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ABSTRACT

This paper presents a general and complete duality theory for optimal control of systems
governed by linear ordinary differential equations with a convex cost criterion. Existence
theorems for optimal control problems are obtained using the duality theory and a direct
relationship between duality and Pontryagin’s Maximum Principle is exhibited. Finally,
applications to decomposition of optimal control problems are presented.

1. INTRODUCTION

An important part of mathematical programming, from both the theor-
etical and the computational points of view, is duality theory. For a class of
variational problems, Friedrichs [1] outlined a duality theory utilizing the
Legendre Transform. In recent years several papers have been written on a
duality theory for optimal control problems [2-4]. However it is the authors’
belief that no satisfactory and rigorous duality theory for optimal control
problems is available, an exception being the very recent work of Van Slyke
and Wets [5].

Fenchel [6, 7] initiated a duality theory for finite-dimensional mathematical
programs using the important idea of conjugate convex functions. Over the
past few years due to the work of Brondsted [8], Moreau [9, 10], and especially
Rockafellar [11-15], various aspects of the theory of convex functions and
conjugate convex functions have reached a satisfying stage of completeness.
Rockafellar [16] and Dieter [17] have also given a duality theory for infinite-
dimensional convex programs.
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An important part of the theory of convex functions is a theory of dif-
ferentiability for such functions. The notion of subdifferentiability was first
introduced by Moreau [18] and later developed by Rockafellar and Brondsted
[19, 20]. The most recent contribution on the differentiability of convex
functions is due to Asplund [21].

Recent work of Gamkrelidze [22, 23], Halkin [24, 25] and Neustadt [26-28]
have shown that optimal control problems can be regarded as mathematical
programs in infinite-dimensional spaces and very general necessary conditions
of optimality for infinite-dimensional mathematical programs have been given.
These conditions include all known first order necessary conditions of opti-
mality for control problems and in particular the maximal principle.

Motivated by computational consideration (in particular for state-con-
strained problems), necessary conditions for optimality have been derived for
convex programming problems by Pshenichnyi [29], Demyanov and Rubinov
[30] and Kantorovich and colleagues [31]. An integral part of the work of
Pshenichnyi and Demyanov has been a differentiability theory for convex
functions. Work related to this had been done by Danskin earlier [32]. These
workers were apparently unaware of the work of Moreau, Rockafellar, and
others on subdifferentiability.

Pontryagin’s Maximal Principle may be thought of as a duality result for
non-linear non-convex optimal control problems. For linear optimal control
problems with a cost function being a linear form, this was demonstrated by
Van Slyke and Wets [33]. This has also been done by Rockafellar for some
special linear optimal control problems. However the explicit relationship
between the Pontryagin Maximal Principle and a mathematical programming
type of duality theory has not been shown for a general class of linear optimal
control processes.

The main objectives of this paper are:

(i) To present a duality type theory for a general class of finite-dimensional
linear optimal control problems with convex cost criteria and convex control
and state variable constraints.

(i) To show the relationship of the duality theory to existence theorems
of optimal control and to necessary and sufficient conditions of optimality.

(iii) To show how certain decomposition results may be obtained using
this theory.

(iv) To show how the duality theory may be applied to certain control
processes described by linear Functional Differential Equations and linear
Partial Differential Equations. This will be done in Part II of the paper.

The main tools in this development are the recent theory of convex func-
tions and a duality theory of mathematical programming due to Rockafellar
[16]. These tools can also be effectively used to widen the application of the
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Carathéodory-Hamilton-Jacobi-Bellman theory for optimal control prob-
lems. This will be done in Part III of the paper.

2. CONVEX FUNCTIONS ON TOPOLOGICAL VECTOR SPACES

In the sequel we shall use various properties and results related to convex
functions. These are summarized in this section. A more complete treatment
may be found in [8, 10, 16] and in the references cited in these papers.

Let E and E* be real vector spaces in duality with respect to a certain
real bilinear function ¢-,-). We shall assume that E and E* have been assigned
locally convex Hausdorff topologies compatible with this duality, so that
elements of each space can be identified with continuous linear functionals
on the other. E and E* will then be referred to as topologically paired spaces.

2.1. Properties of Convex Functions
Definition 2.1. An infinite valued convex function f on E is an everywhere
defined function with range in [—<, 4] whose (upper) epigraph
epi(f)={(x,p)|xeE, peR, p>f(x)}

is a convex setin E @ R.
If f does not assume both —w and +o as values this definition of a convex
function is equivalent to

S, + (0 =Nx) <A (x)+ =X f(x), Vx, €E,Vx,€E, O0<A<].
Definition 2.2. The set,
dom(f)={xe E}f(x) <+oo}

is the effective domain of f.
Note that dom(f) is the projection of the epigraph epi(f) of fon E.

Definition 2.3. A convex function f on E is said to be proper if f(x) > —w
for all x € E and f (x) <+ for at least one x € E.

If fis a proper convex function, then dom(f) is a non-empty convex set
and f is finite there. On the other hand given a finite valued convex function
f on a non-empty convex set C in E, we obtain a proper convex function f;
with effective domain C by

S = {

Definition 2.4. The indicator function ¢ of a non-empty convex set C in
E is defined as

f(x), xeC,
4o, x¢C.

0, xeC,

pelx) = {+oo, x¢C.
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Thus, the indicator function of a non-empty convex set is a proper convex
function.

Definition 2.5. A convex function f on E is lower semi-continuous (l.s.c.)
if, for each u € R, the convex level set

xeE|f(x) < p)
is a closed set in E.

Lower semi-continuity of convex functions is a constructive property.
Given any convex function f on E, we may construct a l.s.c. convex function
f on E by taking

f(x)=liminff(z), VxeE.

z-X

2.2. Conjugate Convex Functions

Definition 2.6. Let f'be a proper convex function on E. Its conjugate func-
tion f* on E* (with respect to the givenbilinear function {-,->) is defined by

F*(x*) =sup {{x, x*> — f(x)}, Vx*eE*
xeE

The function f* is a L.s.c. convex function but not necessarily proper. How-
ever, if fis a l.s.c. proper convex function, then f* is also l.s.c. proper convex
and

(f**=r.
Thus, a one-to-one correspondence between the |.s.c. proper convex functions
on E and those on E* is defined by the formulas

SH(x*) = sup {<x, x*> — f(x)},
S () = sup {6, x*) = f*(x*)}

@.n

Functions f'and f * satisfying (2.1) are said to be conjugate to each other.

