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Simulated Annealing Type Algorithms for
Multivariate Optimization®

Saul B. Gelfand? and Sanjoy K. Mitter>

Abstract. We study the convergence of a class of discrete-time continuous-state simulated annealing
type algorithms for multivariate optimization. The general algorithm that we consider is of the form
Xyr1 =X — aq(VU(X)) + &) + b W,. Here U(-) is a smooth function on a compact subset of R?, {£,}
is a sequence of R*valued random variables, { W} is a sequence of independent standard d-dimensional
Gaussian random variables, and {a,}, {b,} are sequences of positive numbers which tend to zero. These
algorithms arise by adding decreasing white Gaussian noise to gradient descent, random search, and
stochastic approximation algorithms. We show under suitable conditions on U(+), {&}, {a,}, and {b;}
that X, converges in probability to the set of global minima of U(-). A careful treatment of how X, is
restricted to a compact set and its effect on convergence is given.

Key Words. Simulated annealing, Random search, Stochastic approximation.

1. Introduction. It is desired to select a parameter value x* which minimizes a
smooth function U(x) over x € D, where D is a compact subset of R?. The stochastic
descent algorithm

(L.1) Zis1 = 2 — 4 (VU(ZY) + &)

is often used where {¢,} is a sequence of R’-valued random variables and {a,} is a
sequence of positive numbers with g, — 0 and ) 4, = oo. An algorithm of this type
might arise in several ways. The sequence {Z,} could correspond to a stochastic
approximation [1], where the sequence {¢,} arises from noisy or imprecise
measurements of VU(-) or U(-). The sequence {Z,} could also correspond to a
random search [2], where the sequence {£,} arises from randomly selected search
directions. Now since D is compact it is necessary to ensure the trajectories of {Z,}
are bounded; this may be done either by projecting Z, back into D if it ever leaves
D, or by fixing the dynamics in (1.1) so that Z, never leaves D or only leaves D
finitely many times with probability 1 (w.p.1). Let S be the set of local minima of
U(-) and let S* be the set of global minima of U(-). Under suitable conditions on
U(-), {4}, and {4}, and assuming that {Z,} is bounded, it is well known that
Z,— S as k — oo w.p.1. In particular, if U(-) is well behaved, a, = A/k for k large,

! Research supported by the Air Force Office of Scientific Research contract 89-0276B, and the Army
Research Office contract DAAL03-86-K-0171 (Center for Intelligent Control Systems).

2 School of Electrical Engineering, Purdue University, West Lafayette, IN 47907, USA.

3 Department of Electrical Engineering and Computer Science, and Laboratory for Information and
Decision Systems, Massachusetts Institute of Technology, Cambridge, MA 02139, USA.

Received November 26, 1988; revised December 6, 1989. Communicated by Alberto Sangiovanni-
Vincentelli.



420 S. B. Gelfand and S. K. Mitter

{&} are independent with E{|£,|*} = O(4%), and |E{¢}| = O(af) where o« > —1,
B >0, and {Z,} is bounded by a suitable device, then Z, — S as k — oo w.p.L.
However, if U(-) has a strictly local minima, then in general Z, /> S* as k — oo
w.p.l.

The analysis of the convergence w.p.1 of {Z,} is usually based on the conver-
gence of an associated ordinary differential equation (ODE)

Ht) = ~VU(A).

This approach was pioneered by Ljung [3] and further developed by Kushner and
Clark [4], Metivier and Priouret [5], and others. Kushner and Clark also analyzed
the convergence in probability of {Z,} by this method. However, although their
theory yields much useful information about the asymptotic behavior of {Z,}
under very weak assumptions, it fails to obtain Z, — $* as k — oo in probability
unless S = S* is a singleton: see p. 125 of [4].

Consider a modified stochastic descent algorithm

(1.2) Xir1 = X — a,(VU(XY + &) + bW,

where {W,} is a sequence of independent Gaussian random variables with
zero-mean and identity covariance matrix, and {b,} is a sequence of positive
numbers with b, - 0. The bW, term is added in artificially by Monte Carlo
simulation so that {X,} can avoid getting trapped in a strictly local minimum of
U(-). In general, X, / S* as k > co w.p.1 (for the same reasons that Z, 4 S* as
k — oo w.p.1). However, under suitable conditions on U(-), {&,}, {a,}, and {b,}, and
assuming that {X,} is bounded, we shall show that X, — S* as k— o in
probability. In particular, if U(-) is well behaved, a, = A/k and b? = B/k log log k
for k large where B/A > C, (a constant which depends on U(-)), {&} are
independent with E{|&,|*} = O(a)) and |E{&}| = O(af) where & > —1, f > 0, and
{X,} is bounded by a suitable device, then X, — S* as k — oo in probability.
We actually require a weaker condition than the independence of the {&,}; see
Section 2.

