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Using the theory of Dirichlet forms a distribution-valued symmetric Markov
process is constructed so that it has the (¢*), measure as its invariant probability
measure. Several properties of this process are proved and a finite to infinite volume
limit theorem is established.  © 1988 Academic Press, Inc.

I. INTRODUCTION

Recently, Jona-Lasinio and Mitter [7], following up on a program
proposed by Parisi and Wu [15], constructed a nonlinear stochastic
differential equation taking values in the space of distributions on a finite
rectangle in R? so that the resultant process is an ergodic Markov process
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whose unique invariant measure is coincident with the finite volume
Euclidean (¢*), measure. (See also [13, 14] for related expositions.) They
called this procedure the stochastic quantization of field theory. This
process, which we shall refer to as the (¢*), process, is the continuum
analog of the statistical mechanical models known as the interacting par-
ticle systems [10]. The motivation for the latter was to introduce dynamics
in the study of equilibrium statistical mechanics so as to shed light on
critical phenomena such as phase transitions. This was achieved by
constructing a stochastic process which has the equilibrium (Gibbs’)
distribution as its invariant measure. Similar considerations motivate the
study of the (¢*), process.

In the existing work on distribution-valued s.d.e.s. (see, e.g., [6,8]) the
drift term of the s.d.e. in question is explicitly specified as a suitable map of
the state process. In contrast to this, the drift term of the (¢*), process
involves Wick ordering and is thus specified only as the L’-limit of a
suitable approximating sequence with respect to a specific probability
measure. This presents certain technical problems. The approach of [7]
was to generalize the concept of a weak solution for a finite-dimensional
s.d.e. to this infinite-dimensional situation. This solution is defined by a
change of measure argument based on the Cameron-Martin-Girsanov
theorem [11] as in the finite-dimensional case, but a rigorous justification
of this procedure presents considerable technical difficulties. The key step is
to show that the so-called Girsanov density (see (4.4)) is an exponential
martingale. In [7] this is proved using moment estimates for the Girsanov
density based on Feynman graph calculations and a variant of Nelson’s
estimates for exponents of integrals of semibounded Wick polynomials
[17, pp. 148-1541.

This paper extends the results of [7] in several ways. The restriction in
[7] that the parameter ¢ appearing in the s.d.e. under study (see (3.7))
should belong to (0, 1/10) is dropped. The process is constructed in both
finite and infinite volume with general boundary conditions in the former
case and the relation between them is clarified. The proofs avoid several
complicated computations needed in [7].

The organization of the paper is as follows: Section II establishes the
notation that will be followed throughout and briefly reviews the essentials
‘of the infinite-dimensional Ornstein—Uhlenbeck process. Section I11 gives a
construction of the (¢*), process in finite volume using the theory of
Dirichlet forms [1]. A stochastic differential equation satisfied by the
process is also derived. Section IV establishes suitable uniqueness in law
result for this process for the finite volume case, in addition to establishing
its path continuity, absolute continuity in law with respect to the Ornstein-
Uhlenbeck process on finite time intervals, and ergodicity. Section V proves
a finite to infinite volume limit theorem under half-Dirichlet conditions at
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the process level, ie., the corresponding (¢*), processes are shown to
converge in an appropriate sense.

Remarks. The methods of this paper will also work for general P(¢),
processes for semibounded P.

II. NOTATION AND PRELIMINARIES

Let A4 < R? be a finite open rectangle in R”. Let

S,={f: 4> R|fe C*(A)with f =0 on the boundary },
S, =C*(A),

S’ will denote 2'(A), the space of distributions on A and &%’ will denote
the space of tempered distributions in R%

Let C,=(—4+1)"', i=1,2, with Dirichlet (resp. free) boundary
conditions for 4. Let {A ', e,} and {£, !, g,} denote the corresponding
normalized eigenbases on L*(A), so that {e,}>_, =S, and {g,}> =S,

For xeR, i=1, 2, let H*(A) denote the Hilbert space obtained by
completing S, with respect to the inner product

<f7 g>a=zl:<fsen><g’en> for i=1
and

o 80u =0 8% S 8108, 8oy  for i=2,

where (-, ) denotes the L? scalar product. Clearly {4, *%,}, {£{,*%g,}
will be orthonormal bases for H*(A4), i=1,2. In much of this paper, we
shall prove results simultaneously for /=1, 2 and all finite 4. Hence for
simplicity, we may often delete the sub-index /, leaving the reader to infer
the specific i from the context. The following is immediate:

(i) H:<Hfforazp, i=1,2,

(i) HY=L*A)=H?,

(iii)

S;c(VH:c|H: =S, (2.1)

where (), H? is topologized by countably many seminorms
I-,=+/<".->,and |, H~* is then topologized via duality.
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For a covariance operator C, C(-, ) will denote its integral kernel, C?,
its ath operator power, and . the centered Gaussian ‘measure on S’ with
covariance operator C. Let ::;, j=1,2, denote the Wick ordering with
respect to pc, j=1,2, respectively (for details of Wick ordering, see
[4, Chap. 8]). The (¢*), measures u,(i, j), i, je {1,2}, for finite A are
defined by

dﬂA(i’ ]) 1 14, L
duc, 7 (‘ il dx)/ 2.0 J). (22)
where
1
Zalt )= L exp <’ 2 L ¢, dX> diic(9). (2.3)

For finite A let 2, denote the sub-o-ficld of the Borel o-field of §’
generated by the maps ¢ — ¢(f') for smooth f supported in A. The infinite
volume (¢*), measure fi is defined by

fily, = weak limit u,(1,2)| 5. (2.4)
A<= AT R?