Definition 2.7. An element x* € E* is said to be a subgradient of the
convex function f at the point x if

S =fx)+<{y—x,x*>, VyeE.

The set of all subgradients at x, denoted by df (x) is a weak* closed convex
set in £* which might be empty. If 9f(x) is non-empty, the convex function
fis said to be subdifferentiable at x. If fis differentiable in the sense of Fréchet,
df (x) consists of a single point, namely, the gradient Vf(x) of fat x. Further,
if £(x) is finite the one-sided directional derivative

£ = tim LEE D 2/
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exists, although it might be infinite and it is a positively homogeneous convex
function of z. Then,
x* e df (x) < f'(x;2) >z, x*), VzeE,

and such an x* exists if and only if f'(x;z) is bounded below in z in some
neighborhood of 0. A useful fact regarding l.s.c. proper convex functions on
a Banach space is the following.

THEOREM 2.8. Let E be a Banach space and f a l.s.c. proper convex function
on E with effective domain C. Assume C has rion-empty relative interior ri(C).
Then f is continuous on ri(C). ||

A function g on E is said to be concave if —g is convex. The theory of
concave functions therefore parallels that of convex functions with certain
natural changes. In particular,

g*(*) = irelg {0,y —g}h
g(y) = inf {<y,)" —£*(O*)}

define a one-to-one correspondence between the upper semi-continuous (u.s.c.)
proper concave functions on E and those on E*.

The following property of conjugate functions which follows easily from
the definitions will be frequently used and is stated as a theorem.

THEOREM 2.9. If f is a l.s.c. proper convex function on E and g is an u.s.c.
proper concave function on E then,
x* € 8f (x) > x € I *(x*) = f(x) + f*(x*) = {x, x*)>
x* € 0g(x) & x € 9g*(x*) < g(x) + g*(x*) = {x, x*>. ||

2.3. Integrals with Convex Integrands
We give some results on integrals of convex functions of the type

[rax@nar, [ 2@ x+@)ar

where f(¢,x) is a l.s.c. proper convex function of x for each ¢ and thus in
general not continuous in x and f *(#, x*) is the conjugate of f(¢,x) for each ¢.
In particular we would like to know the relationship between these integrals
(if defined in an appropriate manner) regarded as functionals on the spaces
to which the curves x(¢) and x*(¢) belong. The following facts were proved
in [34] in case fis defined on R'*" but the results can be readily extended to
separable Hilbert spaces as encountered in optimal control theory. In fact,
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the extension will follow if one formulates Lemmas 1 and 2 of [34] for a
separable Hilbert space and furthermore recalls that the results of [9], used
in [34], were proved for a Hilbert space rather than for R".

The following two lemmas correspond to Lemmas 1 and 2 of reference
[34].

Definition 2.10. Let T be a measure space with o-finite measure dr and L
be a real vector space of measurable functions u from 7 to a separable Hilbert
space H and consider,

Iw) = [ @ ue)ar

where f is a function from T x H to [—wo,+=]. Then f is called a normal
convex integrand if it satisfies the conditions:

(i) f(t,x) is a L.s.c. proper convex function on H for each fixed .
(ii) There is a countable collection % of measurable functions u from T
to H such that

(a) for each u e %, f(t,u(t)) is measurable in ¢,
(b) for each ¢, %, N dom(f(¢,x)) is dense in dom (£ (¢, x)), where

U, = {u(t)|u e U).

LEMMA 2.11. Suppose f(t,x) = F(x) for all t, where F is a lLs.c. proper
convex function on H. Then F is a normal convex integrand.

Proof. By the separability of H, there exists a countable dense subset D
of the non-empty convex effective domain of F.

Let % consist of the constant functions on T with values in D. Then %
satisfies conditions (a), (b) in Definition 2.10 and since F is 1.s.c. and proper,
Fis a normal integrand. ||

LEMMA 2.12. Let the function f(t,x) on T x H have values in [—o,+x] such
that f(t,x) is measurable in t for each fixed x and for each t, f(t,x) is a Ls.c.
proper convex function in x with interior points in its effective domain. Then
fis a normal convex integrand.

Proof. Let D be a countable dense subset of A and let % be the set of
constant functions on T with values in D.

Then % satisfies condition (a) of Definition 2.10. Further D has a dense
intersection with the interior of dom(f(#,x)) and therefore with domf(¢,x)
because dom(f(,x)) as a convex set with non-empty interior has no isolated
points. ||

Definition 2.13. Let T be a measure space with a o-finite measure dt, H
be a separable Hilbert space, and .# a real vector space of measurable functions
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from T to H. Then, % is said to be decomposable if it satisfies the following
conditions:

(i) & contains every bounded measurable function from T to H which
vanishes outside a set of finite measure.

(i) If e % and C is a set of finite measure in 7, then & contains ycu
where y is the characteristic function of C.

In other words, if # is decomposable one can alter functions in &
arbitrarily in a bounded fashion on every set of finite measure. Namely,
subtract ycu from u and add any bounded measurable function vanishing
outside C. If £* is topologically paired to .# with respect to {-,-> such that
{u(t),u*(t)>y is summable in ¢ for every u e &, u* € #*, then condition (i)
of Definition 2.13 also implies that the functions in .#* are summable on sets
of finite measure. An important class of function spaces which are decom-
posable in this sense are the L?(0, T; R™) spaces.

Finally we give the following theorem which relates the integrals of
conjugate normal convex integrands as conjugate functionals.

THEOREM 2.14. Let £ and F£* be topologically paired by means of the
summable inner product on H, that is

Cuyu*y = f ut), u*(t)>pdt Vue L, Vu* e P+
T

and suppose £, L * are decomposable. Let f be a normal convex integrand such
that f(t,u(t)) is summable in t for at least one u € £ and f*(t,u*(t)) is summable
in t for at least one u* € £*. Then the functionals I, on £ and I;« on £* where

L) = [ fe,u)de I(u¥) = [ £ u(e))de
T T

are proper convex functions conjugate to each other.

Proof. See [34]. ||
3. DUALITY THEORY FOR ABSTRACT LINEAR OPTIMAL PROCESSES (ROCKAFELLAR)

Let E and F be Banach spaces and let # > ZAu mapping E to F be a con-
tinuous linear transformation. E is to be thought of as the control space and
F the response space of an abstract control process. Let C< E and D < F be
convex sets. C will be referred to as the control restraint set and D the response
restraint set. A control u € C for which the corresponding response Au € D
is termed an admissible controller.

