.14) holds for orders r =n, q =1,
Un
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(b) Assuming (2.14) for (r-1,9), (r,q-1) and (r-1,9-1), show that
it holds for (r,q).

(a) and (b) then provide a consistent scheme of induction as shown

by the following diagram demonstrating the paths of implication.

L 0
2 0
3 0o = 0
s= At 2 1 etc.
2 0 = 0 = 0 =
N N I
1 o = 0 = 0 = 0 =
1 2 3 L
r=

Step (a) Forr = 1, 9 = 1. By Ito's differentiation rule
t t t 31
OIS | stsren(s) - Uotf(51)9(52)+f(sz)g(sl)]db(sz)db(sﬂ

t
+ J f(s)g(s)ds
0

Suppose that the theorem is true for (r,q) = (n-1,1) and let
f s'tz([O,T]n), g a/tz(EO,T]). Applying Ito's differentiation

rule again,




t t ~-
AT (e = [ a(s) 13(Aan(s) + [ 13755, ) T(a)an(s)
0 0
t
+ f 12'1(9(5)1‘(5, ))ds
0

By induction,

S

Lemma 2.5(i) and lemma 2.1 justify interchanging integrations
in the last term of (2.20):

t ‘ t

[ 1 ats)ets, s - Iﬁ'ws GuIF(unsysmmosy

0 1
Thus, by substitution in (2.20)

t
"(£) 14(g) = jo Mg(s)F(++)) + 1(nlF(s,++) @ g1)3db(s)

(2.20)

10 (F(s, - N)I(9) = 12(nLf(s,) @ g1) + I73(5(s, o) O (s)gy).



And by lemma 2.5 (iii) and (iv) this becomes

n+1

M ((e1)F @ g) + 1771(F, @ (8)gy)

which completes the induction step of (a).

Step b Without loss of generality assume that g < r. The induction
hypothesis is that theorem 2.4 is true for (r-1,q), (r,g-1), and

(r-1,9-1). Apply Ito's differentiation rule:

t
(130 = [ 1d@1f (5, ab(s)
. 0
s foxg'l(g)x;(f)db(s)
t
+ f 1;“(f(s,--))1§’1(g(s,--))ds : (2.21)
0
By induction
min(qg,r-1) (2.22)
Qg (Flsy = 1TFal-2k (AR (s, ), @ )
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~ -

min(r,k)

1013 (s, o)) = L 172k (B £ 0 (s)g (s,

(2.23)

-1 -1
I (F(sye )1 (a(s, o))

‘min(g-1,r-1)+1
= L I1;+q-2k ((r+3:§k)f(s,")k_]C3 (S)Q(S,'-)k_])
| (2.24)

Now substitute (2.22) - (2.24) into (2.21), interchange dt and db(t)
integrations where necessary, and collect like order terms. The

result, after some nasty calculation, is, if q < r

1L (f)13(g)

QTN ) @ 6] + (YD PO alsy, ) 1105,

r-1 B

r+q

q-1 - -1-
T LTI sy 0, @ (sdalsgs ) (g0 o5 )

+ (ML) 15,0 (5905707 ) 550 S )
t

+ (r+ﬁ:§k) Js Flu, =)y Olu)glu, -+, _ydu} (2.26)
1

+ I;-q{[f(sl’”)qe(5])gq](52:“35 )

r-q



. o1

O (u)glu, )

q_]du} .

Now examine the kernels of the last expression one-by-one. The first

kernel equals
(") G (57570 © 9)(sps7 55 p0)
* g (FOOlss ) (s sy,

= (r+q)(f©g)(s'l: *sS ) .

r+q

q

)

(2.27)

The last equality comes from lemma 2.5(iv). Likewise apply

Jemma 2.5(iii) and (iv) to the kernel of I€+q‘2k

The kernel of Ir q-2k equals

(T2 g (Fls1 ) @ (57)g) (557 )

F%T(—' Ri O(S])Q(S], )k] (52:")

,'lg_k_<_q-'l
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= (MRHIEO (Mg ) (sy0005,,0 )] (2.28)

Finally, in the same way, the kernel for Iz-q is

(fq@ (t)g)(syaus, ) - (2.29)

r-q
By combining (2.27) - (2.29) in (2.26) we complete the induction
step (for g < r):
min{r,q)
riz\.9 - r+q-2k,  r+q-2k
k=0

The proof for g = r is the same; we need only check that the lowest
order contribution in (2.26) corresponding to k = q is

£ 51 sq_]
f O (t)g = J f i J f(s'l’...!Sq)g(s-l’".,Sq)dsq...ds-l.

00 0

The multiplication formula relates directly to properties

of Hermite polynomials, as one naturally suspects from the connection
between homogeneous chaos and multiple Wiener integrals. In fact,
letting '{hn(x)}n=o denote the Hermite polynomials defined in
Appendix 1 and taking {¢n}:_] to be a complete orthonormal basis
%

of L EO,T]T), recall from theorem 2.2 and theorem A.1.1 that
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) |f e T,L0,TIN) = &,
n T
Soan £ 10, ([ 05 (o)dblo)) [pyeeper, 3 are
i=1 "1 g |1
pairwise unequal } . (2.30)

Now, the hn(x) satisfy the identities

min(r,q)

ne(xhgle) = T /IG) ATk (2.31)

ek ) Mgk

for r,q > 0 [see e.g., Magnus and Oberhettinger [26]). Comparing
(2.31) to (2.14), one thus sees via (2.30) that the multiplication
formula effectively generalizes the identities (2.31). There is a
discrepancy between (2.31) and (2.14) in the factors multiplying the
expansion terms, but this is due to the different normalizations in-

volved in the definitions of h_, 1" and ©

It is natural to ask whether theorem 2.4 can be proved
using (2.31). However, this strategy appears exceedingly difficult
to implement and I have not succeeded in doing so. Recently Hida [18]
obtained a proof of the multiplication formula independently of
myself. His proof effectively generalizes the techniques used to
prove (2.31), but to do so he must invoke his advanced theory of

generalized Brownian functionals. Our proof, though invelved
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computationally, proceeds via elementary methods.

The multiplication formula can also be used to generalize

a fact about Gaussian random variables. Suppose Z 1is a normally

2

distributed r.v. with mean Q0 and variance ¢~. Then the well known

identity

2m 2m

EZ7 = (2m-1)-+3.q
expresses the higher order moments of Z 1in terms of the variance.
Clearly it implies that if Xn is a sequence of mean (0 normal

2 2m

r.v.'s, EXn 0. as n-= iff EXn -0 as n->o« for any

integer m > 1, or, in other words, that mean square and thh
order convergence are equivalent for any given m. Now It(f) is
an element in the mean-square closure of rth order polynomials of
a Gaussian process, and hence itsmoment convergence properties are

similar.

Theorem 2.5 For any r and k, there exists an Mr K < such

that

2k 2k '
E((IT(F) Y < Mo FIF1 (2.32)

for a1l £ ¢ 12([0,T]").

Proof Assume that, for a given n,
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nr
(13N = XOI?W (2.33)
1=

where

k0 <MIF112" e nr (2.34)

~ Using the multiplication formula there exist kernels hz such

that
(n+l)r

1%(h,)

+1 _
(1p(FN™ = 7(h,

T 220

' and, from lemma 2.4, there will exist an N such that
nr
2 2 2(n+1
b1 < N T 112 (12 gl 20m)

for every ¢. Thus (2.33) and (2.34) will hold for n + 1 also, and,
since the case, n =1 is true, they will hold for all n by

induction. But then

2 nr

<MDKkl

nr
e(1(n)1%" = IO b

<M (],
0f course M" will depend on n and r.

Corollary Let ({f J7_; and f be functions in (o1,

Then [[fn—f[[ - 0 asn-+= iff
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ELIHF )T ~ 0 asnse

for any or all k > 1.

Remark Theorem 2.5 is not new. I. Segal [43] has derived (2.32)
in the context of Gauss measures on Hilbert spaces. In fact, he

obtains a universal constant ¢ such that |

E(I¥(f))2k_5 p2kre llf[|2k for all k.

Theorem 2.5 is also related to the Nelson 38 theory of hyper-
contractivity; see Mitter and Ocone 36 .  Neveu 39 s a good

reference fbf one ve;Sion of Nelson's hypercontractiVity theorem.
McKean [32] and Wiener [45] also develop identities for

expressions similar to E[(I?(f))Zk] in theorem 2.5. In these

treatments, the interesting corollary above is not generally observed.

The next result is a variant of an easy and well-known
identity first appearing in Ito [20], and stated here in (2.39). Our
proof employs the multiplication formula.

2
(

Theorem'2.6 let ¢ e L Q,F?, P have the multiple integral expansion

6 =7 I0(k) .
r=0 T 'r
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Then

kr(c-l,"°,a —’T'.—BEY" Eé.b(c'-l)"'b(c ) .

Proof For given 0g 3 91> Tt 2 Oy Tet
(s) =1 :
Y [O,Gi](S), 0O<iz<r

be the indicator function of [O’Ui]' We will first show that

r
1 T E?J 2
- I r-2n;.n

b(c‘l) b(ol") IT(Y Y ) + nZOIT (hc'['ucr) (2.35)
where

[EJ = max{n|n 5_%}
and each kernel hn +++g_ has the form

a9y r
N
n _ i
Mo vev, 1.Z]S‘a]---ar (2.36)

in which the g; functions each depend only on a proper subset

1 r
of the indices TR This fact will greatly simplify the task
: a" : .
of calculating —33717733} E¢b(aq)---b(o,.) as will be seen in (2.39)

below.

Since (2.35) is valid for r = 1, it can be proved for

general r by induction. Thus, suppose (2.35) is true for r.



Then

[r/2] )
T )

o‘_l -ooo‘r
Now expand all the products in this sum by the multiplication formula.
It is easily seen that the kernels of any multiple integrals that arise
from expanding the terms

1, 0y.r=2n,.n
L (v (hc1,,_0 )

will be of the form (2.36). However, the first product is
0 1
I}(Y )I¥(Y ceey”)

) I;+]((P+1)Y°C3 (Thy!eeey™) + I;-]«YO)IC:)(T)(Y]"'Yr)1)‘

The first kernel is

j(sj_'( )Yj+] (Sj+'| ) e "Yr(sr)]

15 1
=T jZO Yo(sj)fv (5) ey

for Sg 2 Sytx s

e 1 1 .
But note that if j > 0, YO(SJ)Y (so)=y (so) for Sg > S5 since
09 297 2 35g implies 9y 2 sj. Thus the last expressicn may be

written more simply as



1 0 )eyT 13 3+
—Y:'F_T Y (50) Y (ST‘) + 1 JZ )'Y (SJ'H) Y
and only the first term depends on all the indices S FRARNL
Likewise, the second kernel is seen to be
9
[ 112 s)) s )es (2.38)
0

The only kernel in (2.37) and (2.38) that depends on every index is

Thus by substituting the results of these kernel computations into
the expansion of b(°0)"b(°r)’ we find that (2.35) is true for

r + 1 as well. Thus (2.35) nolds for all r by induction.

As a result of (2.39)

37
301"+ +30, B9 bloq)--+b(o))
r
3 r, 1 r
s B lplyieeer)
3gq 080, T
3’ (r/2] cr=2n,.n
+3 el E"?IT (h ces )
9 “r n=0 %1%
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3" r r
T Sl e3 Eo I-(y ++ov)
30’1 Gr T
t 5 Sp-1
- ar
= ag] .ac J f O'J kr(s]: ) [0 U]]( )
00 0
IEO.ch(sr) ds_""ds, (2.39)

= kr(cl,..-,gr) .

This completes the proof.

Finally, we note that theorem 2.4 extends easily to the
case of multiple integrals with respect to observation semi-
martingales.Under added assumptions, theorem 2.5 and its corollary

extends also. Indeed, let 17 (f) now denote integrals witﬁ respect

T,y
to y and let PO be the measure w.r.t. which y(-) is Brownian.
dp.2
Theorem 2.7 If E0 (Eﬁ_) < =, theorem 2.5 and its corollary hold
._____;______ ;
for IT,y'

Proof Use the Cauchy-Schwarz inequality to derive

2[1f  (72% - 0{320 1 (93 < £y/% g ] 2 2 Tip (1%
1/2 dP
.<_E0 (Eﬁa) Mr’kllfll
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xz(s) ds.

See, e.g., Wong [467.
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CHAPTER 3 ESTIMATION OF NOMLINEAR FUNCTIONS OF GAUSSIAN
' PROCESSES

In this chapter, we begin the application of multiple
integral expansions by treating a filtering problem considered by
S. Marcus in his thesis [29 ], (see also Marcus and Willsky [31 ]).
Marcus succeeding in constructing a class of filtering models which
are intaresting forﬂsystems applicatians and for which optimal
filters can be finite in dimensionally and recursively computed,
(indeed, a rare and happy event!). Roughly speaking, these models
pass the outputs x(t) of linear stochastic systems through poly-
nomial nonlinearities and seek to estimate the result based on

linear observations of x(t) in white noise.

Marcus's original proofs accordingly rely upon linear
filtering theory and Gaussian moment identities, and so his
techniques never really leave the realm of Gaussian process theory.
One naturally suspects that the proper framework for his problem
is homogeneous chaos theory, the theory of polynomials of Gaussian
processes. In what follows, we will show this suspicion to be
well founded by developing a direct proof of Marcus's results with
multiple Wiener integral techniques. We feel this proof explains
in the clearest manner why finite dimensional filters occur in
this problem and how the filter statistics arise. The results to

to be discussed here have appeared in Marcus, Mitter, Ocone [30 ],
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where an extension by Marcus to the discrete time case is also
presented. It should be noted, as an aside, that solving the dis-
crete time case requires using polynomials of the innovations,

(see Marcus, et. al. [30]). This feature, which does not occur for
continuous time, is explained by homogeneous chaos theory. We will
not comment on the discrete case any further. Finally, Hida and
Kallianpur [19] solve the related problem of predicting polynomials
of a Gaussian process using noiseless observations, and they also
use multiple integral techniques. By contrast, the results here

deal with the case of noisy observations.

A brief exposition of the homogeneous chaos theory relevant

to this chapter is presented in Appendix 1.

The problem may be stated as follows. Consider the linear

system:

dx(t) = F(t)x(t)dt + G(t)dw(t) x(0)=x0 (3.1a)

dy(t)

H(t)x(t)dt + dn(t) y(0)=0 - (3.1b)

In (3.1): x(t) ¢ R", y(t) eR"; F, G, and H are piecewise con-
tinuous, bounded matrix valued functions; w(t) and n(t) are inde-
pendent, vector Brownian motions; and xo'is a Gaussian random vari-
able independent of both w(-) and n(:). We consider x(t) to be the
signal process, y(t) the observation process, and we are interestad

in calculating the filter %t = E{ft(x(s),sgt)IF{} for functionals
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ft which are finite Volterra series with separable kernels in the

elements of x(t), (see definition 3.1).

In 2.1, we gave a construction for realizing a multiple
stochastic integral with a separable kernel as the output of a
stochastic differential system. By the same construction, we can
produce f,, i.e., there exist matrices Az(t)’ 2=1,»sm and a vector

¢(t) such that

f, = ¢ (t)z(t) (3.2)
where
dz . [rf A (t)x, ()1 z(t) z(0)=0 (3.3)
t 1 AR )
2=

Figure 1 illustrates the situation:

wit) X(t) .

(3.10.) (33) —

>

)

(¢ (t)
il ) ><§§} J 3 Filter —>

Fig. 1
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The following definitions are convenient:

Definition 3.1

2
xk. (01)“xk. (ap)dcp-'dc] M<=’YZ(.) 5 LTOC( R)}
i,l ip
2
(where aq = {yo(t)l g € Lloc(:m)})
Definition 3.2 The filter %t?E{ft(x(s),55;)|F{} is finite-

dimensionally computable (FDC), if it can be computed from the
output of a finite dimensional stochastic differential equation

driven by y(t).

Marcus [29 ] proved:

~

Theorem 3.1 For any p, if ft € Ap’ ft is finite-dimensionally
computable.
Remark . The theorem remains true if dy(t) = H(t)x(t)dt +

R(t)dw(t) where R(t)>0 and is deterministic. The proof is a trivial
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adaption of the one to follow.

To carry out the proof, we need some properties of the state

estimator x(t) = ECx(t) [FY1.

Lemma 3.1 (Kalman-Bucy)

1)
ax(t) = F(t)x(t)dt + P(OIHT(t)av(t) ,  x(0) = xg
where
t
v(t) = y(t) - [ H(s)x(s)ds
‘0

and P(t) = E[(x(t)-x(t)) (x(t)-x(t))T] satisfies

B(t) = F(L)P(t) + P(E)FT(t) + G(t) - P(L)HT(L)H(t)P(t)

P(0)

CQV(XO)

ii) v(t) is a Brownian motion and F® = F/ (up to sets of measure
t t

zero) for all t.

Proof =~ See, for instance, M.H.A. Davis [ 9,10 ]. The process

v(t) defined in Temma 3.1 is called the ‘unovations process, and
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it is the key to our proof, because it is a Brownian motion that
captures the information in y(.). That is, if f is a random

2c=, then, by lemma 3.1 i)

variable such that Ef
E{f[F{} = E{fIFt} and, hence, by the homogeneous chaos expansion,
we can write

n t .
ECFE) = k(8) + T [ Ki(ti0)dv, (o)

i=1 ‘0
n t o}
+ 1 J J 1 ki’j(t ay,0,)dv.(c,)dv(o)
120=1 [y |, Ko (Boaopldvylogldule
4+ o o (3-4)

By using the innovations process, we thus achieve an orthogonal de-

composition of any filter. But if f ¢ Ap» we can go much further.

Lemma 3.2 If fy e Ap, the expansion (3.4) truncates at order p:

-~ n t -i
fe=koltd + 1 Jo k1. (tso) dvi(o) + +

t o]
n p-] 2]"2
+ § I . [ k P(t,oy,+00.)
oo =] 19 p 1 P

2

dv p(cp)~-dv21(cl) (3.5)
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Proof: From the definitions of x(t) and 4 ,E_f§<an and thus (3.4)

p
is valid. Now consider the process zT(t) = (xT(t),QT(t),vT(t)).