See [4, Chap. 11] for details. i is supported on &’ (Theorem VIII.26,
p. 294, of [17]). uc, and hence p,(i, j) is supported on H;(A4), i=1,2
(7]

Let O<e<1 and f,(-), i=1, a collection of independent standard
Brownian motions. Define

W)=Y A7 972B(t)e,,  1>0. (2.5)
Since we are in ihe two-dimensional case,
Y tt<w, YérlP<oo for 6>0. (2.6)

Thus the right-hand side of (2.5) converges in the norm E[|-[|%- 41" for
each ¢ Furthermore, for 7>, a straightforward computation using (2.6)
shows that for any ff > ¢,

ELIW(t) — W(s) 4 r] <k 1 —s]?

for a suitable constant k. By Kolmogorov’s test for sample path continuity,
we can realize W(-) as an H[ #(A)-valued process with continuous sample
paths. Using its independent increment property and centered Gaussian
law at each time (both immediate from the definition), one can easily see
that it is in fact an H '-valued Wiener process with covariance C} <
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The S’-valued Ornstein-Uhlenbeck process of [7] is described by the
s.d.e.
dg(t)= —3C°g(1)dt +dW(1),  $(0)=peS" (2.7)

Letting X ,(t)=@(¢)(e,), n=1, (2.7) decouples into an infinite system of
noninteracting one-dimensional O.—U. processes X,(-) described by

&

dx,(1)= —% A0 dt+ A0 D2 dB (1), nzl, (2.8)
which can be explicitly solved as
X,(1) = exp( = 251/2) X,(0) + [ exp(=Aslt=s)2) A7 92 dB (). (29)
Let A,(t), B,(t) denote respectively the first and the second term on the
right-hand side of (2.9). By (2.6), we have

Y Axexp(—A5t) < oo, aeR, >0
implying that
YA, (1)eH*, VYaeR, t>0.
Since
E[B,(1)*]=4,'(1 —exp(—451)) <4,

(2.6) implies that Y° B,(tr)e H™* as. for >0, 1 >0.

In particular, we conclude that (2.7) defines an H ~*-valued process on
(0, o) for each a > 0 (on [0, «0) if ¢ € H™*). Similar calculations show that
for 0<i<T<o0,t;<t,in [t, T], we have

|4,(12) — A,(1,))| S K |1, —1,] 15 exp(—4;0) ¢(e,) (2.10)
E(B,(1;)— B, (1)) <K |t~ 1] A,T"eexp(—lf, ) (2.11)

for suitable constants K, 8. Thus for o > 0,

E[ll¢(12) — @(2:) 131

[(Zi () (,)ﬂ [(za B(tl))>2:|
K [(Z xn«(An(zz)—An(z,))z)z] + E[Z A (But) = B"(”))Z]Z

+ 2 A, E[(BA(12) — B,(11))*]?
{by properties of Gaussian measures)

<K' |t,—1,)?
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for suitable constants K, K” by virtue of (2.6), (2.10), (2.11). By
Kolmogorov’s test and the arbitrariness in the choice of 1, T, it follows that
#() has a path-continuous version as an H ~*-valued process on (0, ). If
@ € H™*, a simple additional computation allows us to extend this claim to
[0, ).

For each n, (2.8) has N(0, A !) as its unique invariant measure. Thus
#(-) has pc, as its invariant measure. In fact ¢(-) is ergodic with p, as its
unique invariant measure [7, p. 418].

The above goes through in toto if C, uc,, {4,} {e,} are replaced by C,,
ey §8a)s {&a), respectively.

The following lemma will be of crucial importance in Section IV.

LEMMA 2.1, For a>0, [:¢°;)| y-s€ L7 (uc), i, je {1,2}, p=2.
Proof. To begin with, let p=2, and write i = j=1. Then

[ 1:6°:4 13+ dute) = tim

n— oc

Y it [ (4w dic(@)

= lim 3!j

n—oc A

< Z i;’é‘m(x)em(y)> (Cy(x, ¥))* dx dy

m=1

(see [17, p. 137])

<3! jRZ C*(x, y)(Clx, ¥))* dx dy.