Our analysis of the convergence in probability of {X,} is based on the
convergence of what we call the associated stochastic differential equation (SDE)

(1.3) dx(t) = —VU(()) dt + c(r) dw(t),

where w(-) is a standard d-dimensional Wiener process and ¢(-) is a positive
function with ¢(f) - 0 as t > oo (take t, = Y k2§ a, and b, = \/a‘kc(tk) to see the
relationship between (1.2) and (1.3)). The simulation of the Markov diffusion x(-)
for the purpose of global optimization has been called continuous simulated
annealing. In this context, U(x) is called the energy of state x and T(t) = ¢%(t)/2 is
called the temperature at time ¢. This method was first suggested by Grenender [6]
and Geman and Hwang [7] for image processing applications with continuous
grey levels. We remark that the discrete simulated annealing algorithm for
combinatorial optimization based on simulating a Metropolis-type Markov chain
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[8], and the continuous simulated annealing algorithm for multivariate optimiza-
tion based on simulating the Langevin-type Markov diffusion discussed above
both have a Gibbs invariant distribution oc exp(— U(x)/T) when the temperature
is fixed at T. The invariant distributions concentrate on the global minima of U(-)
as T — 0. The idea behind simulated annealing is that if T(t) decreases slowly
enough, then the distribution of the annealing process remains close to the Gibbs
distribution oc exp(— U(x)/T(¢)) and hence also concentrates on the global
minima of U(-) as t — oo and T(¢) - 0. Now the asymptotic behavior of x(-) has
been studied intensively by a number of researchers [7], [10]-[12]. Our work is
based on the analysis of x(-) developed by Chiang et al. [11] who prove the
following result: if U(-) is well behaved and c?(t) = C/logt for t large where
C > C, (the same C, as above), then x(t) — $* as t — co in probability.

The actual implementation of (1.3) on a digital computer requires some type of
discretization or numerical integration, such as (1.2). Aluffi-Pentini et al. [13]
describe some numerical experiments performed with (1.2) for a variety of test
problems. Kushner [12] was the first to analyze (1.2) but for the case of
a, = b, = Aflog k, k large. Our work differs from [12] in the following ways. First,
we give a careful treatment of how the trajectories of {X,} are bounded and its
effect on the convergence analysis. Although bounded trajectories are assumed in
[12], a thorough discussion is not included there. Second, although a detailed
asymptotic description of X, as k — oo is obtained in [12], in general, X, / S* as
k — oo in probability unless &, = 0. The reason for this is intuitively clear: even if
{&} is bounded, a,¢, and a, W, can be of the same order and hence can interfere
with each other. On the other hand, we get X, — S* as k — co in probability for
& #0 and in fact for & with E{|,|*} = O(k?) and y < 1. This has practical
implications when VU(-) is not measured exactly: we give a simple example.
Finally, our method of analysis is different from [12] in that we obtain the
asymptotic behavior of X, as k - oo from the corresponding behavior of x(t) as
t— o0.

2. Main Results and Discussion. In the following |- | and <-, -> are the Euclidean
norm and inner product, respectively. || - || is the supremum norm.

Our analysis, like Kushner’s [12], requires that we bound the trajectories of
{X,}. We proceed as follows. Take D to be a closed ball in R%, say D = {x:|x| < r}.
We modify (1.2), (1.3) in a thin annulus {x:r, <|x| <r} and make suitable
assumptions to ensure that {X,} and x(-) remain in D. The actual algorithm is

- Xie1 =X — a(VUX)) + &) + bo(X )W,
@ Kir1 = Xir 11p(Xg 1) + Xyl p( Xy 1 1),

and the associated SDE is

2.2) dx(t) = —VU(x(1)) dt + c(t)o(x(t)) dw(z).
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In what follows we make the following assumptions. Let 0 <r, <r, <r
(typically r — r, < 1).

(A1) U(-) is a twice continuously differentiable function from D to [0, co) with
min U(x) = 0 and {VU(x), x> > 0 for |x| > r,.