Information Sciences 2 (1970), 211-243
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3.D Let H(u) = f () — g(Au) be a function with values in [—w,+<] and
consider the primal problem

) {minimize H@) =1 () — g(Au)

subject tou e Cand Au e D.

A controller @ is a solution to (P) if and only if @€ C, Ad € D and the
infimum of H(u) is finite and attained at #. Such a # is called an optimal control.
For the problem (P) we make the assumption that fis a l.s.c. proper convex
function with effective domain C and g is an u.s.c. proper concave function
with effective domain D. Then the minimand in (P) s a proper convex function
or identically +co.

Remark. If fis a finite convex function which does not already have C
for its effective domain, we may define the new function f, such that

o [ 15

and if necessary lower the values of f, on the boundary of C so that it becomes
L.s.c. Similarly a finite concave function g can be constructively modified to
obtain an u.s.c. proper concave function with D as its effective domain. ||

To define the dual problem (P*) of (P) let E* be a real Banach space,
topologically paired with F with respect to a bilinear real valued function
{+,-> on E x E* That is, the elements of each space can be identified with
continuous linear functionals on the other by means of {-,->. Further let F*
be a real Banach space topologically paired to F with respect to {-,->. In most
of the cases E*, F* are the dual spaces of E, F but there are interesting
exceptions.

The dual (P*) of (P) is defined as

P maximize H*(x*) = g*(x*) — f*(A* x¥)
subject to x* € D*, A* x* e C¥,

where f* is the conjugate of f with effective domain C*, g* is the conjugate
of g with effective D*, and A* is the adjoint transformation of 4. Of course,
f*, g*, A* are defined with respect to {-,->. Thus the maximand in (P*) is
a proper concave function or identically —e. Note that H* is not the con-
jugate function of H.

X* is a solution to (P*) if and only if X* € D*, A*x* € C* and the supre-
mum of H*(x*) is attained at X*, in which case the supremum is finite.

We note that the minimization in (P) can be carried out over all of E
(unconstrained problem) because of the fact that C and D are the effective
domains of f and g, respectively. For the same reason the maximization in
(P*) can be taken over all of F*. ||
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The following results in this section are all due to Rockafellar [16]. We
state the theorems that we use in later sections.

LemMmA 3.1. inf H(u) > sup H*(x*). ||

In duality theory the concept of stability is very important, where a stably
set process (P) is defined as follows.
Consider the perturbed primal problem (P (z)) for some z € F where

minimize H(u,z) =f () — g(Au — 2)
(P() ueC,Aue D.

Definition 3.2. If inf H(u,0) = inf H («) is finite then the process (P) is said
to be stably set if, in some neighborhood N of the origin in F,
lim inf H(u, ez) — inf H(u) -

€l0 €

We shall adopt the convention that in case inf H(u) is —o(+) we say that
(P) is stably set (unstably set).
It can be proved that the function p defined as

p(z) =inf H(u, z)

w, VzeN.

is a convex function on F, so that its one-sided directional derivative at 0,

inf H(u, ez) — inf H(u)

€

p'(0; 2) = lim
€0

exists for all z although it may be infinite. Therefore the limit in the definition
above is well defined for every z.

A sufficient condition for the stability of problem (P) in control-theoretic
terms may be given. For this purpose we introduce

Definition 3.3. The linear system defined by the equation x = Au is said
to be reachable to the response restraint set D if there exists a u € C such
that Au € D where C is the control restraint set.

THEOREM 3.4. If the linear system x = Au is reachable to int(D) (the interior
of D) that is there exists a u at which f is finite and Au is in int(D) then (P)
is stably set and inf, H(u,z) is a continuous function in some neighborhood of
the origin. ||

There are problems of interest in control theory which satisfy this sufficient
condition and hence are automatically stable set.

Example 1. For the problem (P) if 0 € C and 0 € int(D) then P is stably
set.

Information Sciences 2 (1970), 211-243
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Example 2. Minimize f (u) — g(Au)
subject tou e C.

Here g is finite everywhere in F (no constraints on the response). If C is
non-empty then this problem is stably set. ||

The following theorems give the relationship between (P) and its dual
(P*). By min H(u) (resp. max H*(x*)) we mean that the infimum of H(u)
(resp. supremum of H*(x*)) are attained at some u (resp. x*).

THEOREM 3.5. The process (P) is stably set if and only if
inf H(u) = max H*(x*).
Dually (P*) is stably set if and only if
min H(u) = sup H*(x*). ||

THEOREM 3.6. (P) is stably set and has a solution if and only if (P*) is stably
set and has a solution. ||

Optimal controllers, that is solutions to (P), can be characterized by
certain subdifferentiability conditions on f and g in analogy with the case in
ordinary calculus when fand g are differentiable. To get a better insight into
the nature of the next theorem note that the convex function f— g o A attains
a finite minimum in precisely those points & where 0 is a subgradient. Thus
optimal controllers # satisfy

0ecd(f—g o (@)
We will prove in a moment that
(3.2 0 € of (v) — A*(dg(Au)) < Au € 3g*(x*), A*x* € of (v)

for some x* € F*,
Provided

(3.3) 0ed(f—g oA)(w) < 0edf(u) — A*(9g(Aw))

holds, the right-hand side of (3.2) constitutes a convenient form for charac-
terizing optimal controllers. Indeed, (3.3) is true under the stability condition;
see the next theorem.

To verify (3.2) assume that 0 € 9f (1) — A*(dg(Au)) for some u € E. Then
there exists a w*edf(u) and x*e0dg(Au) such that u*=A*x* and
x* € 0g(Au) — Au € 9g*(x*). On the other hand if u, x* satisfy the right-hand
side of (3.2) then x*e dg(Au) - A*x* e A*(9g(Au)) so that 0e af (u) —
A*(@g(Au)). This proves (3.2). ||

THEOREM 3.7. The process (P) and its dual (P*) are stably set, with solutions
i, X*, respectively, if and only if il, ¥* satisfy Aii € 0g*(x*) and A* x* € of (7). ||
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4. OPTIMAL CONTROL FOR FINITE-DIMENSIONAL LINEAR PROCESSES WITH CONVEX
COST CRITERIA

The duality theory developed in the previous section will now be applied
to a class of finite-dimensional linear differential processes with convex cost
criteria. In Section 4.1 the data and hypotheses of the problem are given and
the functions f, g, f*, g*, A, A* are explicitly determined. An existence and
uniqueness theorem which makes use of the duality theory is presented. The
hypotheses on the existence theorem appear to be weaker than those appear-
ing in the literature. Introducing the adjoint differential equation we arrive
at Pontryagin’s Maximal Principle in generalized form and in so doing reveal
the existence of a close relationship between duality and the maximal principle.