(an explicit expression for C*(x, y) can be recovered from (5.1) in
Section V)

1 1 1 1
=3!
Je (kI + 1)“<|k|2+ T LS R TE 1) dk

{by Parseval’s equation)
<K< w. (2.12)

Similar arguments prove the claim for p=2, A finite when i= j=2. For
i # j, the claim follows from the additional fact that :¢°:,, :¢*:, differ by a
constant multiple of ¢ and ||@|,-€ L*(uc,) for i=1,2 as the following
computation (for i =1) shows:

[ U003 dc, =X 47 [ BleaV duc, =X 4,1 * <o,
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For general p =2, it suffices to consider p>4. By Theorem 1.22, pp. 38, of
[17], we have

" p/2 372
f( Z lma(:¢3:(en))2> d'uC< <§__ 1) Kp/Z’

m=1

where K is as in (2.12). Taking n — oo, the claim follows. Q.E.D.

COROLLARY 2.1. For geS with suppgcd, :4*:(g)eL’(uc) for
i=1,2.

Proof. Note that [:¢:(g)| < |:4>:|| y-= | g]| = for 2 > 0. QE.D.

I11. CONSTRUCTION OF THE (¢)3 PROCESS IN FINITE VOLUME

In this section we construct the (¢); process by using the theory of
Dirichlet forms.

Let A< R? be finite and let C, C’ denote resp. C,, C, for some i, j in
{1, 2}. Let u denote the corresponding measure u 4(i, j) (see Eq. (2.2)) and
s denote Wick ordering with respect to C'. Let {a7', h,} denote either
{A e } or {&1, g,,} depending on whether i=1 or 2.

Let = {h: H Y(A) — R| h($) = p($(h,), .., #(h,)) for some
{if, i,,} c N and some smooth functions p such that p and its deriva-
tives have polynomial growth p:R"+— R}. Define V:2 - K =9
L*(Ax H (A), d*x®du) by

Vh(¢)= Z af = V2R, 0, p((hy,), r B(R,)), (3.1)

=1
where ¢ is a prescribed number in (0, 1), A(¢)= p(é(h,), .., ¢(h,)), and
d,p denotes dp(x,, .., x,)/0x,. Let P*={F(-,")|F:AxH '(4)>R st

F(x,¢)=3%7_, pio(h;), - ¢(h,k ) fi(x) for some n, k;eN, pjeg’ e,
{is iy} © N} It is not difficult to check that #* is dense in K. Define

v @*HLZ( ) by
V*(F(¢)) = — Z af =120, p((hy,), ... p(h,))<e, hy >

ji=1

ia( V() o BR,)) % Oh,) e, D

+ Z i+ 2G(h, ) p(p(hy), r $(h;,))<e hy D)

j=1

for F(¢)= p(¢(h,), .., #(h;))e, extended by linearity to all of #*. Here and
in the sequel < , > denotes the scalar product on L*(A).
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LemMA 3.1.
J Cq(d(h,), ... o(h; ) e, Vp(d(hy), ... p(h;,)) > du

=JV*(q(¢(hn), o B(h))E) p((hy), ..o B(R),)) dp (3.2)

for q, pe?, {iy, rin} <N, {j1s s jm} SN, €.
Proof. Note that

{qe,Vp)y=3 ol '*9%0,p)qle h;> (33)

i=1

and

(V*(ge)) p= — Z ol = T 2(0,q) ple by
i afl 2 h;) gple, h>
+ Z a1 gpg: (k) e, by, (3.4)

Using the integration by parts formula for the P(¢), measure (cf. Eq.
(9.1.32) in [4]) we get

[ 6(h;) pg du= o; (3, pq du+ [ o, (3,0) p

- ja,;lpq:w:(h,.j) du. (3.5)

Rearranging these terms, multiplying both sides by a}j +e2le, h;», and
summing over j, we get an expression for the R.H.S. of (3.4), which when
substituted into (3.4) yields (3.2) by virtue of (3.3). Q.E.D.

CorOLLARY 3.1. V is closable.

Proof. The above theorem shows that V* is the adjoint of V. Since V*
is densely defined, the claim follows from a standard fact of functional
analysis [9, Theorem II1.5.28]. QED.

The closure of V will be denoted by V. Set L= —4V*V on D(L)=
DV) < L(n).
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COROLLARY 3.2. —L is a densely defined positive definite self-adjoint
operator on a dense domain D(—L) in L*(u) and T,=e~'*, t 20, defines a
self-adjoint strongly continuous contraction semigroup on L*(y).

Proof. Immediate from the previous results. Q.E.D.

Direct computations show that for hAeZ of the form h(¢)=

p(¢(hi1)’ [at] ¢(hi,,))a
Lh=%i lay 17007 p—aidlhy) O, p— ;' 20, 4% (hy)}. (36)
Jj=1

Thus L coincides with the desired generator of the (¢*), process [7] on 2.

Remark. In what follows, we use several results from the theory of
Dirichlet forms as in [3]. The Dirichlet form theory is developed in [3]
under a local compactness hypothesis on the state space of the symmetric
Markov process under consideration. The state space of our process is not
locally compact. However, the specific implications we use here do not
require this restriction, as a careful look at the proofs of [3] shows.

THEOREM 3.1. T, t =0, is the transition semigroup of a Markov process.