(A2) o(-) is a Lipshitz continuous function from D to [0, 1] with ¢(x) =1 for
[x| <1, 0(x)e (0, 1] for ry < |x| <1, and a(x) =0 for |x| = r.

(A3) a, = A/k, b = B/kloglogk, k large, where A, B > 0.

(A4) c(t) = C/log t, t large, where C > 0.

For k=0,1,...let #, be the g-field generated by

{XO: an"'a fk—l’ WOﬁ"" m\t‘—l}'

(AS) E{|&I? | F,} = 0a)), E{&|F} = O(af) as k~ o uniformly w.p.1; & =0
when [ X, [ > r, w.p.1; W, is independent of &, for all k.

Fore> 0 let
2U
dn(x) = is exp<—— 2_qu_)) dx, ZF = J exp(— gx)) dx.
Z I3 D I3

(A6) 7 has a unique weak limit 7 as ¢ —» 0.

We remark that 7 concentrates on S*, the global minima of U(-). The existence
of m and a simple characterization in terms of the Hessian of U(-) is discussed in
[14]. We also remark that under the above assumptions, it is clear that x(t) always
stays in D, and it can be shown (see the remark following Proposition 1) that X,
eventually stays in D.

For a process u(-) and function f(-), let E, , {f(u(?))} denote conditional
expectation given u(t,) = u; and let E,, ,, .., .,,{ f(u(t))} denote conditional expecta-
tion given u(t,)=u, and u(t,) = u, (more precisely, these are suitable fixed
versions of conditional expectations). Also for a measure u(-) and a function f(-)
fet u(f) = f dp.

By a modification of the main result of [11] there exists constants Cy, C, such
that for C, < C < C, and any continuous function f(-) on D

23) lim Eq {f(()} = n(f)

t- o0

uniformly for x e D (this modification follows easily from Lemma 3 below). The
modification is needed here because [11] deals with a nondegenerate diffusion
(6(x) = 1 for all x in (2.2)) while we are concerned with a degenerate diffusion
(6(x) » 0as|x| T rin(2.2)). The constant C, depends only on U(x) for |x| < r, and
is defined in [11] in terms of the action functional for the dynamical system
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#(t) = —VU(z(t)). The constant C; depends only on U(x) for | x| > r, and is given
by

C, =%< inf U(x)— sup U(x)).

|x|=r |x|=ro

In[11] only C > C, and not C < C, is required; however, U(x) and VU(x) must
satisfy certain growth conditions as |x| — co. Note that a penalty function can be
added to U(-) so that C, is as large as desired. Here is our theorem on the
convergence of {X,}.

THEOREM. Let o> —1, §>0, and Cy < B/A < C,. Then for any continuous
function f(-)on D

(24) lim E, {f(X))} = n(f)

k— o0

uniformly for x € D.

Since 7 concentrates on S*, (2.3) and (2.4) imply x(t) - S* ast - o0 and X, — S¥*
as k — oo in probability, respectively.

The proof of the theorem requires the following three lemmas. Let {z,} and B(-)
be defined by

k—1
tk=za,,, k—O,l, )
n=0
BS) 1o
J gsduzsm, s> 1.
. logu

It is easy to check that f(s) is well defined by this expression and in fact satisfies
s+ 523 < B(s) < 5+ 2573,

LEMMA 1. Leta> —1, 8 >0, and B/A = C. Then there exists y > 1 such that for
any continuous function f(-) on D

hm Sup (EO,x:n,y{f(Xk)} - Etn.y{f(x(tk))}) = 0

n=> o kith <t <ytn
uniformly for x, y € D.

LEMMA 2. Let T > 0. Then for any continuous function f(-) on D

lim  sup  (E,,{f(x(B(s + T} — E, {f(x(B(s + )} =0

R0 SitpSS<th+1

uniformly for y € D.
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LEMMA 3. Let Cy < C < C,. Then there exists T > 0 such that for any continuous
Sfunction f(-)on D

lim (E,,{f(x(B(s + T} — 2" D(f) =0

uniformly for y € D.

The proofs of Lemmas 1 and 2 are given in Section 3 and Lemma 3 is proved in
Section 4. Note that the lemmas are concerned with approximations on intervals of
increasing length (yt, — t, » c0o as n— o0, f(s) — s~ o0 as s — o0). Lemma 3 is a
modification of results obtain in [ 11] for a nondegenerate diffusion (o(x) = 1 for all
x in (2.2)).