4.1. Formulation of the Problem

Consider the linear control process
(&) dx|dt = A(t) x(t) + B(t) u(t),

where Vi e [0,T], x(t) € R", u(t) € R™ and A(¢), B(t) are nxn and nxm
matrices which are continuous for V¢ € [0, T].

Let L”[0, T; R"] denote the space (equivalence classes) of Lebesgue measur-
able functions »(¢) with values in R" such that

T 1/p
lloll, = {f ||v(t)||f<"df} <o, lgp<w
0

and
livll, = ess. sup. [[ip()llrn|t € [0, T]] <0, p=co
where |jv(¢)liz» is an appropriate norm on R".

Whenever there is no possibility of confusion, we shall drop the subscripts
on the various norms.

The data of the problem are as follows: Let ¢(u) denote the solution of
(&) on [0,T] corresponding to some control function u.

(i) ¢(u)(0) = x € Gy, where Gy is a convex subset of R".
(ii) The solution ¢(u) of (&) is in L?[0,T; R*], 1 < p < = and are required
to lie in the convex subset of L?[0,T; R*], where

41 X=
{¢ € L*[0,T; R"}|$(0) € G,, ¢(¢) € G, < R" a.e. on ]0,T], G, is convex},

Information Sciences 2 (1970), 211-243
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(iii) The controllers # are in LT[0,T;R™], 1 <r< o, and the class of
admissible controllers % is a convex subset of L'[0, T;R™], where

(42) % ={ueL(0,T;R")|u(t) e 2 <R™ae. on [0,T], £ is convex, and the
response ¢(u) € X }.

It is required to choose a controller & € % such that

(4.3) H{(u,x)} = lo(x) + 1,($() (T)) +f [ACe, u(2)) + k(t, $(u) (£))] dt
1]
is minimized.
The hypotheses are:

(i) I, and /, are Ls.c. proper convex functions on R" with effective domain
G,y and G, respectively.

(i) A(z,z) is measurable in ¢ for each fixed z € R™ and for each ¢, h(t,z)
is a L.s.c. convex function in z with effective domain £2.

(iii) A(t,u(t)) is summable in ¢ for all u € % and h*(z,u*(t)) is summable
in ¢ for at least one

wr e IO, TR L=l

(iv) Assumptions analogous to (ii) and (iii) hold for the function k(z,$(¢))

and its conjugate
1 1
k*(t,$*(1)), ¢e€LP[0,T;R"], ¢*e L0, T;(R")*], 5 + 2" 1.

(v) £2has a non-empty interior and G, has a non-empty interior V¢ € ]0,T].

The problem which we have defined will be referred to as (OC).

The problem defined above may be reformulated to correspond to problem
(P) of Section 3 by considering a linear transformation /A on L'[0,T; R™] @ R"
rather than on L[0,T; R™]. For this purpose define the functions

(4.4) f: 0, T;R" ® R"~ R
T
L (%) > () + [ e, u() d,
0

(4.5) g: LP[0,T; R ®R"— R
T

: ($3) > L) — [ Kt ),

0

1 Superscript * denotes the dual space.
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and the linear, bounded transformation
(4.6) A: L'[0,T;R") @ R"— L[0,T;R"] ® R"
: (u, %) — (¢(w), $(u) (T)), where ¢(u) is defined by

4.7 () =D(1,0)x + D(1,0) f &~1(7,0) B(r)u(r)dr, te€[0,T],
0

and O satisfies the matrix equation
4.8) dd/dt = A(t) D(1,0); D(0,0)=1.

Assuming that % is non-empty, then in view of hypotheses (ii), (v), and
(iii), Lemma 2.12, and Theorem 2.14, it follows that 4 is a normal convex
integrand and f'is a proper convex function with effective domain Z @ G,.
Furthermore f and f* are conjugate convex functions, where

(4.9) SH(u* x*) = l*(x*) + f h*(t, u*(1)) dt,

V(u*, x*) € L°[0, T; (R™)*] @ (R")*.

The function f* is proper by hypothesis (iii) and it is automatically l.s.c.

as the conjugate of the proper convex function f, which in turn implies that

fis also Ls.c.. f* has a non-empty effective domain in L5[0, T;(R™)*] @ (R")*
which we shall denote by Z* @ G,*.

In a similar manner it may be shown that g is an u.s.c. proper concave

function with effective domain X @® Gy with an u.s.c. proper conjugate func-
tion g*, where

(410) g*(@*, ) =—I* (%) — | Kt~ dt,
0

V(¢*,»*) € LU0, T; (R")*] ® (RH*.
The non-empty effective domain of g* in L[0, T;(R")*] @ (R™)* will be
denoted by X* @ G*.
With the definitions of f, g, and A as in (4.4), (4.5), and (4.6) the optimal
control problem defined in this section may be reformulated as:

(P) minimize H((u, x)) =f ({(u, x)) — g(A(u, x))
subject to

wux)e¥% ®G, and Au,x)e X @ Gr.
The dual problem (P*) is accordingly given by,
(P*) maximize H*(($*, %)) = g*((¢*,»*)) —f *(A*(¢*, %))

Information Sciences 2 (1970), 211-243
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subject to
(¢*,y") € X* @ Gr* and A*(p*,y*) e U* @ Go*.
A straightforward computation shows
(4.11) A*: L70,T;(R)*] @ (RY)* - L°[0, T;(R™)*] ® (RM)*:
($*,5*) > (u*, x*),

where
T

(o) - B*(t)[ [ ¥ g + ST 05,

(4.12) .
x* = f *(1,0) $*(t) dt + D*(T,0) y*,
0

in which B*, @* are the transposed matrices of B and @, respectively. Thus
the Rockafellar Duality Theory of Section 3 is applicable to this problem with
obvious identifications. This theory is now used to obtain existence results
for optimal control and the maximal principle. ||

4.2. Existence Theorem for Optimal Control

THEOREM 4.1. Given the optimal control problem (OC), assume in addition:

() 2 is bounded and G, is compact,
(ii) for each t € [0,T],
h(t,z) > c(t), VzeR™

where c(t) is summable on [0,T],
(iii) the set % is non-empty.