Proof. Note that L1=0 implying that 7,1=1 on L?(u), where 1
denotes the constant function identical to 1 on H~'(A4). We need to show
that T, is positivity preserving, i.., is Markovian. By Theorem 1.4.1 of [3]
it suffices to show that the associated Dirichlet form &: D(V)® D(V)— R
defined by e(F, G)= [ (VF(¢), VG(4)) du(#) is Markovian in the sense of
[3, p. 5]. The properties of V established above imply that ¢ is a closed
symmetric form [9, Example VI.1.23]. Letting i/, denote the infinitely dif-
ferentiable function ¢, in Problem 1.2.1 of [3, p. 7] we have

(Y, o F, ¢SOF)=J (VL(F(4))* IVF(@)I* du($)

<[ IVF@)I* du(9)

=&(F, F),

where we use the fact that 0 <y (1) <1 Vr. Thus ¢ is Markovian.

By Theorem 1.4.1 of [3] it follows that T, ¢>0, is the transition
semigroup of a Markov process. Since —L is self-adjoint on
D(—L)c L*(p), T, is self-adjoint on L*(u), Vt>0. Thus (T,f, g>=
fiT,g> Vf,gel*(u), implying (taking f=1) [gdu=[T, gdu
Vge L*(u), that is, u is an invariant probability measure for this process.
The symmetricity of the process follows from the self-adjointness of (T',).

Q.ED.
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We shall refer to the process constructed above as the (¢*), process. It
will be denoted by ¢(-).

THEOREM 3.2. There exists an H ™ '(A)-valued Wiener process W(t) with
covariance C'~° such that the s.d.e.

dg(t)= —HC  @(1) + C' “:9(1)*:) dt + dW(1) (3.7)
holds with ¢(0) having the law p.
Proof. Equation (3.7) is equivalent to
1 _
NS —9(0)( /)= — L 7 (@6NCTS) + B(s):(CH ) ds + W(1)(f)

(3.8)

for f e &. Using (3.6) and mimicking the arguments of [ 1, pp. 19-21] one
has

B0 = BNk = =3 [ b5)h) + (L 739061 (1)) s+ 1+ (),
(39)

i=1,2,.. where f(-) are independent standard Brownian motions. Define

W)= (al~1+2) Bt)h,.

Using arguments identical to those used for the process W(-) in Section II,
we can show that W(-) is an H ’-valued Wiener process for > ¢ with
covariance C'~* Then (3.9) becomes a special case of (3.8). The general
case follows by linearity and limiting arguments, since p. and hence p is
supported on H~'(A). QE.D.

IV. THE (¢*), PROCESS IN FINITE VOLUME

Let 4 be finite and ¢(-) the (¢*), process constructed in the preceding
section. Let ¢4() denote the Ornstein—Uhlenbeck process as in (2.7) with
A as above with C replacing C, in (2.7), the initial law being the invariant
law pc. Let a =(1—¢)/2. From Lemma 2.1, we have

T
B|f] O30, C B0t

=TE[|l:43(0):113,-] (by stationarity)
<o (4.1)
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for all T> 0. Let A be finite. By Lemma 2.1 and the Schwartz inequality, it
follows that

EUT CHHEY, CU o (1) e dt]
0
=TE[]:¢*(0):(|3-«]

2 1/2
<T(E[u:¢3(0>:n¢,J)W(E[(;‘i) ]) <. (42)
Hce

This allows us to define as in [7] the stochastic integral

L CH¥s), dW(s)D, 120 (43)

by means of finite-dimensional approximations. The reader is referred to
[7] for details of the actual construction. Note that (4.3) is a zero mean
square-integrable martingale whose quadratic variation process is

[ 61, C D s, 120,
0

with a as above, and whose quadratic covariation process with f,(-), i> 1,
is

a1+ J[ :$>(s):(h;) ds, iz1,
0

respectively. Either observation is immediate from the finite-dimensional
approximations used to construct (4.3).

Let (22, #, P) be the probability space underlying (4.1). Define a new
measure P, on (2, #) by

det AP LT -
reo_op (5 fo B s):, dW(s)
|7 1
-3 jo CHXs)s CT:4%():D o g ds+ZL :44(0): dx)/ZA(i, 7).
(4.4)

LEMMA 4.1. P, is a probability measure under which the law of ¢() is
the law of ¢,( ) described above.
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Proof. For nz1, define
r0n=inf{t>0| [ 01 €61 o>
0

t,,=inf{t>0'f, CpAs)s, CH o3 () o ds>n}

By (4.1), (4.2), it follows that 7,1 o a.s., 7,1 o0 a.s. For each n > 1, define
I', as in (44) with T replaced by T A 1, on the right-hand side. By
Novikov’s criterion [5, p. 142], it follows that jF,,dP0= 1. Since I',—> I
as., it suffices to prove that {I',} are uniformly integrable. A sufficient
condition for this is

E[llogl' 1<K Vn, (4.5)
for some K independent of n. However,

E[l,log I, 1=E [(1 j“ "B s):, d(s)D
2J

sl P O P s
+ % L -54(0): dx) r,,] —log Z,,(i, j). (4.6)