We now show how the lemmas may be combined to prove the theorem.

PrOOF OF THE THEOREM. Choose T as in Lemma 3. Note that f(s) is a strictly
increasing function and s + s** < f(s) < s + 25?3 for s large enough. Hence for k
large enough we can choose s such that ¢, = (s + T). Clearly, s < ¢, and s — o0 as
k — oo. Furthermore, for k and hence s large enough we can choose n such that
L, <t <yt,and f, <5 <t, . Clearly, n < k and n - oo as k = co. We can write

(2.5) EO,x{f(Xk)} —n(f)= JD Py {X, € dy}(EO.x;n,y{f(Xk)} —n(f)).
Now

(2:6) Eopon sl X0} = 70 = Bo sy SO} — By, {F G0}
+ By {fK(BGs + T} = o {fCe(BGs + T}
+ Es,y{f(X(B(s + T)))} — gt T)(f)
+1tﬂ(s+T)(f)—7t(f)—)0 s koo

uniformly for x, ye D by Lemmas 1-3 and (A6). Combining (2.5) and (2.6)
completes the proof. O

As an illustration of our theorem, we examine the random directions version of
(1.2) that was implemented in [13]. If we could make noiseless measurements of
VU(X)), then we could use the algorithgm

2.7 Xi+1 = X — a,VU(X)) + bW,

(modified as in (2.1)). Suppose that VU(X,) is not available but we can make
noiseless measurements of U(-). If we replace VU(X,) in (2.7) by a forward finite
difference aproximation of VU(X,), then d + 1 evaluations of U(-) would be
required at each iteration. As an alternative, suppose that at each iteration a
direction D, is chosen at random and we replace VU(X,) in (2.7) by a finite
difference approximation of the directional derivative (VU(X,), D;>D, in the
direction D,, which only requires two evaluations of U(-). Conceivably, fewer
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evalutions of U(-) would be required by such a random directions algorithm to
converge. Now assume that the {D,} are random vectors each distributed
uniformly over the surface of the (d — 1)-dimensional sphere and that D, is
independent of X, W, ..., Wi_y, Dy,..., Dy_;. By analysis similar to that on
pp. 58-60 of [4] it can be shown that such a random directions algorithm can be
written in the form of (1.2) with E{{,|#,} = O(h,) and £, = O(1) where {h,} are the
finite difference intervals (h, — 0). Hence the conditions of the theorem will be
satisfied and convergence will be obtained provided h, = O(k~”) for some y > 0.4

Our theorem, like Kushner’s [12], requires that the trajectories of {X,} be
bounded. However, there is a version of Lemma 3 in [11] which applies with
D = R? assuming certain growth conditions on U(-). We are currently trying to
obtain versions of Lemmas 1 and 2 which also hold for D = R?. On the other hand,
we have found that bounding the trajectories of {X,} seems useful and even
necessary in practice. The reason is that even with the specified growth conditions
| X, | tends occasionally to very large values which leads to numerical problems in
the simulation.

3. Proofs of Lemmas 1 and 2. Throughout this section it is convenient to make
the following assumption in place of (A4):

(A4) *(t,) = C/lloglogk, k large, where C > 0, and ¢(-) is a piecewise linear
interpolation of {c*(z,)}.

Note that under (A4’) ¢*(t) ~ C/log t as t - o0, and if B/A = C, then b, = \/a:c(tk)

for k large enough. The results are unchanged whether we assume (A4) or (A4'). We

also assume that a,, b, and c(¢) are all bounded above by 1. In the following c;,

¢z, ..., denote positive constants whose value may change from proof to proof.
We start with several propositions.

ProPoOSITION 1.

P{X,, ¢D|F}) =0 as k- oo,
uniformly w.p.1.
PrOOF. We shall show that for k large enough (and w.p.1)

(3.1 P{&,s1 ¢ D, W = Jk|F) < cia?*e,
(32) P{X, . ¢D,|W| < JKIF) <cad*, X, <ry,
(3.3) P{X,,1¢D, Wl < Jk|F} =0, Xl =7,

Combining (3.1)-(3.3) gives the proposition.