By (3.1) and lemma 1 i)

-
F(t) 0 0
dz(t) = | H(t) F(£)-P()HT(£)H(t) 0 | z(t)dt
H(t) -H(t) 0
[ 6(t) 0 T [ awt) |
+ |0 P(t)HT(t) dn(t)
0 I
— - L -
z(o)T= (XI, x;, 0)

Thus z(t) is generated from a Tinéar system with Gaussian input and
Gaussian initial value and hence is Gaussian. We conclude that
(xT(t), vT(t)) is Gaussian also, and hence that we may apply the
homogeneous chaos construction to it. In Appendix 1, this
construction is developed for scalar processes, but it easy to see
that the entire theory remains valid if we replace H of Appendix 1

by
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Letting A = o{x.(s), ui(s)l l<i<m1<js<n,s<tl, wecan

build from H the homogeneous chaos decomposition

L2(a, A, P) =® T,
2=0

However, we can also perform the homogeneous chaos decompaosition on

the process v(+), that is, if Gzz“j denotes the 2%

chaos of v(s), s < t,

L2, FY, P) = @ TOT

n

P

Evidently, GZZvS € G, for each ¢ and f, ¢ ® G, since

is a polynomial in x(-) of order p.

P
ande-L(-B G
2=0

. for k > p,

But

E(f,|F]} = projection of f_ onto

t
. P
Thus E(f_|F'} ¢ ® G, (v) as desired.
the’ f o e

We shall also need

=0 *
Since Gkk)) c E;

homogeneous

fy
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Lemma 3.3 Let z = [z],"',zk] be a jointly Gaussian random vector.

k

L

(1) E[zl---zk] = Ez1 Ezz---zk + ik

cov [z],zj] E[ g.zl]
L7

19 . as - “ e + . S2Z. L ees .
(1) E[;1 zk] Ez1 Ezk ¥ cov(le sz)EzJ3 Eka

+ . 2. . .2 , «--Ez,
z cov(zJ] sz)cov(z z, )Ez z

where the sums are taken over all combinations of pairs in {1..-k}

Proof These types of results are well-known; a good reference is
K.S. Miller [34]. The particular form used here is that given in

Marcus and Willsky [31].

Recall again that when a multiple Wiener integral has
a separable kernel it is finite-dimensionally computable. Therefore,

~ ’Q‘ ..’1
by lemma 2, ft will be FDC if the kernels kl r(t,c1,---,c )s

r
r < p, of (3.5) are separable. Proving separability is thus the
strategy of the proof of theorem 1. We shall need one more lemma
that is a standard fact about linear stochastic differential

equations.
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Lerma 3.4 Let Z(t) be the R" valued solution of a linear system
with Brownian inputs.

dz(t) = A(t)Z(t) dt + B(t)dw(t) .

Here W(t) is a vector Brownian motion and A(t) and B(t) are

piecewise continuous matrices of appropriate dimension. Then

E[Z(t)<EZ(t)1(Z(s)-EZ(s) ]

= ]{t<s} X1(t,s) + ]ftZF} Xz(t,s)

where 1{t<s} denotes the indicator function of {t<s} and

X](t,s) and Xz(t,s) are matrices of separable functions.

Proof Let o(t,s) denote the state transition matrix of A(t), that

is j—t a(t,s) = A(t)a(t,s), o(s,s) = 1. Let

K(s) = Cov[Z(s)] .
t
One easily calcu}ates from Z(t) = #(t,s)Z(s) + [ ¢(t,u)B(u)dw(u)
that s
o(t,0)0” (s,0)K(s)  s<t

ELZ(t)-Ez(t)I[z(s)-EZ(s)] =

K(s)[@(s,o)é'l(t,O)]T s>t
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Proof of Theorem 1* We can assume that f, has the form

t Gp-]

ft=[0...J YO(t)Y](al)---YID(ap)xk](o])---xkp(cp)dcp---dc;1 (3.6)
0

Then ft has a finite expansion as in (3.5). The proof will consist
1 '..2
of showing that the kernels kr1 r(t,o1,°--,cr),r5p, of the
expansion (3.5) are separable. The idea is to use theorem 2.6 to
)
r

L eese
express kr] in terms of ft and Vi

11...lr Br N
oo (Bon0) = e g (9] (9))]
r 1 r
et (0).v, (0] (3.7)
2 — v, (g7)...v, (o 3.7
301...30‘r tl-‘ 1 Zr r

for t > gy > 9p > +... > 0. . The second equality in (3.7) is de-

rived from the fact that v(c) is F{ -measurable for o<t ,

When the expression (3,6) for ft is used in (3,7), the result is:

21..,2
r l
(. J I) 'l.r‘)

£ S
i p-1 AT
o] rote oty gl g €L () (spg (op)vy ()]

dsp.,.ds] (3.8)

*The idea of this proof is due to S. Marcus. It appears in Marcus,
Mitter, and Qcone [30] but with some errors. The errors are
corrected here.
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Since (x(t),v(t)) is a Gaussian process, lemma 3,3ii) may be
applied to the expectation term in the integrand of (3,8)., The
result s that this term may be written as a sum of products of the

following terms

Exk(s,l) s Cov[xk-(si)’xk (SJ)]’

= cov[xk (s ), vy (G ),

d J
Y
3_0';3—6'_ COV[‘\) 1(0’ (CI )],
and
30 Ev, (o) .

%

Because v(-) s a Brownian motion, the last two terms are
jdentically zero. The first two terms are separable functions of
(51,-..,50) on the range of integration 51255 > ... 3_sp i to see

this for cov[xk_(si),xk (sj)] use Temma 3.4 and the fact that
i J

if i< J on the range S12 Sy 2 ... 25, . The re-

S: > S
- P

1 J
maining term gs

g
g% cov[xk(s),vz(c)J = é% cov[xk(s), JO [H(s)(x(s)—ﬁ(s))llds

+ ny(91] - (3.9)

(Note: 1In (3,9) some of the subscripts have been dropped for
simplicity of notation.) Since the observation noise n(-) is

independent of the signal x(-) , cov[xr(s),nz(c)] =0 . Thus,
(3.9) = COV[Xr(SE:[H(G)(X(G)‘Q(G))]R] (3,10)

But ZT(t) = (xT(t),iT(t)) is the solution of a linear stochastic
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system with Brownian inputs. This system may be explicitly con-
structed using the Kalman-Bucy result in lemma 3,1, Thus, using
lemma 3,4,

covixp(s),IH(0) (x(a)-x(o))Ip] = Tog o g3 0y(5,0) + Tig o oy 0p(s,0)

]{S i G}[‘P] (S ,G)-‘IJZ(S :U)]

+

byls,0) (3.11)

where ¥ and b, are separable functions,

The end result of all these remarks is that (3.8) may be

written as a sum of expressions of the form

t Sp-T
[ Jo 7ol mplsdag (). s )30ay ). 20,

x 1 -
{sj] 5_01]} {sjq g_ciq} dsp.,.ds] (3.12)

such that q<r

{ji""’jp} c {1,,..,p}

and
{i1,...,ip} c {1,...,r},

To complete the proof it is only necessary to show that (3.12) is
separable as a functjonof (t’cl""’cr) , However, by appropriately
adjusting 1imits of integration in (3.12) we can write (3.12) in turn

@s a sum of terms of the sort

b P
Ja.,.tf ja Yo(t),..vp(sp)a](sﬂ....ﬁr(cr)dsp,..ds1 (3.13)
p
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+ : : -
;uch that, for each 1 , aie{o,GT,...,ur; ) bis{si’],c],...,qp} ,
3 23 2 28, s, 2 8;,y,1 2 p . Note that (3,13) contains no

indjcator functions Using the identity

]{s <al’

b b ra
J g(s)ds = J g(s)ds - J g(s)ds
a 0 0

to write single integrals as separable functions of their upper and
lower limits, it is seen that (3,13) will be a separable function of

) . Thus (3.12) and (3,8) will also be separable, since

(t,c.l...crr

they are ultimately sums of terms like (3.13), It is worthwhile

i1lustrating the last argument with an example.

Consider

t
[ f w1 (5100052081 (91185 (00) T < 01 Vs, < 0395288

By straightforward calculation, this equals

0'2 S-l O’-I Q
(o))t [ aylsleglsgldsydsy + [ [ ay(s)aylslasyes)
00 g, 0
92 31
= 81(01)62(02) {f J ul(s])aZ(SZ)dSst1 +
00
92 9 92

which is separable.
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CHAPTER 4 MULTIPLE STOCHASTIC INTEGRALS AND NONLINEAR FILTERING

This chapter applies the viewpoint of multiple integral
‘expansions to the general filtering problem stated in the introduction.
First, the Kallianpur-Striebel formula is used in 4.1 to derive
a representation for the optima1 filter as a ratio of two multiple
integral series. The integrals in this representation are formed
with respect to the observation process and have kernels that depend
only upon the unconditioned distribution of the signal process and
that hence may be computed offline, prior to receiving any
observations. Secondly, we discuss the class of suboptimal filters
consisting of a multiple integral expansion truncated after a finite
number of terms. By combining the exact filter expansions, the
multiplication formula, and change of measure, we derive kernel
equations for the kernels of the best rth order filter of this class.
We then treat the cases r =1 and r = 2 as examples and, using

the same techniques, rederive the Kalman filter.

The filter expansion presented in 4.1 resembles formulae
obtained by Eterno [11] in his thesis. Eterno built filter
approximations by expanding the unnormalized conditicnal density in
moment or cumulant power series, and his expressions, when 2ppro-

| priately evaluated, have multiple integral interpretations.
Our expansion, which can also be applied to the conditional density,

is constructed along different lines and we apply it to a different

.......
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class of suboptiﬁgl filter designs.

It is worthwhile emphasizing that the stochastic integrals
employed in this section are taken with respect to the observation
process, and not, as in Chapter 3, with respect to the innovations
process. At first, integration against innovations appears to be
an attractive alternative, because the innovations are Brownian and
so allow one to exploit the homogeneous chaos theory, theorem 2.6
for computing kernels, and etc. in approximating filters. However,
in constrast with Marcus' problem, the innovations are not easily
calculated for they require. optimally estimating the signal h(xt)
(see the introduction), a problem of equivalent difficulty to the

original one of estimating an arbitrary functional f(x_,s<t).

s
Integrals against the observation process, on the other hand, are more
readily computable, but less easy to handle, since y(-) is not 15
general Brownian, much less even Gaussian. y(.)-based integrals of
different orders are, for example, not orthogonal, making it difficult
to project random variables on finite order sums of integrals. The
technique introduced below to derive kernel equations for best finite
order estimates addresses precisely this complication and provides
tools for exploring the probabilistic structure of multiple integrals
of y(t) 1in more detail. Thus integrals of y(t) can be analyzed

and are more satisfactory for applications than integrals of the

innovations process. ,
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4.1 Filter Expansions

To fix notation, let us restate the general filtering
problem and the Kallianpur-Striebel formula for the optimal estimate.
{y(t)[0 <t < T} {x(t)]0 <t <Tr and {w(t)|0 <t < T} are scalar
valued processes on the probability space (@,F,P), and h(s,x) is a

real-valued (Borel) function such that

t
y(t) = [ h(s.x(s))ds + w(t) ¢ <T,
- (4.1)
£ {f he(s,x(s))ds} < =,
0

and w(-) is 'standard Brownian, independent of x(.).
= X Y i
Let Gt Ft v Ft and define P0 by

dp T T
—a%-= exp[-J h(s,x(s))dw(s) - %J hz(s,x(s))ds] .
0 0

Recall that P0 is a probability measure w.r.t. which y(:) and x(-)
are independent, x(-) has the same law as under P, and
(y(t),Gt)t<T is a Wiener process. By this last statement, we mean
that w.r.fT P.. v(t) 1is a continuous Gt-martingale such that

0

EO{[y(t)-y(s)]ZIGs} =t - s: 1in general, P{§E<3t. Let f ,S<t)

£ (X
be a finite variance non-anticipative functional of x(-). - For

simplicity, we shall in the sequel always denote 7. (xg,s<t) by f(t).
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and likewise h(s,x(s)) by h(s). Then the Kallianpur-Striebel formula

states

>

Y
E{f(t)th} ¢ +

Eo{f(t)exp[f n(s)dy(s) - % f h¥(s)ds]| 7Y}
0 0 (42

-

Eo{exp[I h(s)dy(s) --% I hz(s)ds]} -
0 0

Because of its importance, we single out the exponential term in (4.2)

with the notation
t

Ly = exp[foh(s)dy(s) - % johz(s)ds]

It is well known, (Wong [46]), that L. = QE—, L, 1is a G.-martingale on
T dPO t t
(Q,F,PO) and
st = h(t)Ltdy(t), L0 =1 (4.3)

(4.3) is the crucial relation for what follows.

In order to state the main theorem, it is convenient to
introduce the functions

‘qn (t,S],"' ’Sn) = E{f(t)h(s])..h(s

kn(s1,~-',sn) = E{h(s{)-++h(s

} >0
o) "= (4.4)

)t n>1.

Note that in (4.4) the expectation operates on random variables which
depend only on the x(-) process, whose law is invariant under the

change from P to PO' Hence, we can also write

ln(t,s1,“',s ) = Eo{f(t)h(s1)---h(s )}
kn(s],"',sn) = EO{h(sl)"‘h(s ).
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Another useful process is -.

t Sp
(r)= e e e e e s e e
Le h(s]) h(srl%s dy(s,.4q) dy(s]) .
r+l1
0 0
The existence of Lgr), a multiple stochastic integral with
random coefficients, will be justified shortly. We now state

~

multiple integral expansions for ft'

Theorem 4.1
T T

(1) If E[f h2(o)do]" < = and E[fz(t)(J h2(s)da) ] < =,
0 0

r
ot) + Z]I:(Cr)(ln) RGOS

ct
-
—~

r) (r) o
(k) + Eqily ' [F{}

T T
(31) 1f E[exp j h(s)ds] < » and E[f2(t)exp f h2(s)ds] < =

0 0

and the infinite series in (4.7) converge in the U (P) norm,

(4.7)
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Remarks 1. We call (4.6) the partial filter expansion and (4.7)

the full expansion.

2. The expansions are essentially series evaluations of the
Bayes formula (4.2). They work by "separating" the x(-.) and y(:)
dependence in (4.2) by expanding Lt; y(+) appears only when integrated
in mﬁitiple integrals and x(.) is integrated out in the kernels. The
kernels, therefore, require only knowledge of the apriori distribution

of x(-) and can be computed offline prior to filtering.
Theorem 4.1 has the obvious generalization to vector valued proéesses.

The proof of theorem 4.1 reqUires that we handle integrals
of the form tgr) or

t Sp-1 .

J f h(sq)+--h(s.)dy(s,)-+-dy(s;) (4.8)

0 0
whose kernels are random, not deterministic as in chapter 3. These
are easily defined by iteration. For this, it is convenient to work
with the measure PO’ with respect to which (y(t),Gt) is a Brownian
process, so that we may apply the standard theory of stochastic
integration, (see, e.g., Liptser and Shiryayev [28]). Thus, if
¢(t) 1is a measurable, G.-adapted process sa%isfying
P0[J0¢2(s)ds <=] =1, we hav% an integral JO¢(s)dy(s) with a
version such that PO[OizETIJO¢(s)dy(s)1 < =] =T1 (Liptser,

Shiryayev [28]). The hypothesis of (4.1), E [ hz(c)dc < = is thus
‘ O ‘
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enough to guarantee that (4.8) is well defined for all orders r.

t
Indeed, y(t) = f h(s)dy(s) is certainly well defined, and, moreover,
0

T T
Potfohz(S)wz(S)dé,i (ngTﬂw(s)l)Z jOhZ(S)ds <=]=1.
Hence t - £ S1
[ ntspatsarts;) = [ [ nespnes,davtspavts,)
0 00

is well defined, and we can continue in this manner to all orders.

Similarly, by choosing a continuous version of Ly, we can show

t Sr

Lrt. = fo...JO h(sT)...h(Sq)]Ls dy(sr)...dy(s])

is well-defined.

We shall also encounter expressions of the form
t

EO{JO¢(s)dy(s)lF{} ;

and for these, the following "stochastic Fubini" theorem is useful.

Lenima 4.1 Let (b(t),Ft) be a standard Wiener process and let

b
t

Ft-adapted process such that E[f ¢2(s)ds] < =
0

F. = o{b(s)|s<t} (completed by null sets). If o(s) is an
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t t
€[] o(s)an(s) |71 - Jests) 1751ee(s)

Proof Liptser and Shiryayev [28].

Proof of Theorem 4.1 Parts (i) and (ii) are both consequences of a

multiple integral expansion for Lt' Indeed, (4.3) implies that

t
Ly=1+ joh(s)Lsdy(s) . (4.9)
Iterating (4.9), . 5
t , : |
Lo = 1+ [ n)ar(s) + | [ nlsylnlspltg evtspentsy)
t t
L=+ Joh(s)dy(s) b oeee s [0 -
r-1
Ioh(s1)--~h(sr)dy(sr)~~dy(s])
+ Lﬁr) . (4.10)

Now substitute this last expression into

Y

;. Eoff(t)Lt[Ft}
t =Y
EO{Lt[rt:
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The denominator, for example, becomes

t Sn-1

-
EglLy [Fl} =1+ n£1 Eo{foo--foh(s1)---h(sn)dy(sn)---dy(s1)IF{}

+ EO{Lgr)lF{} : (4.11)

T
The hypothesis E[Ih 2(s)ds]r < = of part (i) allows lemma 4.1 to be
0
applied to the terms of (4.11), with the result,
r t Sn-1
Y1 = . - «oedy
oty P = 1% T e gthts ) nls eyt ) ay(sy) +

n=1]
E {L IFy} =1+ Z If(k,) + g {L [Fy}
A similar calculation applies to EO[f(t)Ltle}, thereby completing the

derivation of the partial expansion.