By the Cameron-Martin—Girsanov theorem [11] and the observations
immediately preceding the statement of the lemma, it follows that under
probability measure P, defined by

dp
nzr ,
dP "

the process ¢(- A t,) satisfies on [0, t,] Eq. (2.7) with W(-) replaced by

W= W03 Cporas, 120

which is a Wiener process on [0, t,). Furthermore, the initial law of ¢(-)
under P, is u.. By uniqueness of a strong solution to (2.7), it follows that

580/81/1-13
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the law of ¢(-) on [0, 1,,) coincides with the law of ¢4(-) on [0, 7,) under
P,. Thus (4.6) equals

£|(50" <ot amo
T e,

1

+§f” B CUEGYSNY s e d
[

1
+3 L :$5(0): dX> —log Z 4(i, 1')]

1 T
$§ l:‘[) (:dgls):, C'72:93(5): > y-nr ds —log Z (i, j)] <o

by (4.2). Equation (4.5) follows, implying E[I]=1. Thus P, is a
probability measure. The rest follows from an application of the Cameron—
Martin-Girsanov theorem along the lines already indicated above. Q.E.D.

COROLLARY 4.1.  The solution of (3.7) with initial law u is unique in law
for finite A and yields an H ~*-valued process with continuous paths for each
p>0.

Proof. This is immediate from the foregoing and the sample path
properties of the O.—U. process. Q.ED.

THEOREM 4.1. For finite A, ¢(-} as in (3.7) with initial law u is an
ergodic process.

Proof. Suppose not. Then there exists a Borel set A= H~' such that
w(A)Y>0, u(A)>0 and for some >0,

E[I{$(1)e A°} I{$(0)e 4}]=0.

Without any loss of generality, we let 7> 7 and obtain

ELI{$o(1) € A7} I{$o(0)€ A} 4] =0,

where
Ler
Fo=exp (=3[ Color, awis))

1 7 1
=1 B C e ds [ 300 ax) (2,000
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for a=(1—¢)/2, where the construction of the stochastic integral is
analogous to that of (4.3). Since I, >0 as,,

ELI{$o(1)€ A} I{(0) € 4}1=0.

By ergodicity of ¢@(-), either pu(4)=0 or u~(A4)=0. But u, u. are
mutually absolutely continuous. Thus either u(A)=0 or u(4)=0, a
contradiction. The claim follows. QED.

COROLLARY 4.2. If §(-) is a stationary solution of (4.1) with the law of
#(0) = [i satisfying fi <, then fi=y and §(-), () agree in law.

The proof follows easily from Theorem 4.1 and the ergodic theorem. We
shall strengthen these results in what follows.

Let ¢ € H > for some 0 <a < 1. Let ¢o(-) denote the O.-U. process with
the same dynamics as that of ¢q(-) but with initial condition ¢. Let
plt, ¢, ¢') denote the transition probabilities for ¢y(-). From [7, p. 417], we
know that they are mutually absolutely continuous with respect to u. with
the Radon-Nikodym derivative p,,(¢’) being square integrable with
respect to p. Furthermore (from Eq. (2.28), p. 419, of [7]),

[ 1006912 duc(e)

=[det(I—e )] " exp({$, C e "“T(1+e ') 4)).

Let F(g, t) denote the R.H.S. with ¢ replacing ¢. Then for >0, T>0,
p=2,

T T
B| [T 1duogesa | <[ ECIB0NE12 Fip 17 a
0 0

= EL14u(O)31" [ Flo. ' dr.

Note that

dt
(det(f — exp(—2tC~%)))"?

Kﬂ@nmst

for some constant K. Since det(/—exp(—2tC%))=TT, (1 —exp(—2tA%))
and 4, — o0, it follows that for some constant K’,

det(/—exp(—2(C~ %)) 2 K' '] (1 —exp(—2t4,1))

=det(/ —exp(—2:tC))/K".
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Now
I—exp(—=21(C))=(2:C) D(2),
where
D(t)=1—1C+((2t)*/3!) C*—

the series being absolutely convergent. Thus det(/—exp(—2:(C))=
2t det C det D(¢). Since det D(t) -1 as ¢ — 0, det(/—exp(—2tC))"*~1'7?
for small 7. Thus

T
J Flo, t)dt<
0]
implying

E| [T 10 | <o (@7)

Suppose (3.7) has a solution #(-) with initial condition ¢. (This is
certainly true for pc-as. ¢ by virtue of the foregoing.)

LeMMA 4.2, The law P of §(-) restricted to [0, T is mutually absolutely
continuous with respect to the law Py of do(-) restricted to [0, T with

Teexp (3 [ CHOR a6 g [ PO C O

Proof. Define 7, ,, the same way as t,,, 7, With (-), d,(-) replacing
#(-), do(-), respectively. As in (4.3), we can define | (:¢°(s):, dW(s)) for
te[0,1lim, 7,). Let t=1im, 7,. Mimicking the arguments of Lemma 4.1,
one reaches the desired conclusion with ¢(-) replaced by #(- A ). (Here we
make a crucial use of (4.7) in the obvious fashion.) Let 7, =lim,, 7,,. Since
7o=00 as. in view of (4.7), 1o A T=T a.s. By mutual absolute continuity
of the probability measures under consideration, 7 A T= T a.s. and we are
done. Q.E.D.