4 Note that we are assuming that VU(-) is known exactly (and points outward) in a thin annulus near
the boundary of D so that assumptions (A1) and (A5) are satisfied; this could be accomplished by using
a penalty function in a straightforward manner.
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Using a standard estimate for the tail probability of a Gaussian random variable
we have

k
P{Xk+1¢D|M|>f| }<dexp< 2d)<cla,f+" w.p.1

and (3.1) is proved.
Assume | X, | < r;. Let 0 < ¢ < r — r,. Using the fact that ﬂbk — 0 and also the
Chebyshev inequality we have for k large enough

P{X, .. ¢ DIWi| < Jk|F,}
< P{|—a(VU(X,) + &) + bW, > r — rp, Wil < kI F}
aZE{|& | F k} 24a

<P{aklékl>r_rl—£| k}— (r—r —8)2 < C,a; Wpl

and (3.2) is proved.

Assume | X,| > r,. By assumption (VU(X,), X;> >c3 >0 and & =0. Let
X = Xy + bo(X D)WL i < iy Since a(-) is Lipshitz, a(x) > 0 for x| <r, and
o(x) = 0 for | x| = r, we have a(x) < ¢, inf},,_,|x — y|. Hence | X; — X,| < c4fbk
inf |,/ X) — y|, and since \/>bk——>0 as k— oo, we get X, — X; >0 as k- oo
and also X,eD for k large enough. Now X, — X, -0 as k— oo implies
VU(X,), X,> > cs >0 for k large enough. Hence X, e D for k large implies
X, — a,VU(X,) € D for k large. Hence for k large enough

P{Z1¢D,IWil < JkIF} < P(X,— aqVUX)¢D|F} =0  wpl
and (3.3) is proved. O

REMARK. By Proposition 1and the Borel-Cantellilemma P | J, (Vx> n{Xc€D} =1
when o > —1.

PROPOSITION 2. For each n let {u, .}, be a sequence of nonnegative numbers such
that

U v < (1 + Mayu, , + Maj, k>n,
< Md,

where 8 > 1, ¢ > 0, and M > 0. Then there exists ay > 1 such that

lim sup u,,=0.

n->w kitn<tre <yin
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Proor. We may set M =1 since a; = A/k for k large and the proof is for
arbitrary A > 0. Now

k—1 k-1 k—1
un,k < un,n I—[ (1 + al) + Z afn H (1 + al)
1=n

m=n I=m+1
k-1 k-1
J
< un,n+ Z Qp ‘CXP(Z am),
m=n m=n

since 14+ x<e” Also Yk 'a,< A(ogk/n) + 1/n) and k=1 go o

A(1)(6 — D’ + 1/n°), and if ¢, < yt,, then k < c,n’. Choose y such that 1 <
y <1+ min{é — 1, ¢}/A. It follows that

1 1
sup u,l,k£c2<}-i--nt,f1 A7 50 as n- o, O

kithn <t <ytn

REMARK. Proposition 2 is used to make the long time comparisons in the proofs
of Lemmas 1 and 2. Proposition 2 does not hold if we take a, = A/k" for 4 < 1.

Define &(-,-) by

x(2) = x(s) — (£ — SYVU(x(s)) + &(5, 1)) + c(s)a(x(s))(w(r) — w(s))
fort>s>0.

ProPOSITION 3.

E{|&@, t + B2 |x(0)} = O(1),
E{&(t, t + h)|x(2)} = O(h'?)

as h — 0, uniformly for a.e. x(t)e D and t > 0.

PROOF. We use some elementary facts about stochastic integrals and martingales
(see [15]). First write

t+

h
34) hé(t,t 4+ h) = f (VUQ(u)) — VU(x(1))) du

' t+h
- J (c(w)a(x(u)) — c()a(x(t))) dw(u).
Now a standard result is that
E, {|x(t + h) — x(®)*} = O(h)

as h— 0, uniformly for xeD and ¢t in a finite interval. In fact, under our
assumptions the estimate is uniform here for x € D and all t > 0. Let K, K, be
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Lipshitz constants for VU(-), o(-), respectively. Also note that c(-) is piecewise
continuously differentiable with bounded derivative (where it exists) and hence is
also Lipshitz continuous, say with constant K;. Hence

t+h
j (VU(x(w)) — VUG@)) du }

< KfEr,x{(JHh | x(w) — Jc(t)ldu)z}

t+h

<2K3[ B, {150 — X0} du = 00

|

t+h
= J E, {lco(x(u)) — c(t)o(x(2))|*} du

3.5 E,,x{

and

t+h
(3.6 Et,x{ f (c(wa(x(u)) — c(Do(x(2))) dw(u)

t+h t+h

E, {Ix(u) — x(t)|*} du + 3K3 f (u — t)? du = O(h?)

t

s3K§J

t

as h— 0, uniformly for x € D and all ¢ > 0. The proposition follows easily from
(34)-(3.6) and the fact that the second (stochastic) integral in (3.4) defines a
martingale as h varies. O

Now in Lemma 1 we compare the distributions of X, and x(z,). This is done most
easily by comparing X, and x(t,) to ¥, and Y, (defined below), respectively, which
are equal in distribution.