Then there exists a pair (i,%) € U @ G, such that
min [H(u, x)|u € %, x € Gy] = H((&%, %)).

Moreover, if f and I, are strictly convex on their effective domains, then (i, X)
is a unique optimal pair.

Proof. For arbitrary (u*,y*) € L°[0, T; (R™)*] @ (R")* from (4.9)
SH*, %) = L*(y*) + f h*(t,u*(1)) dt
V]
=sup [{»,y*> — b(»)|y € R]

+ f sup [<z, u*(t)) — h(t,2)|z € R dt
0
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F*((*, y*) = sup [y, y*> — L(»)| y € G]

T
+ f sup [(z, u*(t)> — h(t, 2)|z € Q) dt
0

T T
<m+M f llw* ()] dt — f c(t) dt,
0 V]

where m and M are finite constants < +co.

Therefore the effective domain of f* is all of Lf[0,T;R™] @ R*. The
function g* defined by (4.10) is proper and hence there exists a (¢*,7*) at
which g* is finite and A*(¢*,7*) is evidently in the interior of dom(f*). From
the dual version of Theorem 3.4 it follows that (P*) is stably set.

From Theorem 3.5 it follows that there exists a pair

(#,x)eL’[0,T;R"] ® R

such that inf H (4, x) is attained at (i, X). It remains to show that (&7, %) e Z @ G,.

X @ Gy is reachable by hypothesis, which implies that there is an ad-
missible controller # € % and an x € G, with corresponding response ¢(x) such
that

(u,x) e dom(f)
and
Au, x) = ($(w), () (T)) € X @ Gr = dom (g).
Thus for this controller u and initial state x, f'((4,x)) — g(A(u, x)) is finite and
therefore
(4.13) min H(u, x) < +o.
(u, x)

Furthermore
H*(($*, 7%)) = g*($*, 7)) — [ *(AX($*, 7*))

is finite so that

(4.14) sup H*((¢*,»*)) > —co.
@* )
From Lemma (3.1), (4.13), and (4.14) it follows that
(4.15) +w > min H((u,x)) > sup H*({(¢*,y*) > —x
(u, X) [C A%
and hence '

min H((u, x)) = H((@, %))
@, x)

is finite and thus necessarily (%, X) € % @ G,. The uniqueness of (i, %) when
I, and # are strictly convex follows easily from a contradiction argument. ||
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COROLLARY 4.2. Consider the optimal control problem (OC) with no con-
straints on the responses, that is, X @ Gr = L?[0,T; R"] @ R". Assume in addi-
dition that conditions (i) and (ii) of Theorem 4.1 are satisfied. Then there exists
a pair (4,%)e¥ @ Gy such that min[H((u,x))|u € U,x € Go] = H((i1, %)).
Moreover, if f and Iy are strictly convex on their effective domains, then (i, %)
is a unigue optimal pair.

Proof. Condition (iii) of Theorem 4.1 is automatically satisfied. ||

Remark. 1t is clear that this theorem includes other existence theorems for
linear optimal control problems with convex cost criteria which require £2 to
be compact [37, Theorem 12, page 232]. Moreover, the case in which £ is
not bounded but closed and convex could be handled by putting hypotheses
on the functions £ which makes the effective domain of f* all of
L[0, 5 (R™)*] @ (R ||

4.3. Duality Theory and Pontryagin’s Maximal Principle

We would now like to demonstrate the relationship between the duality
theory and Pontryagin’s Maximal Principle for the class of problems con-
sidered in this section. For a somewhat different approach to this, see also
Rockafellar [15]. Our development is done under weaker differentiability
assumptions than that reported in the literature [37, Theorem 14, page 235].
These differentiability requirements have also been relaxed in recent work of'
Neustadt [28]. We now make the assumption that the functions /,, /,, and
k are subdifferentiable in x. We note that this is a weak assumption since /,,
/;, and k being convex functions on R" are subdifferentiable throughout the
relative interior of their effective domains [11, page 137, Theorem 13.6].

THEOREM 4.3 (Integral Maximal Principle). For the optimal control process
(OC) assume that there exists a controller u € % and an x € Gy with correspond-
ing response $(u), $(u)(0) = x, such that (¢(u), (u)(T)) lies in the interior of
X @ Gy. Then a pair (4,%) is optimal with respect to the set of admissible
controllers U and the set of allowable initial states Gy if and only if there exists

a
F*e(RY*, ¢* e L0, T;(R)*]

such that

(4.16) L(y) = Li(@) (1)) + {y — $@)(T),—3*>, VyeR’,

@17) [ k@ $Ndr > [ Kt g@ @)t + [ [K40) — $@) (1), ~FHeD)d,
0 ) ]

Vé € L?[0,T; R",
(4.18) ly(y) = I(X) +<{y — X, %*>, VyeR,
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and
T

T T
(4.19) j h(t, u(t)) dt > j h(t, (1)) dt + f [<u(t) — a(t), a*(t)>] dt,
0 b D

_ VueL[0,T; R"],
where A*(d*, 7*) = (a*, ¥*) according to (4.11), (4.12).

Proof. Necessity. By hypothesis, there exists a e % and x e G, with
response ¢(u), where (¢(u), d(u)(T)) € int(X + Gp). It follows from Theorem
3.4 that problem (P) corresponding to (OC) is stably set.