THEOREM 4.2. ¢(-) has a unique invariant probability measure as an
H ™ '-valued process.

Proof. Suppose p’ # u is an invariant probability measure for ¢(-) as an
H ~'-valued process. Let 1 > 0. From Lemma 4.2 and the fact that the trans-
ition probabilities of ¢o(-) for >0 are mutually absolutely continuous
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with respect to u and hence with respect to g, it follows that the law of
#(t) above is mutually absolutely continuous with respect to u. Since this is
true for p'-as. @, y' itself must be mutually absolutely continuous with
respect to u. The claim is now immediate from Corollary 4.2. Q.E.D.

THEOREM 4.3. If (3.7) has a solution on [0, T] for some initial law n
(supported on H™") then it is unique in law and yields an H *-valued process
with continuous paths on (0, o0) for each B> 0. This can be strengthened to
[0, o0) if 1 is supported on H=F.

This is immediate from Lemma 4.2.

V. THE INFINITE VOLUME LIMIT AT THE PROCESS LEVEL

Recall that i was constructed by taking the limit of finite volume (¢*),
measures under half-Dirichlet conditions, i., i=1, j=2. We prove here an
analogous convergence theorem at the process level.

Let {A,} denote a sequence of open rectangles in R” increasing to R%
Let C,,, C,, denote the operator (—4 + 1)~ ! on A, with Dirichlet and free
boundary conditions, respectively, C=(—4+1) ' on R? and : :,, : : the
Wick ordering with respect to C,,, C, respectively.

LemMa 5.1. For a€(0,1], neN, and feC(R?) with f>0 and
supp fc4,, 0<C5, f1Cf on A, as n<m—-o and C*¥eL,(R?
Vpe[l, ) (and hence for all fe C(R*) with supp fe A,, C*feL?(R?)
Vpe[l, ) and C5,, f— C*fon A, as n <m— oo pointwise and in LP(R?) if
we extend C%,_ [ to R* by setting it equal to zero outside A,,.

Proof. From the expression for fractional powers of operators in
[16, p. 70] and the probabilistic representation of semigroups generated by
C.l, and C~! [18], it follows that

C: flx)= jw E(* e~ 'f(x + B(t)) [z, > 1]) dt

0

()

] oo
caf(x)=mfo E(* e~ 'f(x + B(1))) dt

ML Ilx—yI?
=27z1"(oz)-[ot 2 '[sz(J’)exp(——zt——)dydt, (5.1)

where B(-) is the two-dimensional standard Brownian motion and
1,=inf{t >0|x+ B(t) ¢ 4, }. The claim follows immediately. QED.
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LEMMA 5.2. There exists a constant ¢ < oo such that for any g in 2(A)
and p=4/(4 — j), j<4, we have

J exp(:4”:(g)) du <exp(c(llgl., + 1g17)), (52)

where ¢ does not depend on A.

Proof. The case for finite A is proved in Theorem 12.2.2 of [4]. Let g
be compactly supported such that supp g4, with A;1R* as in
Theorem 1.2.1 of [4]. By this theorem, the laws of exp(:¢’:(g)) under p ,
converge weakly to that under u for 4=R? as i— oo. The claim now
follows by Fatou’s lemma and Skorohod’s theorem that allows us to pass
from convergence in law to almost sure convergence [5, p. 9]. Q.E.D.

Remark. By a simple approximation argument, this extends to g in
ﬂa H%(A) for finite A. This, in fact, is the case we use later.

COROLLARY 5.1. For ¢, j, p, g as above and n=1, 2,..., there exists a
constant M depending on n such that

f l:¢*(g):1" du< M(n) explc(ligl ., + Igll)- (5.3)

For n>1, let {W"(t)} be an H '(A,)-valued process with covariance
operator C1—¢ and {¢"(t)} the H '(A,)-valued process satisfying

dgn(1) = —HC 9" (1) + C, *:(¢"(0),) de + dW™(1) (54)

with initial law u, =its invariant measure. For n > m, ¢™"(t), W™™(t) will
denote the restriction of ¢"(¢), W"(¢), respectively, to 4,,. Fix m>1 and
fe(\. H*(A,,) with supp f= 4,,. Let h=(—4+1) f. Since the restriction
of an element of H;'(4,) to A, lies in H;'(4,,), ¢™7(-), W™™(-) are
H[YA,,)-valued processes. We can similarly define H; !(4,,)-valued
processes ¢7"(-), i=1,2,3, by

1 ¢t

SO = 3 [ 4NCh ) d, fe N H (4,)
1

BN = =5 [ AP (Clr ) ds, SV H(4,)

() = W (1),

Then
¢ () — " O)Nf) = o (1) (h) + 5™ (O(Sf) + 3N S),
fea(A4,,) (5.5)
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LEMMA 5.3. The laws of ¢™"(-)(f), #77()(h), ¢5™(f) #57()S)
n>=m, are tight as probability measures on (C[0, c0))*.