Let

Vi1 = Y — aVU(R) + bo(Y)W,,
Yei1 = Yk+11D(Yk+1) + YkID'-‘(Yk+1)~

LEMMA 1.1. There exists y > 1 such that for any continuous function f(-) on D

im  sup  (Eg i {f (X0} = E, ,{ f(¥)}) =0

n>w Kithn St <yt
uniformly for x, y € D.

PrOOF. Assume all quantities are conditioned on X, = x and X, = Y, = y, with
x, yeD. Let A, = X, — Y,. Write

(37) E{lAk+1|2} = E{lAk+1|21()?k+1¢D)U{7k+1¢D}}
+ E{|Ak+1|21{ik+len}n(?k“e1>}}-
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We estimate the first term in (3.7) as follows. We have by Proposition 1 that

(3.8) E{IAk‘Fl|21(}?k+1¢D)U{}7k+1¢D} < CI(P{Xk+1 ¢D} + P{7k+1 ¢D})
<cat*™,  k>n

We estimate the second term in (3.7) as follows. If X, ., e D and ¥, € D, then
Apir =4 — a(VU(Y, + A) — VU(X) + bi(o(Y; + Ap) — a(Y)Wi — aidy.
Hence

(3.9 E{IAkHlzl{ikﬂeb}n{?kﬂem}
< E{|A; — a(VU(Y, + A — VU(R)
+ b(o(Y + Ay) — o(Y)W, — ai i’}

< E{|AP} + aE{IVU(Y, + A) — VU(Y)?}
+ aE{l(6(Y + AY) — a(Y))Wi[?}
+ @ E{I&)%)
+ 2a, | E{<A, VU(Y, + A — VU(Y))}
+ 2a;"? | E{{ By, (0(Y, + AY) — o(Y)Wid }
+ 20| E{< Ay, &}
+ 20 |[EXVU(Y, + Ay) — VU(Y)), (6(Y, + Ay) — a(Y )W)}
+ 2a7 [ E{<VU(Y, + A) — VU(X), &0}
+ 26| E{{(0(% + A) — o(¥)Wi, &}, k=n

Let K, K, be Lipshitz constants for VU(-), a(-), respectively. Using the fact that
Xy, Yy and hence A, are %, measurable, W, is independent of #,, E{W;} = 0, and

E{|&PP1F < csaf,  |E{&IF )| < csafl wpld
we have

E{|VU(Y, + A) — VU(%)I%} < K3E{|A,},
E{|(o(% + A) — o(YW)Wl2} < KZE{|A ),
E{|&[%) < caat,
|E{<Aw VUK, + A) — VUK < K, E{|A ),
| E{<As (0(% + A — s(B)W}H =0,
|E{CA &5} < csal E{ 1A},
[E{CVU(Y, + A) — VUK, (o(% + A) — a(R)W} = 0,
[E{CVU(Y, + &) — VUK, 0} < Ky csal E{|A},
|E{<0(X + A) — oY)W, ED} < Kyo/desaE{|A,])
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for k > n. Substituting these expressions into (3.9) gives (after some simplification)

(310) E{lAk+1|21{X’k+1eD}n{?k+1eD)}
< (1 + ca)E{| AP} + caal E{|A|} + c3af™®
< (1 + ca@)E{| AN} + caad E{| AP} + c3a8
< (1 + csa)E{|AJ?} + csal, k>n,
where 6, = min{l + B, (3 + @)/2}>1 and J, = min{d,,2 + a} > 1 since a > —1

and f > 0.
Now combine (3.7), (3.8), and (3.10) to get

E{|Ak+1|2} <1+ c6ak)E{|Ak|2} + ceaﬁz, k=n,
E{|A,*} =0

for n large enough. Applying Proposition 2 there exists y > 1 such that

3.11) lim sup E{|AJ*} =0.