Assume (4, %) is a solution to (P). Hence from Theorem 3.6 (P*) is stably
set and has a solution (¢*, 7*). Moreover (#, X) and (¢*, j*) satisfy

(4.20) A((@, 2) € *($*, 7)), A*($*,7*) € o (@, %).
From Theorem 3.7,
A, %) = ($(7), $(@) (T)) (see 4.6, 4.7) € dg*(($*, 7*)),
which implies
($*, 7*) € 9g(($(@), $(@) (T))).
Hence, by Theorem 2.9,

8(($, »)) < g(($(@), $() (1)) + <($, y) — ($(@), $(0) (T)), ($*, 7*)

or
@21) —h(y) — [ et $(0) dr <1, $@(T) — [ ke, $@) (1)) dr
0 0

+ [ Kg(6) = $@ (), $*(eD1ar
0

+ <y — $@(T), 7>,
V(¢,y) € L?[0,T; R"] ® R".
Since ¢ is independent of y, it follows that

(4.22) L(y) = (@) (D)) + <y — $@)(T),—y*>, VyeR
and

(4.23) [ e, 0 de > [ k(e $(@) (1)) de
0 0

+ [ () — @ (1), —F*eD1d,
0

Vé e L?[0,T; R"].
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Further,
AX($*, 7*) = (a*, ¥*) (see 4.11, 4.12) € 3f (4, %))

holds if and only if

I(») + f (e, u(t)) dt > (%) + j h(t, a(r)) dt
0 0

+ [ Kutr) — (o), a1 dt
0

+<}’—f,3—f*>, V(u,J’)EL'[Oa T’Rm] @R"
Since y is independent of v, it follows that
(4.24) lo(p) 2 Io(X) + <y — %, X*), VyeR"

and

T T T
(4.25) f h(t,u(t))dt > f h(t,a(t)) dt + f [Cu(t) — (), a*(¢)>]dt,
0 0 0
YueL'[0,T; R™
This proves the necessity part.

Sufficiency. The sufficiency part follows at once from Theorem 3.7. ||

Remark. In optimal control problem (OC) the set of admissible controllers
and state constraint set are given locally (pointwise in time) by (4.2) and (4.1),
respectively. Theorem 4.3 is true even if the constraints were specified in a
global manner, that is, as convex sets in L[0,T;R™] and L?[0,T;R"]. For
admissible controllers and state constraints given by (4.2) and (4.1), we can
pass to a local form of the maximal principle. This is done in the subsequent
theorem.

For the proof of the subsequent theorem we need the concept of a Lebesgue
point.

Let g: [0,7] — R" be such that g € L'[0,T; R"]. Let 1 € [0, T] be fixed and
let 0, be a neighborhood of ¢. Let |0, denote the measure of 0,. Then all
points t € [0, T] for which

{
m ~fg(a)afcr—> g(t) as|0;]—0
J
0y

are termed the Lebesgue points of the function g. It is known that the
complement of the set of Lebesgue points of g has measure zero. ||
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THEOREM 4.4 (Maximal Principle). Consider the control process (OC) and
assume that the hypothesis of Theorem 4.3 hold. Then a pair (i,X) is optimal
with respect to the set of admissible controllers % and the set of admissible
initial states Gy, if and only if there exists an 7(t) € (R)* satisfying

(4.26) dnldt = —A*(t) n(t) + x*(t, $(@) (1)),
(4.27) —(T) € Al (@) (T)),
(4.28) 7(0) & 9ly(%),

where A*(t) is the transposed matrix of A(t), x*(r,$()(t)) € ok(s, (i) (1))
almost everywhere in [0,T] and such that the maximal principle

(4.29) <(B()a(t), n(t)> ~— h(t, a(t)) = max [{B(t) z, 7(t)> — h(t, z)|z € 2]
holds almost everywhere in [0,T).

Proof. We shall prove that the necessary and sufficient conditions (4.16)~
(4.19) are equivalent to the conditions (4.26)-(4.29).

Let s €]0,7T[ which will be chosen appropriately later, and let 0; be a
neighborhood of 5. Define

&) if t € 0;, ¢ arbitrary in L?[0, T; R"],

4. () = :
430 bO={30 0w o,

Hence ¢; € L?[0,T; R"). Since (4.17) is true for all ¢ € L?[0,T; R"], we have
in particular .

T

(@31) [ [k(t, $,0)) — kt, @) (1)) + <b,(1) — $(@) (1), B*(1)>1dt > 0,
0

and using (4.30), (4.31)_reduces to

(4.32) 1 f [e(t, $(1)) — K2, $(@) (1)) + <p(r) — $(@) (1), $*(1)>]dt > 0.
0y

0,1
Now choose s to be a Lebesgue point of

k(t, $(t)) — k(t, $(@) (1)) + <B(£) — $() (1), $*()).
Then passing to the limit and utilizing the property of Lebesgue points, we
conclude from (4.32)

(4.33) k(s, $(s)) — ks, $(@) (5)) + <(s) — $(@) (), $*(5)> >0,

and this is true for all Lebesgue points s.
Now ¢ € L?[0,T; R"] was arbitrary. Hence (4.33) may be written as

k(t, ) = k(t, (@) (1)) + <y — $(@) (1), —F*(1))

almost everywhere on [0,T], for each y € R",
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Hence
(4.34) —¢*(t) € ok(t, $(i) (t)) almost everywhere on [0, T'].
A similar argument proves

(4.35) h(t,z) > h(t,4(t)) + {z — a(t) @*(t)> almost everywhere on [0,7] for

each z € R™.

That is,
(4.36) u*(t) € oh(t, i(r)) almost everywhere on [0, T].

Let

T

4.37) (1) = [ D*(r, 1) F*(x)dr + BT, 1) 5,
where @* is the transposed matrix of P.

Therefore
(4.38) 2WT) = 7%,
and from (4.12)

7(0) = X%,

@) oty 5 70

It is easy to see that 7(¢) satisfies

(4.40)  dnjdr = —A*t) (1) + x*(t, @) (1)), —T) € a1, ($@(T)),
7(0) € dly(%),

where x*(t, §(@) (1)) = ¢*(¢) € 0k(t, $(iF)(¢)) almost everywhere in [0, T]. From
(4.36), with @#*(¢) = B*(t)7(t), we obtain

CB(D)a(r), 7(1)y — h(t, (1)) = max [{B(t) z,7)(1)) — h(t, 2)|z € 2],

which holds almost everywhere in [0, T].
This proves the necessity part of the theorem.

Sufficiency. Suppose there is a vector 7(¢) satisfying
dnldt = —A*(1)n(t) + $*(t), —i(T) € A($(@)(T)),
7(0) € 0lp(%),

F*(t) € Ok(t, $(@) (1))

and

almost everywhere.