Formally, the proof of the full expansion follows by

setting r = n (4.10). To prove it rigorously, we first show

T
that E exp[J (s)ds] < = implies
0

N (t n-1
Ly = m.s. (po) 1im[1 + Z ( "fJO h(sT)-o~h(sn)dy(sn)---dy(sl)]. (4.12)

Denote the finite series on the right hand side of (4.12) by A . Then
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t SN
N2

Eolle-Ae)” = EO[JO".Joh(Sl)"'h(5N+1)Ls i

N+]dV(SN+1)"‘dV(51)] :

By employing the standard computational rules of (2.1) for stochastic

integrals, this last expression equals

t SN

2 2 2
se e E [h (s ).--h (S )L ]ds on-ds
jo IO 0 1 Nosyey N

provided that it.is finite. However,

£ lh%(sy) (s IS ]
SN+
= Eo{hz(s])"'hz(sN) exp[-Johz(s)ds] (4.13)

SN+1

zgleral2] h(s)ay(s)1IFLl:

With respect to PO,x(‘) and y(-) are independent and y(-) is Brownian.

s
N+1
Hence, given {x(s), s < s]}, j h(s%dy(s) is a Gaussian random variable

0

with mean 0 and variance J N+'Ihz(s)cls. Thus
0
SN+ | SN+
E.[exp 2 J h(s)dy(s)lFx ] = exp 2 f h2(s)ds . (4.14)
0 0 51 0

Therefore, applying (4.14) to (4.13)
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Sh+1

£ 075y} b (sy) epl ] HE(s)esT:

(4.13)

U] T

-1
..[J h2(01)...h2(
0

@ sN-l--'l
oth(sy) e oh¥(s,) [

g:)do;++-do,}
0 i

0

and hence

t SN+
2 2 2
JO"'JOEo[h (sq)een™(sypplbs  Jdsyuq-es

® t Sj'] .
- 20 .2
) j=§+1fo fo Eglh(sy) - ++h"(s4)1ds -+ -ds,

. T T :
= % %T Eo{fo...fo h2(51)-°-h2(5j)dsj"'d5]} . (4.15)

Since E exp[f hz(s)ds] < =, (4.15) tends to 0 as N - =, and thus
Q
N

L, = m.s (P,) 1im At for al1 t < T. Lemma 4.1 can now be invoked
N

t 0)

for every order n, so that

. WN oy
Egims. 1im A [Ft}

EA{L, [FY}
0" "t t Now T

[}

. . Ny oy
m.s. ;1m EO{At[Ft}
ra

N
so(PTim[l + T ™Mk
ms. (Pg)inl1 « T 1(k,)]
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A similar proof expands EO(f(t)Lt!Fi} in the series

t
ZO( ) +'nZI

Finally, to derive the U (P) convergence, note that

T

2
= EOLT = E[exp fohz(s)ds] <>

2
d
Eolap?

Thus

N
EEqIL [T - (1 + ]z 13k )|

2 ‘ N
< £ 4G &g e IR - (0 T I TP

=% dr, n

N
Thus because of (4.12), Eg[L,[F1 =L (P)) Tim (1 + [ I0(k))]
N n=1

as claimed. This comp1etés the proof of theorem 4.1.

Let P(A,t[F{)'= E[]A(x(t))IF{] denote the conditional
distribution of x(t) given the observation up to time t.
T
Corollary If Efexp f»hz(s)ds] <=
- 0 .
))

ElA(x(t)) + nzllz(HA(x(t))h(s])---h(sn

Yy =
P(A,t[Ft) 3
n .o
1+ Z I, (Eh(s1) h(Sn))
n=1
A related formula is also of interest. If x(t) has a density

q(x,t), x(t) has a conditional density given by
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Eg(L(t) [F{.x(t)=x]q(x,t)
g L(e) [F]

p(x,t)|FL) =

Using the same techniques as above, we can easily derive

-}

L

EglL(t) IF{.x(t)=x]a(x,t) = [1 +
n=0

TL(ECh(sy) ~h(s ) [x(t)=x])]

< qlat) (4.16)

for the numerator of p(x,t]F{). (4.16) is often called the

unnormalized conditional density.

Theorem 4.1 immediately suggests a scheme for approximating
filters, namely, truncation of the numerator and denominator series
after a finite number of terms. The kernels of these terms are
evaluated off-line, and, if necessary, approximated by separable
versions. Construction of the multiple integrals as outputs of
stochastic differential equations in the manner of theorem 2.3, then
provides a finite-dimensional recursive realization of the

approximate filter. _Error analysis of this method is difficult, even

I
in the case E[exp f hz(s)ds] < =3 because truncation occurs in both
numerator and denominator of a ratio and because the error terms are
hard to bound. One might also approximate the unnormalized conditional
p(x,t[F{) by a finite series, but a major drawback to this scheme

is that one cannot guarantee that p(x,tlF{) >0 for all x.
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An alternative is to discuss cumulant expansions
p(x.tIF)) = exp [ 1.(s))
n=0
Eterno [11] studies ideas like this in his thesis.

th

4.2 Best r~ Order Filters

The most common and extensively studied suboptimal estimator

is, of course, the best linear filter. This is an estimator

%t =ay * Joal(t,s)dy(s),‘

linear in y(.), and satisfying
£.1% < Elf b (t,5)ay(s) T2
SHORNLFE G ORCRI N CRETON

for all other choices of b0 and b](t,s). The philosophy of
applying multiple integrals naturally suggests that one seek better-

than-linear estimates by adding higher order multiple integrals terms.

Definition 4.1

-
(1) Y, = {a(t)=ag(t) + leg(an(t)ltjf|an(tss],"',sn)étz(EO,T]n),th
n=

and 0 < n <r;

v —
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th

(i1) a(t) e Y. 1is called the best r™ order filter of f(t), given

ty(s)[s<td, iF ELF(t)-a(t)1% < E[F(£)-b(£)1% for t < T, for all
b(t) ¢ Yo The kernels aj(t) of a(t) are then called the
optimal kernels.

th

Existence of a best r order filter is not immediately

guaranteed. a(t) amounts to the projection of f(t) upon
Yr(t) ='{a(t){a(')eYr}, and, for this to always exist, Y_(t) must

be closed under mean-square (P) 1imits. An easy sufficient condition

is
T ,
Lemma 4.2 If E(j hz(s)ds)r < @, then Yr(t) is mean-square (P) closed
' 0
for t < T.

Proof Apply lemma 2.3 to observe that, under the hypothesis,

ECIN(k) 12 <M (k][

forn<n ke tz([O,T]n).

To find the best rth

order filter, one must compute

the optimal kernels. Accordingly, in theorem 4.2 we show how to use the
multiplication formula and the filter expansions to dérive integral
equations for the an(t), 0 <n<r. This requires two preliminary
lemmas, one to restate the problem, the other, to verify a technical

identity. We assume throughout the notations established in s1.
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Lemma 4.3 Llet z,v ¢ L%(e,FY,P). Then E(z-f(t))% < E(v-f(t))?
if and only if E(z-7(t))% < E(v-F(t))°.
Proof %(t) equals the projection of f(t) onto LZ(Q,F{,P).' Since

~

z-f(t)e LZ(Q,F{,P), the projection theorem implies

Thus
E(z-F(t))% = £(2-F(t))% + E(F(t)-F(£))2 - 2E(F(t)-F(t)) (z-F))
= E(z-F(1))% + E(F(t)-F(t))?
Simi]&r]y:
E(v-F())2% E(v-F())% + E(F(t)-F(t))°
Lertma 4.4 Let c(t) = co(t) +n§1 Iz(cn(t)) £ Yr(t) and assume that
T T
E(J hz(s)ds)r <=, E fz(t)(j hz(s)ds)r < = , Then
0 0
Eq {c(t)EO{Lgr)lF{}} =0 (4.17)

£y (e(t) Egf ()L /Yy = 0 (4.18)
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Proof From (4.11)
T o.n
Eq {L IF y = EolLy IFy] - IRk
n=1

and, therefore,

fte (e L [FY) = Epc(t)g L, 7]

- Ege(e)l + z IN(k )]

t''n
Since y(:) 1is Brownian under PO
s
ro P t n-1
Egle(t)1 + T 1Rk)3 = eqe) + [ [ o[ e (tasgsens)
n=1 n=1 0 0 .

E[h(s])°°'h(sn)]dsn'--ds]

However,

_dP _

dP = Ec(t)

ngc(t)EO[Lt!F{J} = Eqc(t)

t Sn-1

= +Zj jo ts],...’sn)

E[h(s])"-h(sn)]dsn---ds1

by Temma 2.3. Applying (4.19b) and (4.20) in (4.19a) yields

Y11 =
EO{C( )EO{LtlFt 1} =0

(4.19a)

(4.19b)

(4.20)
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(4.18) is established in analogous fashion using a version of lemma

n

2.3 for e*pressions f(t) It

E{fz(t)(J h2(s)ds)" < =
0

(¢ ), n < r, under the condition
n —

T
Suppose now that E(J hz(s)ds)zr and a(*) ¢ Y. By

expanding Eo[LtIF{] as in theordm 4.1, we obtain

r
a(t) EglL,IF] = [ay(t) + 1 If(a ()]

2r .
< [1+ [ 1) (k;

& B Eo{ngr)lF{}] : (4.21)

Using the multiplication formula, we can then calculate kernels

gJ (tss'ls"',Sj) such that
4 | (2r), .y

(4.21) = go(t) + L Tilggltssyareoosgd) + alt) BT IR (4.21a)
j=

Indeed, for 0 < j < 3r, direct calculation with (2.14) gives

= m+n-21i
3 —(m,n§1)5C§ n-1 Bl O(t) Cknd; (4.22)
Cs = {m,n,i|mn-2i=3j,i<min(m,n) ,m<r,n<2r}

T T
h2(s)ds]?" < = and € fz(t)[J h(s)ds]" < =.

Theorem 4.2 Assume E[J
0

0
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th

a(t) is the best r order estimate if and only if

gj(t,s1,=ss,sj) = E{f(t)h(s1)---h(s.)}(= zj(t,s],---,s.)) (4.23)

J J

for1 <Jj <.

Remark The equations (4.23) comprise r + 1 integral equations for
the r + 1 kernels aj(t), 0 <Jj<r. This can be seen from (4.23)
and the definition of () and will be illustrated explicitly in the

examples to be discussed.

Proof Because of lemma 4.3 it suffices to show (4.23) holds if and
only if

Efa(t)-F(t)1% < E[c(t)-F(t)1°

for all c¢(t) ¢ Yr(t). Since

2

Elc(t)-F(t)1% = E[c(t)-a(t)1% + E[a(t)-F(t)1% + 2E[c(t)-a(t)]

x[a(t)-F(t)]

this will occur if and only if

~

Elc(t)-a(t)[a(t)-f(t)] = 0 yec(t) = Yr(t) . (4.24)
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Thus, we will demonstrate (4.24). Begin by noting that -

dapP
Elgpr A1 = (Gl I AN = (gl IFLD)

Then ‘
(c(t)-a(t)) [alt)E, L, [PV} Eg(F(t)L le}]

ECc(t)-a(t)I(a(t)-F(¢)] = E ¢
OELtIF{J

- tE(E- IFy] (t)-a(t))[a(t)EGIL IFYT - EoLf(t)L,|FYID)

Egtlc(t)-a(t))(a(t)Ey[L [FLT - ELF(EIL IR . (4.25)
Now use theorem 4.1 (i) and (4.21a) to evaluate the term

a(t)EgLL, [FY] - g LF()L, |FL]

2r .
" SolB)ER(E) + T Tylg;(t)-25(t)] +
T tg ()]
I (t
j;2§+1 £+

e a(e)gg LR - g tr(e 2R

This implies, since y(-) 1is Brownian w.r.t. P, , that different order
) 0

integrals are orthogonal w.r.t. PO’ and that, hence,
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(4.25) = [cp(t)ag(t) Igy(t)-2q(t))+

t 31
: JO...JO [cj(t,s1’...’sj) - aj(t,s1,...,sj)]

+
J

nes1-g

[g-(t,51;"',$j) = Z ( ]9"':5-)]

J J
dsj"'ds1
+ £ t(c(t)-a(t)alt)E (L [FL]y
- gile(t)-a(Ng et R L (a8)

The last two terms of (4.26) are zero by lemma 4.3. Thus, it is

clear that (4.26) is zero iff

95 %y 0O<jzxr

This completes the proof.

" The technique of theorem 4.2 extends to other problems as

well. Suppose, for instance, that a filter

| 9

a'(t) 2 t a (t))

of order q is available; a'(t) need not be the best qth order

filter. Let r > g, and, rather than ask for the best rth order
th

filter, let us seek the 'best r order correction" to a'(t),

i.e., the mean-square minimizing a(t) of the form
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a(t) ac',(t)+z1r~’ (£) + [ 1)

j=1 0 3=q+1

where aj(t), j=q+ 1, +,r are free to be chosen. Define the

kernels gj(t) as before:

3r .
(VL I = gp(t) + [ Tilg(00) + a(t)E, (L{Z R
j=

Theorem 4.3 Let the hypqtheses of theorem 4.2 hold. Then a(t) is

th

the best r order correction to a'(t) if and only if

gj(t,51".'35j) =E{f(t)h(s1)"'h(5j)}5 q + 1 f_j i_r.(4.27)

Proof As before, it suffices to show that (4.27) holds iff

Efc(t)-a(t)I(a(t)-F(t)] = O

roo.

for all c(t) = a'(t) + } I%( .(t)). By the same calculations as in
j=q+1 J ’

theorem 4.2

E(c(t)-a(t)I[a(t)-f(t)]

Eot[c(t)-a(t)][a(t)Eo{LtlF{} - EgCF(EIL P

=E{Z (e 2 ) lgg(t)-q(t) + zr"tg (t)-2,(t)]

j=q+1 =1 £

3r . '
(g ar 2y (2r) | 2¥s 1,
+j=2§+11t(gj(t))+a<t)E0[Et |th Eo{f(t)Lt lth]I

Tt

j-1
qu-l-lJ'o cee JO(Cj-aJ)(t’s]’.'.,SJ)[QJ-lJ](t’S]3..'ssj)ds‘]'--ds]
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This equals zero iff gj = 2.

3 forg+1 <] <r.

Remark Clearly, an analogous result holds for the case in which an
arbitrary subset of '{aj}g=o is given and the remainder are chosen
as to optimize the mean-square filter error. Thus, if

a5 je {j],"°,jq} £ {0,1,---,r} are given, then the {aj(t)},
j# {j],---,jq} are optimally chosen iff 9; = Zj for every

j € {0,],"',?"} -'.{j-l’.."jq}.

As a first example of theorem 4.2, let us compute the

kernel equations for the best linear estimate f(t)= ao(t) +
t

[ a;(t,s)dy(s). From (4.22),
0

.
3(t) = ag(t) + Joa]'(t,c)E[h(c)]dc
t
g, (t.s) = a;(t,s) + [ 2, (t,0)E[n(s)h(s) 1do + ay(t)EN(s).
0

The kernel equations are then

t
ag(t) + j 2, (t,0)En(s)do = EF(t)

Q
t

2g(t)ER(s) + aj(t,s) + J 3, (£,0)ELh(s)h(0)1de = EF(t)h(s), or
Q

eliminating ao(t) from the second equation,
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t .
(t) + (t,o)E|h(g)]do = Ef(t)
ag ) Ioa] g)E|h(g)]de

(4.28)
t .

a(t,s) + J a,(t,c)covlh(s) h(a)do = cov[F(t),h(s)]

0

(4.28) is, of course, the well-known Wiener-Hopf type equation for
otpimal 1inear filtering. Before examining higher order examples,

we will discuss the Kalman filter.

4.3 The Kalman Filter

Consider again the signal-observation system (3.1) in
which the state x(t) is a Gauss-Markov process solving a linear
stochastic differential equation driven by Brownian mot%on, and
h(t,x) = H(t)x(t). The Kalman-Bucy theorem, summarized in lemma 3.1,
shows that the state estimator: ;(t) = E{x(t)[F{} satisfies the
equation

dx(t) = F()x(t)dt + P(E)H () [dy(t) - H(t)x(t)dt]

-~

x(0) = Xq (4.29)

where P(t) is a deterministic function, (see chaptef 3 for definitions.)
Let ¢(t,s) be the state transition matrix of F(t) - P(t)HT(t)H(t);
Then, the solution of (4.29) is |
t
() = (8,005 + | 2(E.IP(SIHT (s)eys),
0

j.e., the optimal estimate is linear in y(-).
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It is of interest to connect this result to the expansion
formulae of theorem 4.1 In the case of a scalar signal,

satisfying (3.1) and h(t,x) = x,(4.7) yields, at least formally,

x(t) = ——— : , 7 , (4;30) -

1 + .Z I{ (E(x(sl)---x(sj))

j=1

Ex(t) + .z] Ii(E[x(t)x(s])‘--x(s.)])

and both numerator and denominator are truly infinite sums. This
general representation obscures the linear structure of x(t). The
techniques for applying the expansion formulae, should at Teast include
methods for deriving the linearity of i(t) from (4.30). In fact,
theorem 4.2 can be parlayed into a proof of the Kalman-Bucy filten

and we present this here after a few comments.

One comman proof of the Kalman-8ucy theorem invokes the
stochastic differential equations for the conditional moments. When
x(t) = b(t) and h(t,x) = x, where b(t) is a scalar Brownian motion,

these are

A A N
ey = D) )12 g v [e(e)™ T R(e)x (1))

[dy(t) - x(t)dt] n > 1 | (4.31)

and a similar infinite set of coupled equations holds in the general

case (3.1) (Fujisaki, Kallianpur, Kunita [15]). These equations do
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not yield themselves to a direct solution. Rather, they require
additional information, namely, that (x(t),y(t)) is jointly Gaussian
ﬁnd that, hence, by 1imiting arguments, the conditional distribution
of x(t) given {y(s)|0 <s <t} is normal. One can then conclude
that the conditional variance E(x-Q)ZIF{] is a deterministic and so
effectively truncate the system (4.31) at n = 2. (4.29) follows
easily [see Kallianpur-Striebel [23]]. By contrast, the derivation
of i(t) from (4.30) does not involve knowing the form of the
conditional distribution, an object, that, in the general filtering

problem, is not often in hand.

Let us develop our proof of the Kalman filter for the
simple case

dx(t)

dy(t)

db(t) x(0) =0

(4.32)

x(t)dt + dw(t) y(0) =0

in which b(-) 1is a Brownian motion. We do this in the interest of

computational simplicity; the proof carries over to the general case.

“ t
Theorem 4.4 x(t) = J a(t,s)dy(s% where a(t,s) satisfies the
' 0
Wiener-Hopf equation a(t,s) + J a(t,o)(s*o)do = s, t > s, (4.33)
0 .
(s*o = min(s,q)).