n=w kitn <tk <ytn

Finally, let f(-) be a continuous function on D. Since f(-) is uniformly
continuous on D, given ¢ >0 there exists § >0 such that |f(u) — f(v)| <e
whenever |u — v| < é and u, ve D. Hence

|E{f(X)} — E{f(YD}| < eP{|A,] < 8} + 2[ [ P{IA/] = &}

<e+ 2‘13{ | E{|A%},

and by (3.11)

im sup |E{f(X9} - E{f(R)}I<s

o0 kit Sti<vin
and letting ¢ — 0 completes the proof. 0

Let
W = (Wt 1) — WD/ a

and
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LEMMA 1.2. There exists y > 1 such that for any continuous function f(-) on D

lim  sup (E, {f(x(t)} — E, {f(¥)}) =0

5= 0 kitn <t yin
uniformly for y € D.
PrOOF. Define {£} by
Mte+ 1) = X(t) — a(VUX(t)) + &) + bio(x(2) Wi

Let %, be the o-field generated by {x(0), EO,_..., E1» Wos.o., We_y). Tt can be
shown that ¢, is conditionally independent of £, given x(t,). Hence by Proposition
3
(3.12) E{|&P1F) <ci,  |E{EIF D < cial? wp.l.

Henceforth assume all quantities are conditioned on x(t,) = Y,=y,yeD. Let
A, = x(t,) — Y. Using (3.12) and proceeding similarly to the proof of Lemma 1.1

we can show with 6 = 3/2 that

E{|A¢+ 11’} < (1 + c2a)E{|A?} + c,af, k=n,
E{|A,]*} = 0.

Applying Proposition 2 there exists a 7 > 1 such that

lim sup E{|AJ*} =0.

n= 00 k:tn<k< yin

The lemma follows from this. |
PrOOF OF LEMMA 1. Follows immediately from Lemmas 1.1 and 1.2. ]
Proor oF LEMMA 2. Let x(-; 5, y) denote the process x( - ) emitted from y at time s.

Fix ye D, n, and se[t,,t,,,), and let x,(-) = x(-; t,, ¥) and x,(-) = x(:; s, y).
Now recall that

E {Ix(t + k) — x(®)[2} = O(h) as h—0

uniformly for x € D and all t > 0O (this is a standard result except for the uniformity
for all ¢ which was remarked on in Proposition 3). Hence

E{|x1(5) - x2(5)|2} < ¢(s —t,) < cya,.

Let Ay = x,(t,) — x,(t;) for k > n. Similarly to the proofs of Lemmas 1.1 and 1.2 we
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can show with ¢ = 2 that

E{|Aci 1P} A + a)E{| A} + cpap, k=n+ 1,
E{|A, 417} < (14 cptur s — NE{Ix1(8) — 2P} + Caltysr — 8
S (1 + czan)clan + Czaz < C3an+1

and the same inequalities hold if we take suprema over s € [t,, t,+,). Applying
Proposition 2 there exists y > 1 such that

(3.13) lim sup sup  E{|AJ*} =0.

=0 Kitp+ 1 S Sytn S tnSS<In+ 1t

Note that f(s) is a strictly increasisng function of s and s+ s** < f(s) <
s + 253 for s large enough. Hence for n large enough we can choose s such
that t, < s < t,,, and m such that t,, < f(s) < t,,.; and ¢, ; <&, < 7t,. Now

(3.14)  E{Ix,(B(s)) — x2(BONI*} < (1 + co(B(s) — t)E{IALIP} + caan,
<cq4 SUp E{|A P} + C 5.

kitn+1<te<ytn
Combining (3.13) and (3.14) gives

lim  sup  E{Ixy(B(s)) — x2(B(s)I*} = O.

N0 Sitn<S<tn+1

The lemma follows from this. O

4. Proof of Lemma 3. The idea behind the proof of Lemma 3 is roughly as
follows. Recall that D = {x:|x| < r}and ry < r; < r. First, we show that no matter
where x(s) is (|x(s)| < r), there exists T > 0 such that |x(s + T)| <7, with large
probability for s large. Then we show that |x(t)| < r, for alltels+ T, (s + T)]
with large probability for s large. This allows us to make use of results from [11]
which hold for a nondegenerate diffusion (o(x) = 1 for all x in (2.2)).

LEMMA 3.1. Given 6 > O there exists T > 0 such that

lim P, {{x(s + T)| <ro + 6} =1

uniformly for |y| < r.

ProOF. Let

(1) = —VUE®),

where z(s) = y, |y| < r. Then there exists T > 0 (where T does not depend on s
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or y) such that

4.1) 2(s + T) < r,.