In the above ¢ (i) is the response with ¢(i)(0) = %, of the controller &
determined by the maximal principle
(4.41) <(B(t)ua(t),7(t)) — h(t,a(t)) = max [{BY) z,7(t)) — h(t, 2)|z € )

almost everywhere.
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Since £ is the effective domain of A(¢,z), (4.41) may be written as

<B@)a(t), 7(t)> — h(t,u(1)) = sup [KB(t) z, 7(1)> — h(t,2)|z € R"]
= h*(t, B*(¢) 7(t)) almost everywhere.
From this and from Theorem 2.9 it readily follows that
B*(t)7(t) € oh(t,u(t)) almost everywhere.
As before we write A* (—¢*,7(T)) = (#*, %*), where a*(t) = B*(¢)7(t) and

X* = 7(0) according to (4.11), (4.12).
Hence it follows that

(4.42) AX(—¢*,7(T)) € of (3, )).

Furthermore ¢*(t) € ok(t, (@) (¢)) and —7(T) € al($(@)(T)) imply
&) (t) € ok*(t, $*(¢)) and ¢(&) (T) € 8l,*(—7(T)), respectively, by Theorem 2.9.
Therefore we must have, since A(#%, %) = (¢(i2), H(@)(T)), that
(4.43) A(d, %) € 0g*(—¢*, ().

Hence from (4.42), (4.43) and Theorem 3.7, it follows that (#,%) is a
solution to (P), that is, (#,%) is an optimal pair. ||

Remark. If the initial state x = x, is fixed, we show below that the condition
7(0) € dlo(x,) is automatically satisfied.

For fixed x = x,,l4(x;) is a constant and could be left out of the cost func-
tion. But to correspond to the formulation of the problem (OC), we define /, as

0, X = Xg,
WO = e, x5,

We thus have the same problem formulation as in Theorem 4.2 with
Go = {xo}-

But

7(0) € 0ly(x,) if and only if Ip(x) = lp(xg) + {x — X0, 7(0)), Vx e R,

and it follows from the definition of /; that 9l(x,) is all of (R")* so that indeed
7(0) € Oly(x,) is always satisfied. Similar considerations are useful in the
state-constrained problem presented in Section 4.5.

4.4. An Application to a Reachability Problem

In this section we show that certain problems of reachability can be
transformed into convex optimization problems and solved using methods
developed in this paper.

For the linear system (%) defined in Section 4.1 the set of admissible
controllers will be defined as

U ={uel’[0,T;R"}|u(t) e 2 = R™a.e. on [0, T], £2 is convex and closed}.
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Assume that Gy = {0} and the set X defined by (4.2) is a closed convex set
in L,[0,T;R"], 1 <p < 0.

It is required to find necessary and sufficient conditions for the existence
of a u e % such that the corresponding response ¢(u) € X, and ¢(u)(0) =O0.
We shall first transform this problem into a convex optimization problem.

Let f be the proper convex indicator function of the closed convex set %,

that is,
0, fue%,

10={00, ituea,
Then
*¥(w*) = sup [Ku, u*> 1 uec %].

Let g be the negative indicator function of the non-empty convex set X,

_ (0, ifdgeX,
g(‘ﬁ)‘{_w, ifd¢ X

g*(¢*) = inf [{$,¢*> : € X].
Define the linear continuous map
A: L7[0,T; R"] — LP[0, T; R"]
such that
t
(Au) (1) = [ B(t,7) Bx)u(r) dr,
0
Vt e [0,T], where @ is the fundamental matrix.
Then the adjoint A* of A is
A*: L0, T;(R)*] - [0, T5 (R™*], 11, + ; =114t

s
such that

(A*$4)(0) = B*() [ *(r, 1) *(n)dr, Vie[o,T],

= B*1t)q(t), where () = [ ®*(r, 1) $*(7)dr.

The reachability problem can now be written as
(P) minimize f (u) — g(Au), ueL’[0,T;R™].
and its dual is
(P*) maximize g*(¢*) — f*(A* $*), ¢* € L0, T;(R")*].
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Since % and X are closed, fis Ls.c. and g is u.s.c. and therefore we may
apply the general results, as far as they do not rely on the property that the
problem is stably set.

From the sufficiency part of Theorem 4.4 we can see that & is a solution
to (P) and ¢* a solution to (P*) if there exist a vector 7(t) such that

(B a(t), n(t)> = <{B(t)z,7(t)p, Vze £, almost everywhere on [0, T']
where 7(¢) satisfies

dnfdt = —A%(t)7(t) + $(1), (1) =0
and ¢*(¢) is a solution of

(@) (1), $*(t)) = min [{x, $*(¢)>|x € G,] almost everywhere on [0, T

If 0 € % and 0 € int(X), then (P) is stably set from Theorem 3.4 and the
above conditions are also necessary from Theorem 4.4.

4.5. Example of a State-Constrained Problem
Consider the following state-constrained optimal control problem.
(&) dx/dt=A@)x(t) + B()u(t), $w)(0)=c,
C () = Hig(w) (T,
U = {u e L*[0,T; R"|llu(?)|| < p a.e. on [0,T], p > 0},
Z = {$ € L*[0, T; R"]|$(0) = ¢, [lcll < B, lI$(2)|l < B a.e. on
10,7}, 8> 03}.
Let Q= {z € R"|[lzll < p},
@ = {x & R|Ix]| < B
The problem is equivalent to minimizing

Hig(w) (TP + o) + f {(t)) + (b)) (1))} d1.

subject to

dxjdt = A@t) x(t) + B(t)u(t), ) (0)=c,
where Y, o, and iz are the indicator functions of the sets {c}, £, and %,
respectively.

Since (0,c) € % @ {c}, and (c,¢) € int(X @ R" the problem is stably set.
Therefore we may apply Theorem 4.4 to obtain the necessary and sufficient
conditions of optimality. The main computation involves the subgradients
of indicator functions of closed balls in R".

It is known that dio(z) is the normal cone to £ at z,

Opo(2) = {z* € (R™)* pllz*[| < {z,z*>}.
and similarly
Og(x) = {x* € (R")*|Bllx*| < <x, x*>}.
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Hence conditions (4.26)-(4.29) read that # is an optimal controller with
response ¢(#) if and only if there is a vector 7(¢) satisfying

dnldt = —A*(t) n(1) + x*(), —(T) = $@)(T),

where x*(¢) is any element of the set {x* e (R")*|B|lx*|| < {($(@)(¢),x*>}, and
the maximal principle holds
<B(t)a(r), 7(t)> = max [(B(t) z, 7(t)) : ||zl| < p]
<a(t), B*(t) 7(1)> = pllB*(t) 7()l), a.e.,
from which
a(t) = pﬁi—g’gﬁ, provided ||B*(¢) 7(¢)l| # 0.