Proof. Let T>=1t,>1t,20. In what follows, M denotes a constant, not
always the same. Note that

ELIO™(1)() = " () (DIT <M Y, EDGEm:) ()= 617 (6) ()1
(56)
Now
EL3m(1)0) = $m()NT< MUt, — 1, (Chy ()
= Mt~ 1 IC 9 s,
<Mt =1 1CG 97 | f e (57)

where the last step follows from Lemma 5.1 and the observation that C{,,
ae (0, 1), as a map from L*(A4,) to L*(A,) preserves positivity (see (5.1)).
By the stationarity of {¢™"(r)}, Corollary 5.1, and Lemma 5.1, we have

E[lg7m(22)(h) — @™ (1) (h)]I*]
< M(t,—1;)? EL[47(0)(CL, %]
SM(t;—1,)” exp(c(IC}, *hll ran + 1 Ciy Bl P s,))
SM(t—11) exp(2e(I|C" ~* ALl gy + 1CT 7 1AL E2)))- (5.8)

A similar argument shows that

E[lg5™()(f) — ¢5™(t)()I*]
SM(t,—1,)? exp2e(IC' 1 £ 11l ey + 1C 1L f 1 2y (5.9)

From Theorem 11.2.1 of [4], it follows that the laws of ¢™™(0)(f), n=m,
converge weakly and hence are tight. The claim follows from (5.6)-(5.9)
and the tightness criterion of [2, p. 95]. Q.ED.

Consider the processes ¢™™(-), n=m. Fix m for the time being. By
Theorem 3.1 of [12], the above implies that these are tight as C([0, c0);
(J« H™%(4,,))-valued random variables. Let {e;} denote the normalized
eigenvectors of (—4 +I) on A,, with Dirichlet boundary conditions. By a
diagonal argument, we can pick a subsequence of n>m, denoted {n}
again, along which {¢""(-)(e,), ¢™"(-)(e,)...} converge in law as
(C([0, «0); R))*-valued random variables as n — co. In particular, for any
finite subset {7y, t,, ..., 7} of [0, 00) and a collection {g,, ..., g} of finite
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linear combinations of {e;}, the joint laws of {#™"(¢,)(g,), ..., ™" (8, )(&x)}
converge. Consider f, .., f,€ ﬂd H?%(4,,). Argue as in the proof of
Corollary 12.2.4, pp. 222-223 of [4], to conclude that for 1 <i<k,

ELI¢™" (1)) = ™"t ) 8NPV < MU fi— 8l 13,y (5.10)

for a suitable constant M depending on m. It is easy to see that for given
{ f;}, the right-hand side of (5.10) can be made smaller than any prescribed
6> 0 for each i by a suitable choice of {g,}.

Let {h;} denote an enumeration of finite linear combinations of {e}
with rational coefficients. By Skorohod’s theorem [S5, pp.9], we can
construct on some probability space random variables X,,, Y, such that
{X,it}s {#"7(1;)(h)) agree in law for each n, i and X, —» Y, as. as n— o0.
By augmenting this probability space if necessary, construct on it random
variables Z,, such that the joint law of [Z,;, X,;1, X2, ... ] coincides with
that of [¢™"(2,)(f;), ™" (t,)(h;), ¢™"(t;)(h,),...] for each n, i. Let 6>0.
Now

E[1Z,;— Xl *1= ELI¢""(1)(f; — ho)*],

which, in view of (5.10), can be made smaller than & uniformly in » by a
suitable choice of #,, / depending on i Thus for n' =n>=m,

lim E[\Z,,~Z,|°1<20+ lim E[|X,y— X,I*] =24,

n'.,n— n'.n— o

where the passage from a.s. convergence to zero of X,,— X,, to mean
square convergence is obtained by moment bounds derivable from (5.2).
Thus [Z,,,..,Z.] converges in mean square as »n— oo. Hence
L™ () f1), ooy @™ (2:)(fi)] converges in law as » — co. Theorem 5.3 of
[12], can now be invoked to claim that ¢™™"(-), n = m (converge in law
as C([0, ©), |J, H *(4,))-valued random variables. By a diagonal
argument, we can find a further subsequence of {n}, again denoted by {n},
such that this is true for each m > 1. This allows us to consistently define a
probability measure on C([0, w0); 2'(R?)), endowed with its Borel o-field,
according to the following recipe: Let ¢(w, t), we C([0, o), D'(R?)), 1 =0,
be defined by ¢(w, ¢)=w(t). Put on C([0, w0); 2'(R?)) the probability
measure under which the restriction of ¢(w, -) to A4, coincides in law with
the limit of ¢™(-) above as m<n— . We suppress the w-dependence
and write ¢(-) for ¢(w, -). By (2.4), it follows that the law of ¢(¢) for each ¢
is fi.