Proof Since y(*) is Gaussian, the set of polynomials in y(-) is

dense in LZ(Q,F{,P), a fact presented in the discussion of homo-
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geneoustchaos theory in chapter 1. Therefore, it suffices to show

th

that f a(t,s)dy(s) is the best r order estimate for every r,
: 0

1<r <=, Itis true for every r, T <wand t < T that

t
E[f bz(s)ds]r <o E bz(t)[J bz(s)ds]r < =, Theorem 4.2 thus applies.
0 0
t

That is, J a(t,s)dy(s) is the best rth order estimate if and only
| 0 ; :
if
9;(tssy5775sy) = EB(E)b(sy) " "blsy)T, 30,1, wur
From (4.22)
golt) = 0
g;(tssysmmssy) = 3(alt 9O (t)ky ) (sq.77ns5)
+ (a(t: )O(t)(kJ+])])(s~ls ’sj) j>0
Now
J(a(ta')Q(t‘kJ_])(s'ls ’SJ) =%’ﬂ§3.a(tasﬂ,(]))
J
B(s12)) 7 25y
; ,
= 1_Z]Et(t,.‘%i)E{b(s])'''b(si_])b(siﬂ)"'b(sj)} ,
and

(a(ts')] O(t)(kj+])‘l(5] ""asj)
t

= [att.retiolns;) -bis;) s
Q
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The kernel equations become

0 = Eb(t) (4.34)
t .
a(t.s) + joau,c)'s{b(c)b(s)}dc = E[b()b(s)] (4.35)
j
L 8t 8005y ooblsy_g Dol )00,
t
. Joa(t,c)E{b(o)b(sﬂ---b(sj)}dc
= E[b(t)b(sy)- - b(s;)] (4.36)3
2<jz<r

(4.34) dis true by definition, and (4.35) is just (4.33). We now

claim that if a(t,s) satisfies (4.35), (4.36)] tis true for all

j > 2. This will imply that the equations for J a(t,s)dy(s) being
0

the best rth

order estimate are satisfied for every r, and will
complete the proof. To do this, assume a(t,s) solves 4.35, and

observe the identity

E(b(o)b(sq) - +b(s )} =

(1l e SV N

(G’S_ﬂE[b(S]) ) 'b(s.i_] )b(S_ﬂ) : b(SJ)]

1 1 (4.37)

.i

(4.37) results from a direct application of Temma 3.3.

Now substitute (4.37) into the left-hand side of (4'36)j

and use the Wiener-Hopf equation for a(t,s):
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I e~

a(t,Si)E[b(51)"'b(si_l)b(si+])"'b(sj)]

i=1

t
. jo a(t,0)E0b(0)b(s;) -+ +b(5,)1ds

t

i{a(t’si) + [Oa(t,d)[d“si]dd} E[b(51)"‘b(si_])b(si+])"°b(5°)]

]
i~ o,

-l

[}
o G
—r

(Siht) E[b(si)"'b(si_])b(si+])"'b(sj)]

-

n
m
—
o

(t)b(sy) " b(s;)]

The last equality employs lemma 3.3 again and validates (4.36)j for

any j.

4.4 Quadratic Filters

In this section we treat best second order, or quadratic,
filters as an example of the theory of 4.2. We first present the
optimal kernel equations for this case and then show how they may be
solved. To guarantee validity of the discussion, we assume throughout

the hypotheses of theorem 4.2 for r = 2:
T
E(j h?(s)ds)* < =
4]
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Deriving the integral eq%ations is simply a matter of

calculation. Let a(t) = ao(t) + J a](t,s)dy(s) +

ts : 0
1
. [ J az(t,s1,52)dy(sz)dy(s1) be a quadratic estimate and Tet

00
gj(t,s1,"',sj), 0 <j <2, be the kernels associated with a(t)

in the manner of (4.21a). Thus, using (4.22)

95(t) = a(t) + [a(t,-)1; O () [ky 1y + [ay(t,-)1, O(t)Lk,1,

9 (£55) = ag(tss) + ag(thkq(s) + [a; (8. )] O (t)lky14 (s (4.38)
+ fay(t,t)]; O(t)Eky I (s) + [ap(t, )1, O(t)[ksl,(s)

9,(t:51.8,) = a,(t,59:5,) + aglthky(syssy) + [ag(t, )T O(t) [k 1(sqs5,)

+ [a(0)]1; © () [kgly (s9ss,) + 2[a,(t)]; -
Q(t) [k ] PPy

+ [az(t)]z © (t) [kq_]z(s] :52) .

By theorem 4.2, a(t) is optimal quadratic if and only if

Ef(t) = gy(t)

EFf(t)h(s) gl(t,s) (4.39)

EF(t)h(sy)h(s,) = g5(t,sy,5,)

Now evaluate gj, 0 <Jj <2 1in (4.39) using (4.38) and the

definitions of © (t) and kj. The result is in its full blown
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ugliness,

t ts
:
glt) + [ ay(t.)en(s)ds + [ [ ap(tusyus,)en(s) (s )as s,

0 a0 (4.40a)

m
—*h
—~
S
S
]

t t o,
+ [ aptisiolentaldo + [ [ ap(tiay.0,)eh(s; (s, )h(s)ds
0
00 (4.400)

Ef(t)h(s1)h(sz) = az(t,s1,52) + ao(t)Eh(s1)h(sz) + a1(t,s])Eh(52)

+

t
2 (Es5p)En(s;) + | 2y(£,0)E(a)h(s, In(s,)eo

+

t
Jo[az(t,s1,c)Eh(c)h(sz) + a,(t,s,0)En(a)n(s)]do

t g
e

# | ] Tapttia 0, 85 nts, (s, (o, doydo (4.40c)
0’0 ©

These equations deserve some elementary remarks before we set
about solving them. First, the optimal kernels are all interrelated
in the general case. We cannot solve for ‘ao and a, independently
of knowing a, . Likewise, if 3y = ¢y, ay =cy are the kernels
of the best linear estimate, they will not, in general be the lower
order kernels of the best quadratic estimate. Secondly, the‘

equations (4.40) can be used for other suboptimal designs in the

spirit of theorem 4,3. Thus, if ag and a, ars given, and we
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t
seek the best quadratic correction to ao(t) + J

0a1 (t,s)dy(s) ,
this wil] be found by solying (4.40c) for a, in terms of 3 and
ag The methods developed for solving the full set of equations
(4.40) will also apply to this problem,

To solve (4.40), we first eliminate 3, and 3, to derijve
an integral equation solely for 3, . 3, is easy to handle. Merely
solve (4.40a) for ay(t) interms of a, , a, , and the known
functions Ef(t) , Ef(t)h(s) , etc. and substitute this expression
in (4,40b) and (4.40c). To further simplify, use (4.40b) in

a](t,s])Eh(sz) + a](t,sz)Eh(sl) of (4.40c). We thus derive

t t o
1
ag(t) = EF(t) - f0a1(t,c)sh(o)do ; [0 jo 3, (t,97.,9,)EH(; ) (0, do,dor
(4.412)
t
ay(t,5) = covF(t),h(s)] - [0 covln(s),h(c)]a; (£,0)do
t
- j Eh(c)az(t,s,c)dc
0
(t rc]
- JO JO cov[h(s),h(c1)h(cz)]az(t,c],02)d02d01 (4.41b)

t
az(t,s1,32) = cov[f(t),h(s]),h(sz)] - Jocov[h(s]),h(sz),h(c)]a1(t,o)do

t
- fo[cov[h(s1),h(o)]az(t,szc)-+cov[h(sz),h(c)]az(t,s1c)dc

t rO'W[

: JO I RICARICR LI T CRNEREER
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(In these expressions, cov[x].-~-er = E(x]—Ex])n--(xr-Exr),)

We have yet to eliminate 3 from (4.41b) and (4,41c), but
this requires some more notation and a bit of theory, Define the
operator R (t): LZ([0,t]) - L2([0,t]) with kernel

ry{s20) = covlh(s),h(o)] by
t
() (231(s) = | covlnts) (e Ia(e)ee .

R1(t) appears in (4.41b) and (4.41¢c), In particular, (4,41b) may be

rewritten as
t

[I+R](t)](a](t,))(s) = cov{f(t),h(s)] - jOEh(G)az(t,s,c)dc
9
; jo jo covTn(s) hlay Ih(oy)ay( t,0; 10y )daypdor
(4,42)
and thus, solving for a] in terms of a5 requires inverting
I+R](t), Fortunately, this can always be done in an explicit way.
Lemma 4.5 "
i) h(t) has a best linear estjmate h(t) = ao(t) + joa1(t,s)dy(s) ,
t < T . Without toss of generality, we take 'a](t,s) = Q0 for
T>s>t>0.
J#1) I+Ry(t) s invertible, and [I+R (t)17' = 1-q(t) where Q(t)
is the integfa] operator with kernel
q(t,s1,52) = a1(51,32) + a1(sz,s])
t
- J0a1(c,s1)a1(o,52)dc:0 $59s5, 2t
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T
4
( N
Proof E[J hz(s)ds] < = guarantees that h(t) exists (Temma 4.2)
LARSAR Q <

and, as in (4,28)
5
o (57,5,) + Joa.l(,svo‘) covln(s,) ,h(0)1do

S (i

= covlh(sy),h(s,)] 02 sy 2 1 2T

ii) follows from results of Kailath and Geesey (Geesey [16],

Chapter 3). These imply that, under the hypothesis

T
J cov[h(s),h(s)]ds < = , which is certainly implied by
0

T.
E[f hz(s)ds]4 <=, I+R1(t) is fnvertible and its inverse has the
0

given form.

We now apply this lemma to solve (4.42) for a1(t,s) "

t
£(£,5) = coVLH(£),h()] - | a(t:5,0) cov [F(2),n(c)1eo

t [t '
- J [ r'(t,s,0y,0,)a,(t,0y,0,)do,da, (4.43)

rf(t,s,c1,02) =-%_ cov[h(s),h(o])h(oz)]
1
2

‘EQ(t,S,GZ)Eh(G-‘) + Q(t,S :Ul)Eh(Gz)]
t
+'%. Joq(t,s,c)cov[h(c),h(d1)h(02)]d0 ,

In deriving r' , we took advantage of the symmetry of 3, to

symmetrize r' . Finally, we substitute (4.43) into (4.47¢) to get
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az(tss] ;52) = F(t’s] :52)

t
Jro[q(s],c)az(t,sz,c) + 1y (540)a, (8,5, ,0) 1do

t ,t

where

' F(t,s],sz) = cov[f(t),h(s1),h(52)]

t
; jocov[h(s1),h(sz),h(cn(covtf(t),h(m

t
- Joq(t,o1cz) cov [f(t),h(cz)]dcz)do

rz(t,s],sz,c],cz) =-%' [COV[h(S]):h(SZ)sh(01):h(cz)]

- covlh(s;),h(s,)] cov [h(oy).h(o,)1]

(t |
"J COV[h(S]):h(Sz):h(n)]r (t:nyg] ,Gz)dn .

0
We have shown that if (ao,a],az) solve (4.40) then a, solves
(4,44). Conversely, by reversing the steps of this derivation, if
a, solves (4.44) and 3 and a; are defined via (4.43) and

(4.41a), then 3gs 375 &, solve (4.40),

(4.44) is simply a linear integral for a3y However, the
middle term of (4.44), involving a tensor contraction between a,
and ry » 1s non-standard, and the usual linear integral equation

techniques do not directly apply. In what follows, we will show how



~ -

- 102 -

to eliminate the tensorcontraction term to derjve a Fredholm integral
equation for 2, , thus reducing the kernel equations to a well-
known problem for which methods of solution or approximate solution

are readily available,

It is useful to do this in a general context,

Definition 4.2. Let 8(sy,s,)el? ([05t]%) and Tet

Y(51’52’°1’°2)€L2 ([Out]4) such that vy 1is symmetric in spSy - The
operator TI: LZ([O,t]z) -~ Ez([01t]2)

t (t
(rc)(slsz) = [B]]Cxt)[C]](s1,52) + JO JOY(S]’SZ’O]’GZ)C(G]’GZ)dUZdO1
is sajd to be of tensor contraction (T-C) type. The kernel 8 can

also be used to define an integral operator on LZ([O,t]) , which

we will denote by B , and, in fact, we can write

t
[B]IO(t)ECJ](s],sz) JfOE.B(spcr)C(sz,c:) + B(s5,0)c(sy,0)Ido

(BC(SZ’.))(ST) + (BC(S]s'))(sz) .

Remark: It is of interest to note that, while the second term of

I 1is the usual compact, Hilbert-Schmidt operation, the tensor
contraction term is not compact in general. Since compact operators
have finite dimensional eigenspaces, we can prove this by supplying
a R such that {csEZ([Q't]Z)Ic = B]CKt)c]} is infinite

dimensional. It is easily seen that




- 103 -

5(51:52) = ¢'| (_5])@31(52) s

nex

=]

where the ¢1 , 1 <i<M<= aremutually orthogonal, will work.
Then if {wi}{ﬂl are functions orthogonal to Span{sq.--,éyls

M
c(s7,57) =1.Z][¢1-(s1)w1-(52) +6,(s5)v;(s)] satisfies c = 8y-(t)c,.

The space of such solutions is clearly infinite dimensional.

For a T-C operator T characterized by kernels B8 and vy ,
we want to solve the integral equation
= "2 w12
c=F+Tc , Fe L™ ([0,t]%) (4.45)

which generalizes (4.44).

.Theorem 4.5. Suppose that I-B is invertible and
-1 t 1,2 2
([1-8]16)(s) = o(s) + jos (s,0)8(0)d0 8 eL?([0,t1%)

Then, if ¢ = I'c has no non-zero solution, I-T has a bounded
jnverse.
Proof Using (I-B)'] we will derive a Fredholm equation for ¢

from (4.45). Thus, suppose ¢ = F + I'c, From the definition of T ,

we have
't
[(I'B)C(S'P')](sz) = c(s]asz') = JOB(SZyU)C(S-[,O')dO'
't

F(s1,52) + 06(51,o)c(52,c)do

/

+

(Lot
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By inverting I-8 and rearranging terms, we derive

t
L-81el15)1(sy) = Flsposy) = | 105,007 (501

t (t
+ JO JOY](sl,sz,cl,cz)c(c],cz)dczdc] (4.46)

where
¥1(51+85597,05) = ¥(s7,5,,07,0,) + 81(52,01)8(51,62)
+ Jts](sz,n) (s751,07,9,)dn
0 :

Now invert (4.46), to get

t (t
c(s1,sz)v= Fl(s],sz) + [0 JOY3(51,52,01,cz)c(o],oz)dczdc] (4,47)

where
ty

F1(51,52) = F(s],sz) + JOB (sz,c)F(s],c)dc

t t
+ JO B (51,01)[F(q,52) + JOB (SZ,GZ)F(GT,GZ)dcz]dU]

and
. t 1
13(51:55,97,0,) =-Y](s1,sz,c],02) + JOB (51,n)Y](n,52,G],02)dn
(4.47) is the desired Fredholm equation for ¢ ; if ¢ solves
¢ =F +Tc then c¢ satisfies (4.47). Conversely, if ¢ satisfies

(4.47) then ¢ = F + I'c . Analogous reasoning shows that c = T'c iff

rt (t
c(s],sz) = (13c)(s1,52) = JO Jo~r3(s1,52,c1,Jz)dczdc:r.| (4.48)



- 105 -

Thus, if ¢ = T'c has no non-zero solutjon, neither does ¢ = rsc .
But Iy is a compact operator, and hence the Fredholm alternative
theorem jmplies that I-F3 is invertible, This clearly implies that

I-T is invertible also.

The statement of theorem 4.5 may seem odd because it does not
focus on the central equation (4.47). This is done to emphaﬁ{ze
that once the Fredholm equation is derived, we need conditions to
guarantee it can be solved, Stinulating that 1 not be an eigenva]ue
of T provides just such a criterion. Further, the statement of
theorem 4.5 may be extended to a sort of mutant Fredholm alternative
for tenscr contraction operators,
Corollary. If I-AB 1is invertible and X 1is not an eigenvalue of
[ ,then I-AT 1s invertible.’

Proof. Completely analogous to that of theorem 4.5.

The equation (4.44) for az(t,s1,52) ‘is of tensor contraction

type; in fact, we may write it

3,(t,5755,) = F(t,s,s,) + [R(t)az(t,-)](s1,§2) (4.49)

where R(t) 1is the tensor contraction operator characterized by
the kernels 8(01,02) = -r(o],cz) and

Y(s-l :SzaO] 502) = ‘rz(tas] :52 :O"I 30'2) "

Theorem 4.6, I-R(t) 1is invertible and az(t,-,-) is the unique

solution of
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(t et .
3,(t,57,5,5) = Filthsy,s,) + JO [Ov(t,s],sz,cf] 105185 (t,97,0,)do,day
- (4.51)
where
t
F'I (t,S],SZ) = F(tas]:sz) - JOEQ'(t,Sz’U])F(t,S] ’02)+q(tf51°2)F(t’°]’52)]
. d0'2d0'-l
tt
+ JOJOq(tasl ,0’1)Q(t,52,02)F(t,q] ’Gz)dczdcl

t
Y(t?51’523°]302) =Y](t’s]sszsc]’°2) = Joq(tss,U)Y](u’szsU]:Uz)du

Y](t’S]’SZ’G]’GZ) = - rz(t’$1932sc]’52) - Q(taszscl)q(t:s]acz)

t
+ f q(t,s,5,u)ry(t,sq,u »0q,0,)du .

0
Proof From theorem 4.5, it suffices to show that I + R,(t) is
invertible and that 71 is not an eigenvalue of R(t). The invertibility
of I+ R](t) is proven in lemma 4.5. The eigenvalue condition
is a consequence of the uniqueness of the best quadratic estim;te.
For suppose that c(s1,52) = (R(t)c)(s1,52). Then aé(t,s],sz) =
az(t,s],sz) + c(sl,sz) would also be a solution of (4.44), and hence,
if aé(t) and ai(t,s) were defined from aé(t,s],sz) via (4.43) and
(4.41a), aé(t),ai(t,s),aé(t,s1,52) would also satisfy the optimal
kernel equations. This contradicts the uniqueness of the best

quadratic estimate. The definitions of F] and vy follow from
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the proof of theorem 4.5. Finally, note that if ¥ denotes the
integral operator defined by v, I + Y is invertible and hence (4.51)

has a unique solution.