This follows from the fact that

Iz — |z(s)]* = -2 f VU((w)), z(u)) du

and {VU(z()), z(t)) > ¢, > 0 when |z(t)| > r,.
Now for z(s) = x(s) =y, |y| < 7,

+ J t c(u)o(x(u)) dw(u)

ft (VU(x()) — VU(())) du

|x(t) — z(1)] <

»

r c(w)a(x(u)) dw(u)

<K jt |x(u) — z(u)| du +

N

where K is a Lipshitz constant for VU(-). Hence by Gronwall’s inequality

J " cwox(u)) dw(w)

|x(2) — 2(1)| < exp(K(t — 5)) sup

s<v<t

Hence by the Martingale inequality

4.2) P, {Ix(s + T) — z(s + T)| > &}

<P ,< sup
s<v<s+T

eZKT
= 52 Es,y{

> 5e_KT}

ki

f " ew)o(x()) dwi)

N

jw ' c(wyo(x(u)) dw(u)

N

eZKT s+T
= | Baflcwetsy?) du

2KT

52

s

<¢ Tc*(s)—»0  as s— oo,

Combining (4.1) and (4.2) gives the lemma.

LEMMA 3.2. Let

t = inf{s: |x(£)| > ry}.
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Let Cy < C < C,. Then there exists é > 0 such that

lim P, , {t> f(s)} = 1

5 00

uniformly for |y| < roq + 0.

Proor. Let U(-) be a twice continuously differentiable function from R? to R
such that for some R > r and K > 0

'y = U(x)> |x| Sr’
0
(x){=K|x|2, x| > R,

and VU(x) # 0 for r < |x| < R (in view of (A1) such a U(-) exists). For & > 0 let
dx5(f) = —VOUR()) dt + & dw(t)
and
¢ = inf{z: | %5(t)| > ry}.
ForQ <é <r; —rglet

C,(0)= inf U(x)— sup U(x).

|x|=ry |xj=ro+é

On p. 750 of [11] it is shown that for any > 0 and 6 > 0

1
Poyy{fg > exp<8—2 (C,(6) — 11)>} -1 as ¢—0,

uniformly for |y| < ro + 8. Since C,(8) — 2C, as § — 0, it follows that for any # > 0
there exists 6 > 0 such that

1
4.3) Po,y{f‘ > exp<8—2 (3C, — n))} -1 as ¢—0
uniformly for |y| < rq + 6.
Next let
dx(t) = —VUR()) dt + c(t) dw(t)
and

t = inf{¢: |R(6)| > ry}.



Simulated Annealing Type Algorithms for Multivariate Optimization 435
On p. 745 of [11] it is shown that
(4.4) P, ,{t> B(s)} — Po, {t9 > 5%} 50  as s— o0

uniformly for |y| <r.
Now choose 1 > 0 such that

1
E(%Cl —-m =3

and choose § > 0 such that (4.3) is satisfied. Hence using (4.3) and (4.4)

P, ,{t > B(s)} = P, ,{t > B(s)}
= Py ,{#9 > %} + (P, ,{t > B(s)} — Po,, {0 > s*7})

> Poyy{fc(S) > exp(czi(s) (g C,— n>>} + o(1)

-1 as §—o

uniformly for |y| < ry + J. O

ProOF OF LEMMA 3. Let () be defined as in the proof of Lemma 3.2. In Lemmas
1-3 of [11] it is shown that

(4.5) E {fGBEN} —n(f)>0  as s>

uniformly for |y| < r. By Lemma 3.2 there exists 6 > 0 such that

(4.6) |E, ,{f(x(B&N)} — Es ,{ fEBN}
< |E; J{f (B(s)) — fEBEN), T > B} + 21 FI1Py, ,{r < B(s)}

-0 as s— o

uniformly for |y| < r, + 0. Hence combining (4.5) and (4.6) and using Lemma 3.1
there exists T > 0 such that

|Es y{f ((B(s + TH))} — T D(f)
= |E; y{Es+ 1, x5+ n{ S (X(B(s + T))) — nCTD(f)}}]
<|Eg {Esi 7 xs+ U (X(B(s + T))) — 75C(S+T)(f)}1{|x(s+ ) <ro+ o3|

+2l|f||Ps,y{|x(S+ T)| >r0+5}
-0 as §— oo

uniformly for |y| <r. O
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