This procedure can be carried out for the quadruple (¢""™(-), ¢7™("),

27(-), ¢2™(-)) instead of just ¢™™(-) in exactly the same manner. The
analogs of (5.10) needed are:
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E[1477(t)(f) — @77t ) g T< M CLi(fi— gl o,y
<M\ fi—gill ape(A,),

ELIg5m(t)(f) — 857t g T < MICL (fi~ g isa,y

EQ177(t)(f) — 85t N g )P TS MICE, (S, — g2 4,
SM| fi— g3 am>

where M denotes a constant depending on m and max(t,, .., #;) not always
the same. The first two are proved by using stationarity and arguments
similar to those of Corollary 12.2.4, pp.222-223 of [4]. (Analogous
arguments are used in the proof of Theorem 5.1 below.) The third is easy.
Clearly, {g;} can also approximate {f;} arbitrarily closely in H;2)(4,,)
and Hl~*(4,,). As for the second case, let f;=C! ¢ f,, §;=C\-*g,. Then &
is also a finite linear combination of {e;}. A suitable g, can be obtained
simply by truncating the Fourier series for f,e (), Hi(4,,) so as to
approximate the latter arbitrarily closely in H%(A,,) for any prescribed «.
By Sobolev embedding, we see §; can approximate 7: arbitrarily closely in
C(4,,) and hence in L,(4,,).

THEOREM 5.1. ¢() is a stationary solution of (3.7).

Proof. Let fe2(A4,), h=(—4+1)f. As noted above, we can use
exactly the same arguments as above to draw the following stronger con-
clusion (by dropping to an appropriate subsequence of {n} if necessary):
the ({J. H *(4,,))*-valued processes (¢""(*), ¢7™(:), 57(-), #5™("))
converge in law to a limit process (3™(-), #7(:), #7(:), #7(-)) which
agrees in law with the restriction to A, of a 2(R?)*-valued process
(¢( )’ ¢1( )v ¢2( ): ¢3( )) Let {hn} € C(?O Wlth 0 < hn( ) < 1’ supp hn < Ana
h,T1. Let n=m. Argue as in the proof of Corollary 12.2.4, pp. 222-223, of
[4], to conclude that for some constant m independent of n

E[14"(1)(C}; *h) — ¢"(1)(h,, '~ *h)|]
SMLICL h=hy, C | 2us 4+ 1 CL b — 1 C*~h 20 4]

in

<SM|CL7oh—h, Ct R Gy + ICY th—h,, C' ™Rl 7 a2 ]

1n

where we extend A, C1-*h to R? by setting it equal to zero outside A,,.
Thus

! t 2
e|([oronciomas—[ wsincthas) |
0

0

SPMLNCL h—h,y C k) 2 gy + 1Ly h = By C %R 2 2]
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From this, Corollary 5.1 and Lemma 5.1,

lim lim E[(J.’¢”(s)(C1‘n"’h)ds—J’¢"(s)(h,,,C"£h)ds>2:|=0,

m— OC i — o0

ie.,
limlim E [(— 3 [ #hC hyds _¢7,m(,)(h‘)>2] ~o0,
ie.,
lim E[(— 5[ din,ctm) ds~¢,<t)(h))2] ~o,
Le.,
B|(- 5[ oncn ds—¢1<z)(h>>2] -0
Thus

1 pt
0= —3 | JHCTds s

Similarly, we have

ELC(4"(1)) 5 (CL ) = (87 (1) e (B CL )]
< M[“C}n‘ef_ th1 *sf” i‘(RZ) + ”Ci;cf_ th1 77‘” LI(RZ)],

leading as above to

fm i B [(L 975D (Cly ) ds = [ (8", (th‘*Ef)ds)z}zo’

m— oo 0o ®© 0

ie.,
lim lim lim E[( f "(47(5)) % (CL=F) ds
m— o n— 0 k—oc 0

’ 2
[ DR €5 ) | =0

where the subscript k denotes the ultraviolet cutoff as in [4, p. 221]. By the
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results of [4, p.221], we can interchange the order of the first and the
second limit to obtain

m— o0 kK-> wn— oo

lim lim lim E[(L (")), (CL-3F) ds

[0k (et a5) | =0

ie.,
tim tim [ (= 1[0, ) s g0 | =0
1e.,
5| (3] o ds—¢2<r))2] -0
Thus

)= —5 [ HHC s s

Finally, ¢7%(-) is a Wiener process with covariance (1 A 5) C]~% It is not
hard to see that ¢;(-) will have to be a Wiener process with covariance
(t A 5)Cr7¢ From (5.5), it follows that

()= dONS) = (D)(h) + (NS + () as. (5.11)

for f e C&. Thus ¢(-) satisfies (3.7) as a 2'(R?)-valued process. That ¢(-) is
in fact an $’-valued process follows from the fact that i is supported on §S'.

One can then extend (5.11) to fe€ S by an approximation argument.
Q.E.D.
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