We have thus reduced the complicated kernel equations (4.40)
to a simple Fredholm equation which can be solved by standard methods.
Moreover, we can achieve a similar result for the problem of
determining the best quadratic correction to a iinear filter, which,
as previously mentioned, requires solving (4.40c) for 2, in terms
of a, and ay- Again, (4.40c) is an equation of tensor-cbntraction
type for 'a2 and the tensor contraction kernels are the same as in

(4.44):
a,(t,5758,) = [Ef(t)h(s])h(sz) - ag(t)En(sy)h(s,) - a;(t,sq)ER(s,)

t
- ay(tus)En(sy) - |3, (5.0)E0(s)n(s) (s ,)do]

0
t

- J [r](sz,d)az(t,sl,c) + r](s1o)a2(t,52,c)]dc
0

to
1

- j J E{h(S])h(sz)h(c])h(cz)} x a2(t,c],c2)d02dc].
00

Mote that this method does not succeed in solving the
optimal kernel equations recursively. Rather, t 1is fixed through-
out and the relevant operators are defined and invertad on

Lz([O,t]) ar Lz([O,tJZ). At a different time t', the entire
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process would be repeated. A recursive solution would use

az(t,s1,32) to construct a2(t+dt,sl,52).

An important problem is to determine conditions on f, h
and the signal process x(-) such that a](t,s) and az(t,s],sz)
are separable, for in this case the filter can be constructed with
stochastic differential equations (see theorem 2.3). This hasvnot
yet been done and is fairly complicated due to the complex manner
in which Ef(t), Ef(t)h(s), etc. combine to produce the kernels

F] and y of (4.51), the Fredholm equation for ajs.
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CHAPTER 5 NONLINEAR FILTERING PROBLEMS WITH FINITE DIMENSIONAL
ESTIMATION ALGEBRAS

- Suppose that a signal x(t) is defined by the stochastic

differential equation

dx(t) = f(x(t))dt + g(x(t))db(t)

and that it is observed via
dy(t) = h(x(t))dt_+ dw(t) . (5.2)

As usual, b(t) and w(t) are assumed to be independent Brownian
motions. The filtering problem associated to (5.1) - (5.2) will

be completely solved if the conditional distribution, P(x(t)sAIF{),
A ¢ {Borel sets of state spacel}, is known. A basic question is:

when can P(x(t)sAlF{), as a measure, be characterized by a finite

set of statistics propagating recursively in time?

Recent progress on this issue has come from several
directions. First, V. Bene§1[1 ] has proved the following result
by probabilistic methods. Suppose g = constant, h(x) = ax + g, and
f is a global solution, (i.e., definéd on all of R) of

1"-I + f2 = ax2 +bx+c . (5.3)

Then the conditional distribution of x(t) given F{ has a density

which can be expressed in terms of a finite number of statistics
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generated by Kalman-Bucy type f{1tering equations.

There is also a suitable generalization to the case of vector

signals and observations. This result covers the case treated by the
Kalman-Bucy theorem, (lemma 3.1), but it gives new examples of

finite dimensionally computablé filters as well. We will refer to
the filtering problems treated in Bene§' theorem as the "Benes

examples”.

Secondly Brockett and Clark [7 ], Mitter [35], and
Brockett [5 ,6 ] have suggested that Lie algebraic techniques
can be applied to the nonlinear fi]tefiﬁg problem. They show how
to associate a Lie algebra of operators, the so-called estimation
algebra, with filtering models such as (5.1) and (5.2) and how the
Lie algebra structure bears upon the filtering solutions. In
particular, they suggest that when the estimation algebra is finite
dimensional it may be possible to compute conditional densities

~ finite-dimensionally.

In this chapter, we will pursue the implications of Lie
algebraic techniques for exact, finite dimensional calculation of
conditional densities. The first section will sketch the basic
ideas of this theory, especially those that concern generating
filter solutions from the estimation algebra structure. As part
of this exposition, we will derive by Lie algebraic tschniques the

conditional density for the problem of estimating a Brownian
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motion in white noise. The solution to this problem is, of course,
well-known. We derive it here not for the end result but to demon-
strate and explore a Lie algebraic technique, called the Wei-Norman
method, (Wei and Norman [44]), that establishes the connection between
finite dim.estimation algebras and finite dim. filters. Further, a
rigorous derivation of a filtering solution directly from the algebraic
structure has not appeared in the literature for diffusion‘signa1s

and so we present one here. As another part of this treatment, we

will indicate connections between the Lie algebra strategy and the
theory of Lie algebra/Lie group representations on infinite dimensional
vector spaces (see also Brockett [6]). This will provide us insights
into the behavior of the filtering problems we consider. Afso, Lie
algebraic theories of estimation are presently very incomplete and

we believe representation theory will ultimately offer much to their
study. Finally, we briefly develop the Benes examples from the Lie
algebraic viewpoint, a possibility first realized by Mitter , who

suggested it to us, after Benel' results became known.

The remainder of the chapter is devoted to the search for
new examples that may be solved Lie algebraically. Section 2 presents
a case to which the methods developed in this section do not apply,
and it explains why not. Section 3 contains the principal results
of the chapter. It first gives necessary conditions for a general

class of vector process models to have finite dimensional estimation

o ——— —  — —— = S— . ——— . . = — b e e—————————————————— —— ST S o
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algebras, since these are the models that could possibly be solved -
by the algebraic techniques. By applying this result, we are able
to 1ist all possible problems with finite dimensional estimation
algebras for scalar process models. We then ask the question: for
which of these examples does the Wei-Norman, Lie algebra calculation
work? Qur results are largely negative. Roughly speaking, they
indicate that only for the previously known examples does the

calculation work.

5.1 Estimation Algebras and Filtering

Qur concern henceforth shall be with the filtering problem
stated in (5.1) - (5.2). Suppose that for all t, x(t) has a density

q(x,t).. Then the conditional distribution of x(t) given F{ has a

density
EO{LtIF{, x(t)=x}q(x,t)

p(x,t]FY) = (5.3)

Eglly|FL3
This is easily derived from the Ka]]ianpur-Striebe] formula. Call
the numerator of (5.3) p(x,t[F{). p(x,t[F{) captures the
x-dependence of 5(x,t|F{), that is, it equals ﬁ(x,trﬁi) up to
a random normalization factor, and it is, therefore, called the
unnormalized conditional density. p(x,tIF{) is easier to work

with than E(x,t[F{).

2
1
Let L* = §-3L7§ gz(x) - %;-f(x) be the forward generator of

3X
x(t). Uncer appropriate regularity conditions, (Zakai [47],
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Pardoux [40]), the unnormalized conditional density p(x,tlF{) defined
in (5.3) satisfies the stochastic partial differential equation

dp(x,t) = L*p(x,t)dt + h(x)p(x,t)dy £5.4)
p(x,0) = po(x) = jnitial density of x(0).

The Stratonovich and white noise forms of (5.4 ) are, respectively,

d(x,t)=[L*- $°(x)Ip(x,t)dt + h(x) plx,t)d (5.5)
and
: 3§’t) = [L*- %hz(x)]P(x,t)'+h(x)p(x,t)y(t). (5.6)

In (5.5), T denotes the Stratonovich differential. (5.6) is a formal
expression becauée y(t) does not exist except in a generalized

sense but it is useful in calculations. (Note: As in (5.4) -

(5.6), the y(+) dependence of p(x,t]F{) will often be

suppressed for notational convenience.) Al1 or any of these equations
will be referred to as Zakai's equation, (Zakai [47]). For the Lie
algebraic theory, it is necessary to work with (5.6), since
manipulations involving y(t) obey ordinary, rather than Ito
calculus, and the Lie algebra results to be adapted were developed

for detefministic problems with ordinary calculus.

The precise question that we will study here may now be
stated. When can p(x,t) be characterized by a finite number of
statistics propagating in fime; in other words, Qhen does p(x,t)
evolve on a finite dimensional manifold? The new approach to
filtering that we deal with here is to learn about p(x,t) by

applying 1ie algebratie group methods to Zzkai's equation. Let
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el 12
O-L*-Zh(

{Lo,h}LA denote the 1ie algebra of operations generated by LO and

L Xx) and let
h using the bracket operation [A,B] = AB-BA. After Brockett [6 ],

we call {Lo,h}LA the estimation algebra.

The fundamental idea is that '{Lo,h}LA- carries information
about the infinitesimal behavior of p(x,t). In particular, if
p(x,t) evolves on a finite dimensional manifold, then '{Lo,h}LA
ought to be finite dimensional as a consequence of the interplay
between Lie groups and Lie algebras, (Brockett [51]). Thus, we can
search for finite-dimensionally solvable filtering problems by looking
for egamp1es in which dim{LO,h}LA < », This will become clearer

in the subsequent discussion.

Example 1: (Brockett and Clark [7 ], Mitter B51]).

Consider the simplest case covered by the Kalman-Bucy theorem

(see Temma 3.1).

x(t) = x5 + b(t)

X

(5.8)
dy(t) = x(t)dt + dw(t)

where Xq 1s a random variable independent of the processes b(t)

and w(t). For (5.8), Zakai's equation is

2

3 1 3 1 v
Lplat) = (727 - 2CIR00t) + y(t)xe(xt)

p(x,0) = density of Xy -

The corresponding estimation algebra is easily seen to be
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2
- Jd 1.2, d
A = Span {2 dx2 7 X% gy I}
142 1 2
Define A0 5T - T X The commutation relationsof A are
dx
-4
[A09x] - dX
[Ag» &1 = x | (5.10)
d -
[HY:X] =1

We remark that A 1is solvable.*

Estimation A]gebras and Solutions

In exploring the interaction between finite dimensional
estimation algebras and finite dimensionally computable p(x,t) we
must first confront the question: Given a finite-dim. estimation
algebra how does one integrate it to'get a solution of (5.6), i.e.,
how does one determine p(x,t) from the algebra structure? This
problem relates naturally to the theory of integrating representations
of Lie algebras of unbounded operators on a Hilbert space to a

corresponding representation of a Lie group. We present some

*
A lie algebra G 1is solvable if the series of ideals G, = [6,6], -,
Gy = [6,.7:6,_11, " terminates at 0 for some n < =.

I <G 1is an ideal if [I,G] I.
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ideas of this theory to motivate the main calculational method,
and because, as mentioned above, we find it a useful source of

- concepts for thinking about estimation algebras.

Let G be a finite-dim. 1ie algebra and G its associated

(simply connected) group. Let H be a complex Hilbert space.

Definition 5.1

A representation T of G on H isamap T from G
onto a set of linear operators on H with a common, dense, invariant
domain D such that [T(x),T(y)] = Wlx,y]) for all x,y ¢ G. Like-
wise, a representation t of G on H is amap 1:G > L(H) =
bounded linear operators on H such that 1(91 gz) = 1(91)1(92) for

g] :92 e G.

The problem of integrating a Lie algebra representation
to a group representation is as follows. Given a representation T
of G on H, when does there exist a group representation t of G

such that r(etx) = etT(x) ¥ x € G? Here etT(x) is a group

d_ tT(x)

generated by T(x) in the sense that ¢ 6 = T(x)9 ¢ ¢ eD.

Suppose that Xps " Xy is a basis for G and that we have groups

etT(xT),i=1,:s,,d. A method for constructing < Tocally is to

define
t. X t X t,T(xq) t . T(x.)
(e ! 1"'e d d) = e LA Trce d . (5.11)

Formally, this can be made to work, if the operator identity
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8

X,

tX .
[adeJn X;e J % (1)

Iy =
e Xi

tn
o T

I 1

n

holds for Xj = T(xj), 1 <3, =<d. (Flato, et al. [13]).

(I) will be of chief importance.

The procedure recalls the Wei-Norman [44] technique for
solving differential equations. Let us develop this formally for

the above situation.

Suppose that in H we want to solve the eyolution
equation

%% = K0P + u(t)X,P (5.12)

which is similar to Zakai's equation. We try a solution in =(G);

91(t)X1"_egd(t)Xd

p(t) = e p(0) . (5.13)

For this p(t),

'g% = .91 (t)X]p
: (t)x (t)X (t)X
* 92(.t).eg] ] Xze?2 2, egd dP(_Q)"" .
. g, (t)X g.(t)x ,
+gyltle g e @0y (5.14)

From (4), for 1 <1, j < d

*[adAl8 = [A,B].
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d i 3 tX ]
1,J a J
mglcm (t)Xm-

tX.
e in =

and applying this repeatedly in (7),

D = F(g(t), (1)) Xyp+e - +F (((1),g(t)X4P (5.15)

for some non-linear functions F. of g(t) =(g](t),"~,gd(t)) and
g(t). For p(t) to solve (5), Fig(t),g(t)) = 1,

Fo(g(t),g(t)) = u(t) and Fj(g(t), g(t)) =0 for j > 2. Solving
this set of equations (locally in t) for g(t) gives a local

solution of (5).

We will use this method to solve a filtering problem, but
first we present a few more remarks on|Lje algebralie group
representation theory. The heuristic ideas contained in (S.IT) and
(I) have been worked into a rigorous theory by Nelson [37] and
Flato, et al. [13] for the situation in which G 1is represented
by skew-symmetric operators and =t 1is required to bé unitary (i.e.,
to take values in the space of unitary operators). Their results
involve heavy use of the notion of analytic vectors (Nelson [37]);
see appendix 2 for a definition. In their theory =t will exist
if the algebra domain D contains a dense, invariant set of vectors
analytic for each element of a basis for T(G). Conversely, if =
exists there ié a common, dense set of analytic vectors for the whole
1ie algebra (see Flato, et al. [13]). Further implications of the

theory are revealed in the following examples,which play a role in
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the later discussion.

Example 2 Let A] = {- ix, %;,-i} and specify its domain as

W
]

rapidly decreasing functions

{¢ ¢ cm( lR)ISupIXBBOLxcb(x)I <=y aBe Z+}
X

A is then a representation of the so-called Heisenberg algebra on

LZ(R) and it does generate a Lie group on LZGR). It is not

important here to present this group. However, it is interesting

to construct a domain of analytic vectors for Ay because this
3 -ld_z l...' 2:
involves the second order operator AO = 2(dx) + 2( ix)

%-izg - % xz, which arose in the estimation algebra A of example 1.
'Ind;ed, it turns out that AO on LZGR) has a discrete spectrum
{An}:=], An < 0, liz An = -=, Let {Lpn}:=1 be the corresponding
eigenvectors, and define

N
D' = { ]Z anwnlN < =}

D' 1is a dense invariant set of analytic vectors for AO and Aye

It is easily seen that D' 1is also a dense set of analytic

vectors for A of example 1.

Example 3 Let A2 = {-ix, %;, -i} be a representation of the

Heisenberg algebtra on LZGR+) with domain C;GR+) z {¢eCmGP+)[¢ has

<
compact support in R ;. In this case, a unitary representation =
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 generated by A2 dées not exist. The reason is that i %; will

not be essentially self-adjoint on CEGR+) (see Appendix 2), and,

by a theorem of Nelson [37], this precludes <. Nelson [37] also
1d2 1.2 _1,d\% .1, .2
shows that 735X = é(a;) + E(-ix) will not be essentially
dx + =] +
self-adjoint on (7 (R) and that Co(R’) will not contain
a dense, invariant set of analytic vectors either. We shall observe

analogous behavior for the filtering problem studied in section 2.

We will now adapt the Wei-Norman method of (5.12) - (5.15)

to the solution of (5.9) in example 1. The first step is to

tX.
associate evolutions e ' to the elements Xi of the estimation

algebra A. However, for A, the situation is considerably more
complicated than in the theory of representations by skew-symmetric
‘operators. It will no Tonger always be possible to generate

groups with the elements of A, or to insure that the evolutions are
bounded. Nevertheless, we proceed with the most natural definitions.
Define '{etAOItgp} to be the semigroup associated to AO by

solving in LZGR) the equation

6(t) = Agu(t)  u(0) = ¢ ¢ LX)

It is well-known that

(e %)(x) = je<x,y,t)¢<y)dy t >0 (5.16)

-]

G(x,y,t) = (2ws1'nht)'1/2 expl[- %—(cotht)(x2+y2) + xy/sinht]
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Similary, define

(e%o) (x) = ePo(x) t <R
bd
(e %8)(x) = g(x+t) teR .

As in (5.13) Tet us try to solve (5.9) by the expression

9(£)8g gt eg3<t>§’; 9 (t)

p(x,t) = [e e po]x (5.17)

where the gi(t) functions are to be determined. One may certain]y

go(t)x
is unbounded,

raise objections to (5.17) -- the operator e
g](t) cannot take negative values -- but these will be cleared up
as we go aloﬁg. The Wei-Norman method will allow the values of
gi(t) to be calculated if (I) holds for the elements of A.

This requires, for example, that

tAO tAO d tAO

e “x¢ = (cosht)x e "¢ + (sinht)a; e o (5.18)

tA tA tA

. d

e O %; o = (sinht)x e O¢ + (cosht)aE-e D¢ (5.19)
and ’

t , d t t

etX %; 4= 3¢ @ X¢ -te X¢ . S (5.20)

The right-hand-sides of (5.18) and (5.19) are derived from

(I) by using the identities

[ad AO]an = X

*This solves u(t) = xu(t) u(0) = 4, but not in LZ(R).
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JZn+T

=4

which follow easily from the commutation relations (5.10).

Lemma 5.1
(i) (5.20) holds for every ¢ ¢ C]GR)
(ii) Let V = {¢(x) = xséxxw(x)ls,adR,w € L](R)}. For every ¢ e V

tA
(e O¢)(X) = j G(x,y,t)e(y)dy

R

exists and is infinitely differentiable on {(x,t)|t>0}. Further

T 00 = [ Gy 0s(y)
e “¢)(x) = J ———— G(x,y,t)e(y)dy (5.21)
3tMax" ] atTax"
, | thg thq
and for t > 0, 3T (e “o)(x) = (Aoe o) (x) (5.22)

(ii1) (5.18) is true for every ¢ ¢ V, (5.19) for every ¢ ¢ V

such that ¢' ¢ V.

: g,(t)x g5(t) g,(t)
Remark If Py € L' (R) then e e’ e Pg eV
and hence p(x,t), as given by the product of evolutions (5.17), is a

well-defined function in U R).

Proof (i) i's an elementary calculation.

(ii) can be derived easily using the explicit form of G(x,y,t).
The principal observation to make in doing the calculations is that

for t > 0, G(x,y,t) will decay like e */ as y - = for scme positive «.

e cammey IR SreRTOTS g e g repend CF ADYORWD ST
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(ii1) The following calculation proves (5.18)

x

tAq
(e “x¢)(z) = jG(z,y,t)w(y)dy

-

-]

j[%y G(x,y,t) | _F(cotht)x G(x,y,t)]|

-

]

Xz

sinht ¢(y)dy

tA tA

(sinht %; e 0¢)(Z) + (cosht)(xe 0¢)(Z).

To get, (5.19) integrate by parts

tA
(e 0 §o)(2) = [zt slvlay = - [T5 6(zy,t) Ta(n) ey
tA tA
= (cotht)(e ‘x¢)(z) - ;}-ﬁt(xe %) (2)
tA - tA

sinht (xe O¢)(z) + cosht (%; e Ocp)(z).

To obtain the last equality, we used (5.18).

Let p(x,t) be as in (5.17). We will now solve for the

functions g.(t) 1 =1,2,3,4. From (5.17)
i

d

ap - : 31(t)A;  95(t)x g5t g,(t)

55 = 9 (t)Agp + g,y(t) e 0 et e 3 I

g (A 9,(t)xde a5t} g (t)
e e e po
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By applying (5.18) - (5.20), one derives

(x,t)

o.la.
=

%% = §(t)Agp(x,t) + Fy(a(t),g(t))xp(x,t) + Fa(g(t),a(t))
+ Fglg(t),a(t))plx,t) (5.24)

with F%s given below in (5.25). But if p(x,t) {is to solve (5.9)
with p(x,0) = po(x) we must require

51(t) =]
ylt)= Fhg(t),(t)) = gy(t)cosh gy (t) + g5(t)sinh go(t) (5.25)

0 gz(t)sinh gl(t) + §3(t)cosh gl(t)

([}
"

Fa(a(t),9(t))

0

u
-n
B
~
[Ve]
Fann
+
N
-
(Va]
N
[
S
—
1

= gg(t) - 45(t) gp(t)
gi(t) =0 i=1,"",4

(5.25) may be easily solved. The result, written in terms of the

dy(t) notation rather than y(t), is

t
g,(t) = J cosh(s) dy(s)
0
t
g3(t) = - J sinh(s) dy(s) (5.26)
0
t t
g4(t) = J (sinhs)(coshs)ds - J gz(s)(sinhs)dy(s).
0 0
Finally, by substituting these expressionstln (5.17) and using the
0

expTicit form of the kernel G(x,y,t) of e , we derive
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-]

p(x,t) = Jk(z,t) /2

-c0

1 RRTA
(t)[x-m(u)] pol2)dz (5.27)

p(t) = tanht ¢
m(t) = 2+ f SIS 4y(s)
0

Let p(x,t;z) denote the integrand of (5.27) exclusive of po(z).
p(x,t;z) may be interpreted as the unnormalized conditional density
of x(t) for the process x(t) starting at x(0) = z. It is clear that
the normalized version of p(x,t;z) is a Gaussian density with mean
m(t) and covariance p(t), and this agrees with the Kalman-Bucy
solution of the problem. Though theée calculations used the
y(t) formalism, they can be carried out, with some added
computational complexity, using the rigorous Ito calculus. Therefore,

we have rederived the Kaiman filter.

Remark In presenting the Wei-Norman technique, it was indicated that

in general it only gives solutions local in t. However, theorem 5.1
provides a solution for all t > 0. This happens because the

estimation algebra A 1is solvable (see example 1). Wei and NorTa? [44]
' g.(t)X;
show.that for solvable matrix Lie algebras, if the operators e ! !

are placed in the correct order in (5.13), global solutions can be

found. Without further elaboration, we observe that t?i§ result
ga(t)A

extends to the present case and motivates putting e 0 0 first

in (5.17).
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The Bene$ Example

The Lie algebra strategy is also able to recover the theorem

of V. Beneg quoted above. Consider the scalar case

dx(t) = F(x(t))dt + db(t)
dy(t) = x(t)dt + dw(t)
Fr o+ 2= axl bx +c . (5.29)

The Zakai equation is then

3% X
, 2
- . . . _13° 8 1.2
finite dimensional. Indeed, if L0 =3 ax2 - 3% f(x) - 5 X
A= Spanil,x,& - £,13
pan O, ’dX ’
and its commutation relations are
_d _
[Losx:l = dX f
d b
[Lo,a; -f] = (a+1)x + 7 (5.31)

(- faxd =

These calculations are valid without restriction on the coefficients
a, b, and c. However, for general a, b, ¢, (5.29) may not have a

global solution, in which case (5.31) is to be interpreted on functions
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whose domains are contained in the region where f is dafined. We

will explore when (5.29) has global solutions in section 5.3.

We could now try to solve the Zakai equation (5.30) by

_ (e91(t)L0 es:z(t)x ,e93(t)§; - fog,(t)

p(x,t) e Po) (xst) .

However, it is simpler to first rewrite Zakai's equation via
a simple transformation that compares to the gauge transformations

of quantum physics. Let z ¢R and define

X
F(x) = f £(s)ds
z
If q(x,t) = e'F(x)p(x,t), a substitution in (5.30) demonstrates
that
3q _ 13% 1 2 :
5t - [ =7 - 3l(a+1)x%+bx+c]lq + y(t)xq (5.32)
9

(5.32) is similar to the Zakai -equation for the
Brownian signal example. Although (5.32) is not the Zakai
equation for a filtering problem, let us define its Lie algebra of

z - - . 2
operators as A = {LO’X}LA LO = ?]Z“LZ“ - -;— [(a+1)x2+bx+c].

A is isomorphic to A by the ismorphism [0 - LO’ X > X,

i +_Q_’ I - 1. It is trivial to observe that
dx d

- seani =130 (a2 4

0 2 2 2 ] * dx? J
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Suppose that f s globally defined so that, in order to find
p(x,t), we seek a solution q(x,t) of (5.32) that is defined for all
x ¢ R. Suppose further that (a+1) > Q. We can then solve (5.32)

by the method

9, (t)Ag 3,(t)x eg3(t)§—x St

q(x,t) = (e ag) (x)

The gi(t) functions will be slightly different from those calculated
for example 1 because of the different commutation relations between
ﬂo,x,%; and 1. The resulting solution p(x,t) = eF(X)q(x,t) is
precisely that obtained by BeneS. Whether the same method can be

made to work for the case in which f 1is not globally defined is

an issue we will take up in the remaining sections.

5.2 Estimation‘of Absorbed‘Brownjan Motiqn

This section counterpoints the successes of 5.1 by‘providing
an example in which the estimation algebra has finité dimension, but
in which the Wei-Norman calculation does not work. The signal in
this example is a Brownian motion absorbed at a boundary, and the
associated filtering problem is very similar, operator-wise, to the
problems treated in 5.1. But it turns out that the Wei-Norman
method cannot proceed because the identity (1) fails for the.
estimation algebra operators. The phenemonology of this failure is
discussaed in hope of characterizing the estimation algebras for which

the technique does or does not work. For the examples at hand,
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crucial information is revealed by the algebra's behavior on the

eigenvectors of the partial differential operator LO = L* - % h

2
(see 5.6) of Zakai's'equation and by the interaction between operators
and boundary conditions. The domain structures of the estimation
algebras are also more closely identified. An important role is
played by the existence Or non-existence of a dense invariant domain

of analytic vectors associated with the eigenvalues of LO'

!

Let b(t) be a Brownian motion, let Xq be a r.v. with
density po(x) such that po(x) = 0,x < 0 and such that Xq is
independent of b(t), and let t = 1nf{t[x0+b(t) = 0}. Consider the

problem

x(t) = (x0+b(t)) ]{t<r}
dy(t) = x(t)dt + dw(t)

(5.33)

x(t) is an absorbed Brownian motion with random initial value. The
distribution will now have two parts; an atom Qo(t) = P,{x(t)=0},
and a measure Q(A,t) = P,{x(t)eA-{0}) (for AC [0 ,»)) with density
q(x,t). Accordingly, the unnormalized conditional density of x(t)

will have two parts:

- F Y
P, (t) = Eoll tx(t)=03te I

and

. y
POAE) = EgOl iy (t)en-toptt I Tt

P(A,t) will have a density
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t
(x,t) = a(x,t) Egll ey qexp [ (xg#b(s))ay(s)
0
t
[ (g (s)2asTIFY x(8) = xb, (5.34)
.0

| —

Again these statements are all consequences of the Kallianpur-Striebel
formula. Assuming differentiability, p(x,t) will satisfy the

Zakai equation

2
Cat (‘73—7 - 2 Bp(x,t) + (t)xp(x,t) (5.35)
©aX
p(0,t) =0 t>0
p(x,0) = py(x)

(5.35) may be derived formally as follows. Let

V= {f c CRT)|f has finite limit at + =3 .

Let (T(t)f)(x) | be the semigroup on V
generated by absorbed Brownian motion. The generator of T(t) s

2
%-3—5, with domain D = {f ¢ C?
X

Lamperti [49]). For f ¢ D, define

|[f* eV, f"(0)=0} (see, e.g.,

[}
m
o
M
-h
—
x
—
t
~
~—
—
"t
<
—

7t (5.36)
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By applying the stochastic differential equations of 11tering
(Fujisaki, Kallianpur, gunita [15] and Kunita [25]) one may derive
2

§-7 f)dt + o, (xf)dy(t) (5.37)
dx

I\JI—-—'

dct(f) =g (

for f e D. By substituting (5.36) in (5.37) and integrating

e
ct(i'_*? f) by parts, one finds

dx

f(0)8P,(8) + [ F(x) dplxt)en

f 122 dt d
: j(x>7a—xf p(x,t)dt dx

+ [f(X)xp(x,t)dy(t)dx
(O:Q)

Since this must hold for all f ¢ D

I TN
dPa(t) = 5 p(x,t)lx=0 dt
p(0,t) = 0
dp(x,t) = 3 2 p(x,t)dt + xp(x,t)dy(t) L (5.39)
3x

The white noise version of (5.38) is indeed (5.35).
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In (5.35), let A, rather than AO’ denote

x2, to emphasize that the functions A acts on are now

L
2

roj—

1
2
def1ned only on R". The estimation algebra is

- d
- A = {A, X, dxs I}

which, but for the fact that the domain of functions fis different,
is the same as A 1in example 1 of section 5.1. Again, one might hope
that p(x,t) is solved by

G (A g(t)x gy(t)55 g(t)
R A N N IO MO

once the various operators are properly defined. However, the

crucial identity (I) will fail in this case. The problem is the

boundary condition p(0,t) = 0. Because of this condition, etA will

tA
not be the same as e 0 of the previous section. Rather, to

meet this condition in (5.39), we must require. (etA¢)(0) = 0 for
all relevant ¢. A simple reflection argument on the kernel G(x,Y,t)

tAO
of e (see 5.16) yields

(e44) () = ]061<x,y,t)¢<y)dy

G](x,y,t) = %;ET%EE exp[- —cotht(xzvjz)]s1nh(—51— ).

If we try to prove the analogue of (5.61) with A replacing AO we
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then get

tA
( tA

e 'x¢)(z) = cosht(xe"¢)(z) + sinht(%; etA¢)(z)

+ f 2 -1/2 cotht(22+y2) o~2y/sinht

Y3sTnRt © e (y)dy.
0

The last term will not be identically zero unless ¢ 1is, and hence
(I) fails. The Lie algebraic calculation of section 1 to solve

Zakai's equation will then not work.

Discussion

In the above calculations, we verified or disproved the

crucial identity (I) by using the explicit formulae for etA and e

tAO

It is desirable to explain the results at a more fundamental, operator-

theoretic level, i.e., to understand how the closely related

estimation algebras A and A' 1dnvolve such widely variant behavior.

Our first step is to reprove the identities (5.18) and (5.19)
of section 5.1 by much more fundamental methods. This proof will not
be quite as strong as that of lemma 5.1 since it will apply only to

restricted set of functions. Recall from example 2 of section 5.1 that

D' = {finite linear combinations of eigenvectors}

is a dense, invariant domain for A. Let ¢ e« D' be an eigenvector
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with eigenvalue A. From the commutation relations (5.10)

d = W = -
T v = [Agsxly = Agx v - xhy (5.41)
Xy = [A03 g—x]w = AO 'fji—x'b = 'g? Ay (5.42)

By adding (5.40) and (5.41) we derive

- A (L 4
(G + X = Aglgg + v - A(gg + x)v

Since D' 1is invariant under %;- and x, (%; + x)y e D' also. Thus

we conclude that (%; + x)y 1is an eigenvector of A0 with eigenvalue
x + 1. A similar argument shows that %; - x 1is an eigenvector with
eigenvalue A - 1. The following calculation now proves (5.18) for

- tA
¢ = ¢. Observe first that e 0¢ = ektw,

tA
d t{a+]
e 0(3; + x)y = ot )(%; + %)y, etc. Then
tA t
e 0wy e UL sy - (& - x4l
o 1 t(a+1) 4 oo L t(-1)d Ly,
=5e (x*xv-7e (3 - %)y
) th L ... d _tA
= cosht x e "¢ + sinht il
tA taA
= cosht x e 0¢+ sinht g e Ow . (5.43)

dx
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By linearity, (5.43) extends to all the elements of D0'. Thus, the
invariance of the domain D', which is also a domain of vectors
ana]ytfc for A, implies identity (I) after a direct calculation using
little more than the commutation relations. The development here is
reminiscent of the quantum field theory of the harmonic oscillation

or the construction of the free Boson field. This is not accidental,
because deep connections between quantum field theory and filtering

exist. (This was discovered and treated by Mitter [35].)

These nice domain.and eigenvector properties of the Brownian
motion signal case do not extend to the absorbed Brownian motion
problem, despite the isomorphism between A and A'. The root cause
is the boundary condition p(O,f) = 0, and the fact that this condition

is not invariant under %;. Indeed, we can see intuitively that

’

etAx¢ # cosht x etA¢ + sinht %; etA¢ (5.44)

tA

because, for general ¢ (etAﬁ¢(O) = 0 and sinht(%; e o) (x) # 0.

However, the fact that (I) fails 1is not apparent
directly from the structure of A' because the boundary condition makes
no contribution to the definition of A'. We can rectify this
situation by more careful attention to the issue of operator domains.
It is useful to think of A' as a representation of a Lie algebra

on a function space VY, and in this discussion it will suffice to
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set V = LZ(S), S = state space. Recall that a Lie algebra
representation required not only an algebra of operators, but also

a dense, common, invariant domain on which to define them, because
an unbounded operator is not fully specified until its domain is
given. Thus it is actually inadequate to discuss estimation algebras
without considering domains, and thus we attempt the more rigorous

formulation

Definition 5.2 Let D& V be a common, dense, invariant domain

of L, and h. Then '{Lo,h}LA D denotes the lie algebra of operators

0
generated by LO/D and h/D and defined on the domain D.

Remark Domain invariance insures that all brackets [A,B] of

elements of the lie algebra are again well-defined operators on D.

What is the correct domain D to associate to A' when
trying to solve (5.35) by the Wei-Norman product series (5.39)? Up to
now, the discussionh of operators in A' has been formal since we did
not specify domains. However, we did find that A, 1in conjunction
with the boundary condition p(0,t) = 0, gives rise to the semi-

group etA defined in (5.40). The proper domain D' for A is

then that for which A[D' 1is the infinitesimal generator of etA.
For c]arity,‘denote this infinitesmal generator by A. It s

easily seen that

—— o ————— e e et e et e & . P B
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52

D(A) = {6 ¢ LE®RT)|(5 2 -

X

x%)s L2 (0) = 0

=

Henceforth, we will discuss A instead of the less well-defined A.
Eigenvectors of A will again be important, and domain considerations
enter into their definition; ¢ 1is an eigenvector of A if

2
(%-9—7 -‘% x?)y = y for some aand ify(0) = 0.
dx

Now, in analogy with Lie algebra representation theory,
we want the domain D of A' to be such that ﬂlD generates

tA tA

e also, (in the sense that e ™™ 1is the unique semigroup

s.t. 1im 1 [etA¢—¢] = A¢, ¥ o € D). At the very least this

t-0 * . -
requires that D < D(A). Otherwise A|D will generate a different
semigroup or will have extensions generating different semigroups.
For arbitrary D, of course, it may not be possible to associate any

semigroup to AID.

However, the next theorem will show that the requirement
D C.D(A) js also problematic and it will lead Us to a deeper
characterization of why the Wei-Norman method fails.

Theorem 5.2 Let D < D(A) be a dense (in L2(R+)) invariant

domain for A'. Then ‘D does not contain any eigenvectors of A

nor does it contain a dense, invariant domain of analytic vectors.




- 137 -

Remark It can be shown that AID has many different self-adjoint,

negative extensions. Thus there will exist many other semigroups

U(t) such that

Tim ]g [U(t)e-6] = As, ¥ e D
t+0

We conclude that D does not have the structure necessary for

integrating the elements of A'.

Proof If ¢ 1is an eigenvector of A it is clear that p(0) = 0 and
v'(0) # 0, for otherwise the unique solution of %¢" --% x2¢ -ap =0
(» = eigenvalue) is y = 0. However, if D ¢ D(X) is invariant under

A', it is at least invariant under ‘%;. Thus if ¢ e D, ¢(n) e DeD(A)

¥n which implies ¢(n)(0) = 0, ¥n. Thus

D cD(A)tsle C°®Y), oM (0) = 0, ¥n} .

It is immediately clear that D contains no eigenvectors of A.
Consider a representation of the Heisenberg algebra A"={-ix,%;,-i}
on D. As in example 3 of section 5.1, i%;-is not essentially
self-adjoint on D and hence, by the theorem of Nelson [37] (see
Appendix 2) A" on D does not integrate to a unitary group and
hence does not possess a dense invariant domain of analytic vectors
in D. An analytic vector for ix is an analytic vector for x

and vice versa, so D does not contain such a domain for A' either.

In short, the eigenvectors of A, which in the Brownian
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signal example were the source of a dense, invariant domain of
analytic vectors, are no longer invariant under the estimation
algebra. Thus if ¢ 1is an eigenvector of 5, ﬂw = Ay, it is

no longer true that (%§-+x)w and (%; -x)y are eigenvectors of A
and hence the proof of (I) on eigenvectors by commutation relations

also fails for the absorbed Brownian motion case.

In summary, when a dense invariant domain of analytic
vectors, in these cases provided by the eigenvectors of A O
AO’ fails to exist in the domain of the estimation algebra, the
Lie algebraic method of solving Zakai's equation does not work. We
shall see this same behavior repeated in examples presented in the
next section. It {s our conjecture that the existence of analytic
vectors for the domain of an estimation algebra will be a necessary
condition that a filtering problem with finite-dim. estimation
algebra also have a finite dimensionally computable conditional

density. Further work on this has not been done.

5.3 Finite Dimensional Estimation Algebras.

In this section we seek to identify those filtering
problems that possess finite-dimensional estimation algebras. We will

restrict our attention to the class of models

dx(t)

f(x(t))dt + G db(t)
(5.45)
dy(t) = n(x{(t)) + dw(t).
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and we will assume that x(t) s an RM-valued process, y(t) is
Rp-va1ued, b(t) is an m-dimensional Brownian motion, m >n and G

is a constant nxm matrix of full rank. Additionally, we will suppose
that x(t) evolves in an open, connected set U C.Rn, and that

f, h e C(U). As the estimation algebra domain, we will always take
C;(U) = {¢ ¢ CQ(U)Isupp¢ is compact},

a choice avoiding boundary conditions, but imposing no loss of
generality to estimation algebra calculations, since the algebra
operators should be defined on a sufficiently well-behaved and complete
domain. The first resuIt will present a necessary condition that
(5.45) has a finite-dim. estimation algebra. We then use this

condition to Tist all possible finite-dim. examples in the scalar

L]

version of (5.45), n =m=p = 1. Finally we discuss in which of
the scalar possibilities, Zakai's equation can be solved by the

method of section 5.1.

Conditions for Finite Dimensionality

The Zakai equation for (5.45) is

P
L) - Lpxt) + SRRCHALILICR)
1=
2 n p
10 3 3 1 B2
b =z LAy - I B0 -5 1 hi(x) . (5.46)
0 21,j=1 1J axiaxj sqaxg i 2 ;& |
T

A = GG
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Consequently, the estimation algebra is defined to be
A= {LO’h]’.“’hp}LA’C;(U)

The following lemma, which incorporates an important Lie algebra

calculation, is needed in the first theorem.

Letma 5.2 Let ge C(U). Then Yk

[ad Lglg = T D¥g(A, ,-euh, ) 3 s (5.47)
- X, eee3X
. 1]9"'alk ] 1 k .Q.-I 2,k

+ terms with Tower order differential operators

k th’

In (5.47) D%g(--*) denotes the k differential of g considered

th

as a symmetric, k-linear function, and Az denotes the 2~ column

of A.

Proof For k = 1, a direct computation will show

n
[Lgade = 1 J’—AU x: + [3 tr (AD%) - vg-f]

for ¢ e CS(U). In the last term,

p?

g = [D%g(e e

k standard basis vector

and
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For k > 1, the proof proceeds by induction. The details will

not be presented.

The next theorem gives the necessary condition for the

model (5.45).

Theorem 5.3 If dim A < =, h](x),"'shp(x) must be polynomials

of degree < 2. More generally, if g(x) e C (U) is in A. g(x)

must be a polynomial of degree < 2.

, 2 . . .
Proof Fix g(x). The sequence {[ad LO]‘g}k=o is contained in
A and hence cannot have operators of arbitrarily high order.
Because of lemma 5.4, this implies that, for some K,

D g(A <LA

' )
2 2y

for all qsecesiys 12 2q50me8y <0, Since A 1is non-singular,

this means that

for all Byt 1 2 Rqscttady SN Thus g 1is polynomial of

degree k - 1.

The sequence of functions {an(x)};=0,




must also be in

If g(x

polynomials.

)

a_(x)

n
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g(x) T
[[Lgs2g(x)1, ag(x)]

[[Lgsa,_q(x)1s a;_1(x)]

A. Another tedious calculation shows that

T
va ](x) A v an-1(x) .

is a polynomial, then clearly {a (x)}“=0 is a sequence of

n n

We claim that

deg an(x) = 2 deg an_](x) -2 . (5.48)

To prove this, observe A > 0. Hence, there exists a matrix S

such that

so that

But va

n-1

sas’

a_(x)

n

(x)S']

diag [A]’.."Anljk'i>o 'i:], LI o

(x)s”] SAST(S'])TvTan_](x)

-1,2
1 n_](x)S )1

will be a vector of polynomials, the highest degres

of which will be (deg an_](x)) - 1. (5.48) clearly follows from this.
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Now suppose deg[g(x)] > 2. (5.48) will then imply that the sequence

deg an(x) will increase without bound and so admit polynomials of

arbitrarily high order into A. But this cannot happen if

dim A < =. Therefore deg g(x) < 2.

In the scalar case, theorem 5.3 may be used to impose

conditions on the drift f(x) and so to obtain n.a.s.c.'s for

finite-dimensionality.

Theorem 5.4 Letn=m=p=1, G=1. Then dim A < = iff

(i) h(x) = ax + 8

frafl=ax’+bx+c

(11) h(x) = ax® + 8x + v, « # 0, and
£ s h2 + a(2c4.><+fs)2 +b + ’—C—Z
(2ax+8)
or
Froe f2 = - h% s ax® + bx + ¢

Proof Assume dim A < = and h(x) = ax + 8. The function
ry(x) = [Lgs[Lgshl]

2 ] (] =1
e X * T+ ff

is in A. Hence by theorem 2,

2 2)

r](x) = ex“ + (a+a")x + b/2

(5.49)

(5.50)

(5.51)
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i

for some constants, e, a, and b. Thus

el = s £ = el s ax ¢ 0/2,

and hence

2

el s L

ex” + ax2 + bx + ¢ . (5.52)

w|m

Likewise

ré(x) = [LO,[LO,r](x)]] - del

2e(2ax+6)2 + 2€[f'+f2] +

2+(ax+®]

(2ex+a+a2)E§f"+f
is quadratic. But, by substituting (5.52) into (5.53) we find that

ro(x) contains the term ezf%3x3. Hence e = 0. Thus f' + £ is

]

quadratic. Conversely, if f(x) satisfies (5.52) with e = 0,
_ d
A= Span {Los X, a";('s I} ’

which is finite-dimensional.

Next suppose that h(x) = ax2 +8X + v, a 7 0. Again

r{x) [LO,[LO,h]] - 4aL0

2

2u[F'+F2] + %-(Zax+3)[f"+2f'f] + 2ah

+ (2ax+g)hh'

is a quadratic function Q(x). Let z = f' + fz. We see that z
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satisfies
20z + J2'(2ez><+s)z‘ = - 2h% - (2ax+g)hn’ + Q(x) .  (5.54)

The general solution z of this equation is

- 2

where Q](x) is another quadratic function solving
2aQ; + p{2ax+8)Q] = Q(x)

and A(Zax+s)'2 is a solution of the homogeneous part of (5.54).
If 01(x) #.u(2ax+s)2 + v, then by taking an appropriate linear
combination of Q(x) and n(x) we may show that x ¢ A. It then

turns out that

[Lollgx1T = Qf(x) - 2na(2ax+s)®

is in A. But this must be quadratic and hence 1 = 0.

Conversely if Q](x) = u(Zax+B)2 + v, then X\ may be non-zero

and the estimation algebra is

A

Span (L, (2ux+3)f (2axcr) S + [a- (20x48)F1,13

IF o+ f2

- h2 + ax2 + bx + ¢ and Q](x) is not of the above

special form
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- 2 d__ d .
A= Spén {Lo,x P xf, i f, It.

This completes the proof.

Remark Case (i) compares to the Benes [ 1] examples; a form of

(ii) appears in Brockett [ 6].

By a simple transformation, we may extend this result to the

filtering model

dz(t) = f(x(t))dt + g(z(t))db(t)

(5.56)
h(z(t))dt + dw(t),

dy(t)

and h,f,qg eC7(U), U is an open interval of R.and g(z) > 0 for

z ¢ U. Consider the differential equation
8¢ (x) = g(e(x)) 8(0) = Zy € u.

Let I denote the maximal interval about x = 0 on which the
solution o(x) exists. o maps I onto U, is infinitely
differentiable on I, and is invertible. These statements are easily

demonstrated from differential equation theory. Next Tet

F(x) = grgy [F((x)) - 38" ()]
and suppose

dx(t) = f(x(t))dt + db(t) .

By applying Ito's rule, one finds that if z{t) = s(x(t))
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dz(t) = f(z(t)dt + g(z(¥9)db(t) .

Hence, (5.56) may be replaced by:

dx(t) = f(x(t))dt + db(t) | (5.57)

dy(t) = h(e(x(t)))dt + dw(t).

The Lie algebra analysis can now be carried out on (5.57), The

C13% 2 3 1.2
estimation algebra is Ay = {3 == ¢ (t) - 3T f(z) - i h (z),h(z)}LA,
3z
that of (5.57) is A, = {l- 33— - é-—-?”(x) - 1(h")2.h. }
‘ 277 27 3 AN W

If 118, > My is defined by

(i[Bly)(z) = Byes(x)

one sees easily that i is an isomorphism of'A] and A,. Hence, we

derive.

Theorem 5.5 ~dim A1 <« iff dim A2 < =,

Theorem 5.5 says that any finite dimensional estimation
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algebra for the mode] (5.56) with g(z) > 0 can be reduced by state
space diffeomorphism to one of the cases in theorem 5.4.

Solution of Zakai's Equation

Which cases among those singled out in theorem 2, alliow
a solution of the filtering problem via the method of section 5. ?
To answer this, it is first important to characterize the drifts f
solving the equations (5.49) - (5.51). It turns out that f may
explode for finite x, that is, the maximal interval
U= (ro,r1) on which f can be defihed may be only bounded or
semi-infinite because |[f(x)| » « as x - bounded endpoint of U.

Despite this a signal solving
dx(t) = f(x(t)) dt + db(t)
x(0) e U (5.58)

will still exist, but, in general only up to a stopping time, =,
at which it attains a boundary point of U, (Gihman and Skorohod
[ 171). The theory of diffusions on bounded intervals must now
be applied to proceed further. It says that to specify x(t)

for t > v, one must impose conditions that tell how the process
behaves at the boundary, i.e., whether it is absorbed, reflected,
- terminated, or some combination of these three. Always, when

x(t) ¢ U, it is assumed to solve (5.58). The theory also
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indicates that even if x(t) does not hit the boundary, so that
x(t) can be defined as a so1ﬁtion of (5.58) without additional
conditions, different process behavior near the boundaries can
occur. Whether or not x(t) attains the boundary and how it acts

near a boundary depends on the nature of f.

To study f and (5.58) we state some preliminary results
from diffusion theory. In our definitions and statements we follow
the exposition of Mandl [ 27]; the original reference is Feller

L ]2]. Let f e.C}(UL U=(r.,ry) and consider the operator
0’1

2

1 d d
B == + f(x) — .
2 dxz dx

let r = (ro,r1) and define

c(x)

n
~n
.—'—\
x
—
—
w0
—
o.
w

<
—~
x
(1}
—
=
(a %
<
1]

()
—
(<
S—

—
<
o
N
19}
]

[g]
N

N

o romwnr B % e e wa
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Definition 5.3 For the operator B8,

The boundary point n is

(a) an inaccessible, natural boundary if n(ri)==, v(r1)==
(b) an inaccessible, entrance boundary if u(ri)=m, v(r1)<¢
(¢) an accessible, exit boundary if “(ri)<“’”(ri)<°
(d) an accessible, regular boundary if ”(ri)’v(ri) < @,

Let :Q{U):={w(x),xeU| v is continuous, lim w(x) exists and is finite,

X+
= 0.1}

and consider the differential operation B

on

D(B) = {y e c(U)[B v c{U)}

Lemma 5.3

i) If the boundarijes of U are inaccessible then B on D(B) generates

a unique Markov semigroup on C(U)

ii) Suppose B has an accessible boundary. Define D'(B) as the set

of v ¢ D(B) s.t. at a regular boundary rs

Q = piw(ri)-(-1)ini 1im e (x) w(x) + ciBw(ri)

X-r




and at an exit boundary Q = piw(ri)+313¢(ri),pigizp ’pi+ci>0'

Then B on D'(B) will generate a Markov semigrowp on C (7).

Proof. Mandl [27 ].

Remark. The boundary conditions in lemma 5.5 ii) are called local.
More genefa], “lateral” conditions,corresponding to having the process
jump to a point inside U, are possible, but for such signals Zakai's

equation no Tlonger holds.

For a domain with inaccessible boundaries, let x(t;xo) denote
the solution of‘(5.58) with-x(o;xo) =xgeU. Then B on D(8)
generates (T(t)g)(xo) = Eg(x(t;xo)) for g ¢ C(U). Construction of
Markov processes that correspond to the semigroup generated in the
case of accessible boundaries with local boundary conditions may be

found in Gihman and Skorohod [ 17].

We shall now analyze the solutions © of (5.45)-(5.51) in
X
terms of this theory. Given a function f, let v = exp J f, (or,
vice-versa, given v, let f =v/v. Then f satisfies (5.49), (5.50) or

(5.51) respectively, if and only if v satisfies

' o= (ax2 +bx +¢)v (5.59)
or
vito= (-h® o+ a(2exe3)? w2 —C o) (5.€0)
2ax+3)




ar

y'' o= (-h2 + ax2 +bx +¢) vy (5.87)

respectively. Clearly, singularities of f will arise at zeroes of
v. The situation is summarized in the following lemma. Note that
special attention must be given to (5.60) because of the singularity

of the coefficient at Xq = -8/2a",

Lemma 5. &

i) Suppose that f 1is a solution of (5.49) or (5.51) and that <

becomes singular at.xgy. Then f(x) = LI 0(1) as x»x,. The same
, X=X 0
holds true if f solves (5.50) and X4 # %%.

ii) If f 1is a solution (5.50) and c > --%, then f can have a

solution on an interval with endpoint «x

0 5 a and

flx) = —2— + 0(1) X = X,

X=Xq )
where a(a-1)=c.

iii) If ¢ < - %3 f 1s not defined on an interval with endpoint Xq

or containing Xq

Proof (i) Let v(xo) = Q. Then v'(xo) # 0 (or otherwise v 5}0).

Thus
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f(x) V'(XO)‘FV"(XO)(X-XO)‘F{"'

v'(xo)(x-x0)+%v"(xoj(x-xo)2+...

1
X-Xgq

+0(I) ,x""xo-

(i1) It suffices to consider the case 8 =0 and o =1, for which

x0 = 0, and

2

v o= (-h2 +ax" + b + E7Jv

X

If ¢> - %- a(a=1) = ¢ has two solutions ay < %-< ay and v

series solutions near zero

vi(x) = x Jax", a,#0
1 neo " Q
[0}
2 n
vo(x) = x ¢ Yax, by#0
2 n=0 n 0
For each solution
%4
f = 'R + 0(1) , X— 0

For ¢ = - 1/4, the solutions v are generally of the form

T [ —

has
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v1(x) = x'/2 nzo anxn
vz(x) =v(£n X) x1/2 (¥ anxn) + x1/2 E bnxn
n=0 n=
Again
f=pl+0(1)
(iii) If ¢ < --%, the solutions vy and v, are still valid, but

now o, and «, are compl ex

V|4c+l

2

Q
"
ny|—

1

Thus since

—tp

1 .1
N2 21 5/ Aert] 172 o2 17 /el an x
any real solution v will have an infinite number of zeroes in any
neighborhood of zero. Since each of these zeroes will correspond to
a singularity of f, f cannot be well-defined in an interval

containing 0 or with Q0 as an endpoint.
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From Temma 5.4 we can derive

Lemma 5.3

Let f be a solution of any of the equations (5.49) -
(5.51) on U = (ro,r]). If r; is finite and 1lim ]f(ri)l <@, or
X
is regular. If r, is finite and f(x) = =<+ 70(1) (x»r.) r. is
i X=Ts i i
an entrance boundary if o > 1/2, a regular boundary if a« €(-1/2,1/2),
and an exit boundary of « < - 1/2. If r is infinite (+ = or -=),

it is natural.

Proof For the finite boundaries, calculate u(x) and v(x) and
apply definition 5.3. To prove that an infinite boundary is natural
it 1s necessary to know how f behaves at that boundary. It will be
shown later that f can exist in a semi-infinite or infinite domain
only if it solves (5.49). Suppose for instance that ry =+ It
turns out that

4= ax2 +bx + ¢

whether either a >0 ora =0,b>0,0r a=0,b=20,c>0.
In any of these cases f(x) can grow at most 1ike x as x-= and
from this one can show Timu(x) = += 1im v(x) = +=.
X0 X+
Let us take up the gquestion raised in the last proof;
which equations of (5.49)-(5.51) have solutions on which kinds of

domains?
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Lemma 5.5

Suppose f satisfies (5.50), (5.51) or f‘+f2=ax2+bx+c

and either a<0, or a=b=0, c<0. If f is defined on U=(r0,r]) and has
no singularities in U, then U must be bounded. If f satisfies

2

£ +f2=ax®+bx+c  and r; is infinite, 1im aX2+bX+C.i 0.

X=>r.
l".'I

Proof. The proof applies the Sturm-Liouville comparison theorem
(see, e.g. Coddington and Levinson [ 8 ]). Suppose f satisfies

X
(5.51). Then v = exp f F(x) satisfies
r

2

v+ (hz-ax -bx-c) v=0

Since h is quadratic, for |x| large enough

hz(x) - ax2 - bx2 -c > 1.
Hence, by the Sturm-Liouville comparison theorm v must have a zero
between any two successive zeroes of any solution of

8" + 8 =0,

Since @ = c]cosi + czsinx we see that v must have a zero in any
unbounded domain. Thus f can be defined without singularities

only in unbounded domains. The other statements are proved analogously.

The interesting results contained in these Temmas are

(1) that no finite boundary arising from an ¢ solving (5.49), (5.50),
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or (5.51) will be natural and (2) that finite boundaries will always

be encountered, except possibly, with (5.49). It will turn out that
these non-natural boundaries will generate non-trivial boundary
conditions for Zakai's equation. The general implication is then that,
just as in the absorbed Brownian motion example, these boundary
conditions will interfere with the attempi to apply lie algebraic
techniques. It would then follow that for scalar-signal models

of the type (5.58) only the known examples of Bene$ can be treated

by the method of section 5.1.

It is difficult to prove this statement in such sweeping
generality. First, there is a problem of formulation. If x(t)

solves:

dx(t) = f{x(t)) dt + db(t)

on a finite domain U with regular accessible boundaries, it is no
Tonger possible to characterize the conditional distribution just by
a density p(x,t) on U; one must also consider the conditional mass

R . -r y
d1str1but1ons.Pri(t) E0{1{x(t)=ri}Lt|Ft}' For general local

boundary conditions, we must solve a system of equations for the triple
(Pr (t), p(x,t), Pr(t)), and Lie algebra techniques, if any, must be

0 1
applied to this system. Thus in the analysis of Lie algebraic

techniques to follow we will avoid the accessible boundary case.
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Remark. For certain boundaky conditions in the regular accessible
case the system (Pr , p(x,t), Pr (t)) degenerates into just a

0 1
density equation with boundary condition; if rj 1s pure reflecting,

. (R e 3 . z
f.e., ¢ D'(B) only if = ¢|x=r1_ = 0, then Pri(t)_O and

{%; —f(x)}p(x,t)|x=r.=0, Yt; if r, 1is pure absorbing, i.e., ¢ ¢ D'(B)
i

: F _r 9 ' ]
iff B¢(r1)-0, then dBri(t) = [ % p(x,t)|x=ri]dt and p(ri,t) =0, Yt.

(see Pardoux [40 ]). Theorem 5.5 will hold for these cases, but we will

not work out the details.

Secondly, the case

f o+ fz = -h2 + a(zax+s)2 + b+ —= o C #0
(2ax+8)° c > -4

on an interval with Xg = -B/2a as an endpoint poses analytical

difficulties, both because of the variety of cases f(x) v xax , X—=>Xs,
0

a ¢ R, to be analyzed and because of the singularity

c
2ax+8
treat this case.

5 in £ + 2. In the interests of simplicity, we will not

From now on, we will be interested in solving Zakai's
equation for the problem of filtering a signal x(t) solving (5.58)

under the assumptions:
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(1) h is linear or quadratic
(i1) f solves one of (5.49) - (5.51)

(iii) U= (ro,r]) is the full domain of definition (H)
of f

iv) If f solves (5.50) with ¢ # 0, ¢ 3_--%, neither

endpoint rs equals Xq = -8/2a

From the lemmas presented above, one can conclude that if r is a

finite boundary, it is of entrance type, and f(x) ~ xlr as
i

X>r..

Zakai's equation for any one of these problems is:

5 1 3% 3 1.2

3T POGt) = {z S - = f(x) - 5 h°(x)} plx,t)

ax
+ y(tIn(x)p(x,t) (5.62)

Tim {%;-- 2F(x)} p(x,t) = 0 if ri'is a finite (5.63)

X>r
(entrance) boundary.
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We give a brief, formal derivation of this for the case [ro!,[r][ < @,

For g ¢ C(U) define

r
1
0:(a) = Eglalxy )L IF} = [ glzlp(z.t)dz .
r
0
If g e D(B),
do.(g) = c,(Bg)dt + o, (hg)dy(t) (5.64)

(Kunita [25]). By integrating the term ot(Bg) by parts we derive
"

doy(g) = jrog<z>dp<z,t) iz
"

. f g(2) (B*p(z,t)dt + h(z)p(z,t)dy(t)]dz

2
13 3
B* =7 7~ f¥)
3X
In order that this hold for general g e D(B), we require

dp(x,t) = B*p(x,t)dt + h(x)p(x,t)dy(t) (5.65)
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Tim g'(x)p(x,t) = 0 (5.66)
X+1"_i :

Tim g(x)tg; -26(x)Ip(xst) = 0 . | (5.67)
X->r

.i

For g ¢ D(B) one can easily show that

lim (& - 2f(x)}p(x,t) = 0
X==1. X
i
implies both (5.67) and (5.66). When writing (5.65) with y(t) instead
of dy(t) one must add the Wong-Zakai correction term -1/2 hz(x) to
B*. This proves (5.62) - (5.63).

Rather than work with (5.62) directly it is convenient to

invoke the "gauge" transformation

f(z)d
oF(X) o olr 2)dz re (rgry)

and write

p(x,t) = e

A calculation shows that

2 .
&L LTIl t) + y(Eh()a(x,t) (5.68)
ax ‘

Q)

Q
ala

= {

noj—
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-~

11m eF(x) [ f(x)]a(x,t}=0 if ry is an entrance
X+, _ :
i boundary (5.69)
It is this eguation that we seek to solve by Lie algebraic
methods. Let A =53 -~%[f'+f2+h2] and call {A,h}, the

: ax
algebra of (5.68). {A,h}LA is isomorphic to {Lo,h}LA by the

map B -+ e F B»e_F from '{A,h}LA to {Lo,h}LA. This map also trans-

lates evolutions; that is if

tA
Tim [e ol 6D
t+0
then
F tA -F '
Tim ~{e &8 -I]p = Lyoso e e
t+0

Thus the Lie algebra analysis may be carried out on (5.68).

The technique we want to explore is that of solving (5.68)

by
g, (t)A g,(t)X g,(t)x
qx,t) = (e e 2 l..ed dqo)(X) . (5.70)

g, (t)A
We place e first in this series because we need an evolution

that must, in general, satisfy boundary conditions. It is not usually
possible to do this with first order operators, and ‘A is of second
order. Different second order operators in ’{A,h}LA might be chosen

instead of A, but this will make no difference in what follows.
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The natural semigroup to associate with A is that
determined by the boundary conditions (5.69). We will define this
semigroup on LZ(U). Thus let

D(A) ='{weL2(U)l A ¢eL2(U), w(r;) = 0, r. an entrance

boundaryf

Assume r is an entrance boundary. The condition w(ri) =

does not look like (5.69), but it is in fact equivalent. Since

.
s [ (514524027 (s)u(s)ds
2
(

& v(x) = o)

=r
x r

and y ¢ L°(U)

Since eF(X) ~ kx (x+ri) for some constant k we see that

Thus Tim e ) [ - f(x)Tulx) = Tim e ) F(x) u(x) =

-1, -1,
X,I X?‘1

= 1im -tlw(x) =ky(r.) = 0.

>,
X 1

We now state the main theorem.

Theorem 5.5

Let h, f and U satisfy the hypotheses (H), and suppose
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U 1is bounded or semi-infinite

(i) -A 1is self-adjoint and bounded-below on D(A) and hence
generates a semigroup etA. Also, A has a discrete spectrﬁm.

(i11) Let D'(A) = {finite linear combinations of eigenvalues of A}

)etA

tn n
=T [ad A] h o for ¢ ¢ D'(A), ¢ # 0 .

(5.71)

(1]
o
-
Mk
—
e~ 8

Proof Assume, without loss of generality, that h(x) = x in the
1inear case, and h(x) = x2 in the quadratic case. It is easiest
to prove the theorem separately for the cases U bounded and U

semi-infinite.

Let U be bounded. Then

and %{f'+f2+h2] is a bounded, C° function on U.. (Recall

that (H) excludes the case in which f' + f2

may have a singularity
in U) A standard calculation.from differential equation theory
(Coddington and Levinson [ 8]) shows that A is self-adjoint on

D(A}) and -A is bounded below. Further, the theory of self-adjoint,

differential operators on bounded intervals implies that A on D(A)

has a discrete spectrum A, s.t., Ao > Angs ;iz A, = - =, and

1~ 8

‘l§ < = and a corresponding complete set of orthogonal eigen-
n=1 in .
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vectors {wn}n=0' (Coddington and Levinson [8 ]). If 4 ¢ LZ(U)

' ® At
(a0 = [ LT e M 0ey 0Tty (5.72)

(Coddington and Levinson [8 ]). One now proves (ii) case by case.
2 2 2 2

To illustrate we do the example h = x° and f' + f% = - h® + ax“ + c.
The estimation algebra {A,h}LA is then spanned by {A,xz,x g? I}

and has commutation relations

(A, x2] = 2x -%(—#1

A, x L7 =28+ 22 %% + ¢
dx

From these, one readily derives

© .n
! rE—' [ad A]"h = -;- [cosh 2v/at - 1]A + [coshZ/at]x2
n=0 °
s 1 (sinh 2vat)x g—x + g(t)
Ya
g(t) = 1 sinh 2/at + %5- cosh 2/at - -%-é-
2/a

Now let us check (5.72) on U Observe first that
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and wa(ri) # 0. (Otherwise ¢n(r1) =0, ¢;(ri) = 0 would imply

= 0). Thus

n
Lo fad A1"m)e ™y ()

At
=gl a']/z(sinh 2/a t)x ¢$(x) (5.73)

At

20sh2va t)e " u (x) .

+.(xna'1(cos 2/a t-1)+g(t)+x n

This will not satisfy the boundary conditions ¢(r1) =0, =0,1
etA

because of the wa(x) term. Thus (5.73) cannot equal hy since
» N
by (5.72),(etAh¢)(r1) =0,i=0,1. Now let w(x) = J o ;0 N<we.
n=1
Then
S ¢ n., _tA
(] = ladAl'h) ey (r.) = 0.1 =0,1
nso N i
only if
N Ast
z aje J =0 5

(see 5.73). Since the Aj are unequal this cannot happen unless
o5 = Q, j=1,*++,n. The statement analogous to (ii) with h replaced
by 2x %; is also true. The other cases involving bounded U are

proved in the same manner.

Now let U = (ro,u), i finite. As was shown above this




- 167 -

case can only occur if f' + f2 = ax2 +bx+c¢c and a >0 at the

very least. Hence the operator A is of the form

2
A
X

2. bx + ¢]

and lim %[x2+ax2

X<

on D(A) = {y|A v ¢ L2(U),w(r0) = 0} with a strictly decreasing

+bx+c] = «. It is then known that A s self-adjoint

sequence of eigenvalues Aj. The analysis then proceeds exactly as
for the absorbed Brownian motion case. (Indeed by a transformation
z = yx + 68, $'(t) = ay(t), (5.68) with boundary condition q(0,t) = 0
becomes the Zakai equation for absorbed Brownian motion). The proof

for the case U = (-a,r]) ry o<, is the same.

Remarks

(i) Theorem 5.9 implies that the crucial lie algebra identity (1)
of section 5.1 fails, and hence that the method (5.70) of solving
(5.68) will not work. The result is that, exclusive of the cases not
satisfying the assumptions (H) the Lie algebra technique works only

for the case treated by BeneS in which f 1is a global solution of

e £l = ax? 4 bx + c.

(ii) The one non-rigorous point in the above calculation was the
derivation of Zakai's equation. However, the equation (5.68) for

q(x,t) can be rigorously derived, if the differentiability of q(x,t)
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is assumed. Indeed if (Q,F,E) is a probability space on which
B(t) and y(t) are independent Brownian motions; it can be shown by
change of measure techniques that

t t ,
alxot) = E toxpl[ nlxgra(s)dy(s) - § [ LF+r2n?l0xgeo(s))ds]

0 0

| —

x 1{t<r}|F{,B(t)+xo=x}r(x,t)

where =t = 1nf{t|x0+8(s) ¢ U} and r(x,t) 1is the density of

B(t) + Xq (Liptser and Shiryayev [28]). The techniques of Zakai

[47] applied to this object yield (5.68),and the boundary conditions
q(ri,t) = 0 at finite boundaries r, are clear. The details will

not be presented.

It is in trying to justify Zakai's equation rigorously that
C
(2ax+8)
excluded the case from the analysis of theorem 5.5. Ngvertheless, if

the singularity at Xg = 8/2a causes trouble and is why we

one presumes Zakai's equation halds and applies the method of theorem
5.5 with careful attention to what happens at Xg> the same conclusion

tAh will follow.

about e
(iii) From the remark on page /5§ , the analysis of theorem 5.5 can
be applied to the case when any one of the boundaries is regular and
either instantaneously reflecting, on purely absorbing.

(iv) 1n theorem 5.5, as in the absorbed Brownian motion case of
section 2, if D € D(A) is invariant under A and n, it will not

contain an invariant set of analytic vectors for A and n.
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In our analysis of Lie algebraic techniques we.excluded a ..
number of possible, finite dimensional examples by restricting our-
selves to problems satisfying hypothesis (H). However, remarks (i) -
(iv) state that the results of theorem 5.5 are true, at least by
formal arguments, for any excluded case for which the conditional
distribution can be found by solving Zakai's equation for with
(possible) boundary conditions. Thus, we conjecture that no other
examples beyond those of Benes can, in fact, be solved by the method

developed in this chapter.




(8)]

10.

11.

12.

13.
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APPENDIX 1 HOMOGENEQUS CHAQS THEQORY

Wiener's homogeneous chaos theory providesa method of repre-
senting functions of Gaussian processes by certain infinite expansions,
the terms of which are the prototypes of multiple stochastic integrals.
This appendix presents the fundamental motions of the theory; the

treatment follows that of Kallianpur [21 ].

The situation is as follows. Let T be a separable,
topological space. {x(t)[t e T} will denote a mean zero Gaussian pro-
cess on T with a covariance function c(t?s) = Ex(t)x(s) that is
jointly continuous in t and s. Let the probability space of the
process be (2, F, P) and let A = o{x(s)|s ¢ T}. Homogeneous chaos
theory concerns itself with the structure of LZ(Q,A,P) considered as
a Hilbert space with inner product <¢,y> = E[ey]. It seeks to build

a useful orthonormal basis for LZ(Q,A,P).

We present the basic construction. Let

| N
H=Span { ) ax(t))|t; eT, N <o}
T

('——' denotes closure in the norm of LZ(Q,A,P)). H is the subspace

of LZ(Q,A,P) consisting of linear functionals of x(:). H is

separable, because of the separability of T and the continunity of

[=-]
1

c(t,s), and hence H has a countaole orthonominal basis {g; .
i=]
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Definition A.1.1

i) Pn = {polynomials of order < n in the variables {-:1-}= b
i=1
ii) P zUP
n 0
BRI = = - = fa L
ii1) 6, =P, & P, {5 ¢ Pn!¢ Poot?
G, = {1}
E; is called the n®”* homogeneous chaos of {x(t)[t ¢ T}.
Evidently, P = & G_, in which ® denotes a direct
N =0

n
sum of Hilbert spacaes. The Gn thus give a Gram-Schmidt type
decomposition of P. To provide orthonormal bases for the E;, we
introduce the Hermite polynomials, which, as it will e seen ars

naturally associated to Gaussian procasses.

] A
Definition A.1.2 The n™ Hermite polynomial is defined as

n 2 n 2
h (x) = (-1) X772 Q_h oX /2
/nl dx

Theorem A.1.1 (tbmog eneous chaos expansion)

For every n

) T (e e (5 )

i {s =h z I z. (M. Teeem =1,
My, M. LTS . '\rl L
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-~

is an orthonormal basis of E; .
i1)  Pis dense in L%(2,A,P). Thus
2 L. D
L2(a,aP) =P = @ T
n=0
and if ¢ e L2(a,A,P)

= kT...l X1"'A
o= J 1 (89

{m_l,co.’mr’l_l’o-.l\ } [ In

r\

In = {m]’...’mr,)\,{’r..,\

r

m]+...+mr=n, mi>0, xl,...

A pairwise

unequal}
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APPENDIX 2. SOME CONCEPTS FROM QPERATOR THEORY
The definitions and theorems follow Reed and Simon [41,42 ].

Let A and B be linear operators on dense domains D
and D' respectively in a (complex) Hilbert space H. Let (-,-) denote

the inner product in H.

Definition A.2.1

(1) A is closed if its graph {<¢,A¢>|$ ¢ D} is a closed
subset of H x H w.r.t. the norm |[|<¢,u>|| = [|e|]| + [[wl].

(2) B extends A if DC D' and B¢ = A, ¢ ¢ D.

(3) A[D 4s the smallest closed extension of A, assuming
a closed extension exists.

(4) Spectrum of A = ofA) =T - {x AI-A bijects D onto H} .

Definition A.2.2

(1) D(A*) = {¢ e H| 3& e H s.t. (Ay,0) = (v,5) Yy  DI.

ct

For ¢ ¢ D(A*), A*p = £.
(2) A dis symmetric if (Ay,e) = (v,A¢) for all y,s ¢ D.
(3) A 1is self-adjoint if A = A*, that is if A is
symmetric and D(A*) = D.

(4) A is essentially self-adjoint if AJD 1is self-adjoint.

Theorem A.2.1 (Spectral theorem)

For A self-adjoint, ¢(A) R. There is a map 3 from the
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bounded Borel functions on o(A) to bounded linear operators on H

such that

a(f) a(q) = ¢(fg)
(1) = 1
fo(f)]* = o[f]

and if hn(x) - x pointwise, |h_(x)]| < [x| for all x and n.

n

1im @(hn)w =‘A¢, Yy e D.

[}
Exampie If =-A is self-adjoint and.bounded below (i.e.,
a(-A) (A=), A > ==, e('t)('A)= etA = ¢(étx) is well defined by the
spectral theorem for t > 0. One can sth it is a bounded semigroup

on H.

Definition A.2.3

p e D is an analytic vector for A if aAn y ¢ D for all

= .n
n and nZO‘%T ||A"y|| has a positive radius of convergence.

Theorem A.2.2 (Nelson [38]).

Suppose that A is symmetric and D 1is invariant under A
and contains a dense set of analytic vectors. Then A is essentially

self-adjoint on D.
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Let G be a finite dimensional Lie algebra, and G its

associated simply connected group.

Theorem A.2.3 Let T(G) represent G by skew-symmetric operators

on a domain D of H. If there exists X ¢ T(G) such that iX (on
D) is not essentially self-adjoint, then G has no unitary
representation on H. Further if x],"',xd is a basis of

T(G), X$+---+X§ will not be essentially self-adjoint on D either;

For the notion cof representation in this theorem see definition 5.1

in chapter 5.

g