5. INTERCONNECTED CONTROL PROCESSES

In practice one frequently encounters control processes of large dimension
which, however, have the structure of mutually interconnected subprocesses of
smaller dimension. In this section we consider a linear interconnected optimal
control process with a cost function of separable type and show how the
duality theory developed in this paper is of help in finding a symmetric
subprocess structure of the interconnected process and its dual. In particular
we obtain a decomposition theorem which relates optimal controllers to
solutions of the individual dual subprocesses. For related work see [35, 3, 36]
and the bibliography of these papers. ||

5.1. Formulation of the Problem
Consider the linear interconnected control process

&) {i’:(g;jt::o:‘!i(t)xt(t) + By(t) u(t) + vi(t), i=1,2,...N,
) (1) =J§ F (1) x,(0), i=1,2,...,N,
J#1

where v;, x; are elements of L’[0,T;R"], l <p < o0, 5, e L'[0,T; R™], 1 <r <
and A(t), Bi(t), F;;(t) are continuous matrices of appropriate order i, j=1,
2,..., N.

Let u = (uy,...,uy).

The responses ¢, (u) of () are constrained to lie in the convex subsets
X, of L?[0,T; R"] where

(5.1) X,={¢, €L?[0,T; R"]|$/0)=0,4,(t) € Gi(t) = R a.e. in ]0,T], G(t)
isconvex}, i=12,...,N.
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Let %, be the convex subset in L"[0, T; R™] defined by

(5.2) i ={u; e L'[0, T; R"]|u(t) € 2, =< R™a.e. in [0,T], L, is convex},
i=12,...,N.

The class % of admissible controllers u is defined as
(5.3) #={ueLl[0,T;R")|u,€ %, responses p,(w) € X,, i=1,2,...,N},

N
where m = 3 m,.
i=1

It is assumed that £, and G,(r), t€]0,7] have non-empty interiors,
i=1,2,...,N.
The cost function is

(5.4) €= 3 [ thttu() + ke, b Nk
=l

The functions A, and k, satisfy hypothesis (ii), (iii), and (iv) of Section 4.1.
By defining

x(t) = (x, (1) - xn(0)T,  u(t) = (uy(2) - un(1))7,

A\(0) Fro(t) -+ Fia(2)
A@) = Fy (1) Ax(1) -+ - Foplt) , B(t)=(B‘(t)-, 0 )’

Fyy(t) Fya(t)- -+ Ax(2) 0 Ba1)

(-#) may be written as

(5.5) {dx/dt = A(t) x() + B(t) u(?),

x(0)=0.
It follows from the hypotheses that the functions f;, i=1,2, ..., N

(5.6) fiw) = [ bt u(e) dt
[

are l.s.c. proper convex functions on L'[0,T; R™] with effective domains %,
and conjugate functions

57 fir®) = [ h*ut@) e
0

on

L0, T3 (R™Y¥), L+ S = 1.

In particular f;* has a non-empty effective domain which we denote by Z,*.
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Let f be defined by

f: L0, T;R") @+ ®LI0O,T; R"] - R
such that

(58) fW=0/1 @ DWW =flw)+ - +fuluy), VuelLl[0,T;R"].

It is clear that fis a L.s.c. proper convex function with effective domain
U=U @ -+ @® %y and conjugate f* where

(5.9) S =(f* @ @)W, Vu* e L]0, T;(R")*].

f* has effective domain Z* =%,* ® --- ® Ux*.
Also from the hypothesis it follows that the functions g, i=1, ..., N,

(5.10) g0 =~ kit i) dt
0

are u.s.c. proper concave functions on L?[0,T; R™] with effective domains X;
and conjugate functions

g4 =—[ k*t,—g*@)di
0

on

1.1
L0, T;(R")*]), -+-=1.
(0, 75 (R™)*] P

In particular g,* has non-empty effective domain which we denote by X;*.
Let g be the function defined by

g LP[0,T;R"] D - ®L°[0,T; R > X%
such that

(5.11) 8B =(g1 @ Dan)($) =gi(db1) + " + gn(en),
N
V¢ elr[0,T;R,n= 3 n,.
i=1
Then g is an u.s.c. proper concave function with effective domain
X=X @ - @ Xyand its conjugate g* given by
(5.12) g*(¢*) =(&1* @ - D an*)(9*), Ve* e L0, T;(R")*],
with effective domain X* = X;* @ -+ @ Xy*. Finally define the map /A by,
A: [0, T;R"} @ -+ @ L'[0, T; R™] — LP[0, T; R"] @ - -+ @ L*[0, T; R™]
such that
(5.13) Au=¢(y), Vu,
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and ¢(u) is defined by
(5.19) ) (1) = f D(t,7) B(r)u(t)dt, tel[0,T],
0

where @ is the fundamental matrix of (5.5). Thus @ satisfies
d®/dt = A(t) D, D) =1,
which is a system of N x N matrix differential equations

d®y/dt = A((t) Dy + Fip(t) Doy + «+ - + Fia(t) Dy,

dPyy/dt = Fyi(t) Piy + Fyo(t) Doy + -+ + An(t) Dyw, I i
(L i=j,
2,07 2

The interconnected control process (%) and () in terms of f, g, /A defined
by (5.8), (5.11) and (5.13) (5.14) becomes

(P) minimize f(u) — g(Au), subject toue %, Au e X,

and consequently the dual (P*) is
(P*) maximize g*(¢*) — f*(A* ¢*), subject to ¢* € X*, A* p* € U*

where f*, g* are defined by (5.9), (5.12) and A* is the adjoint of 4.
Thus the general duality theory of Section 3 can be applied to the inter-
connected control problem. |

We shall write (P) and (P*) in a form which emphasizes the subproblem
structure of both (P) and (P*).
For u e L'[0,T; R™], Au=(¢y,. .., dy), define the maps A,,
A,: LT[0, T; R™] — LP[0, T; R™]
such that
(5.16) Aiu=¢,, i=12,...,N;

similarly for
A*¢* = (uy*, ..., uy*), ¢* e L0, T;(R")*],

define

A*: L0, T; (R")*] — L°[0, T; (R™)*]
such that
(5.17) AX¢*=u* i=1,2,...,N.

Note that A,* is not the adjoint of A,. From the above definitions, it follows
that

N N
(5.18)  <Au,¢*> =:§x [{Au,$*>); <u, A*¢*) =‘_Zl [<ui, A*¢*D].
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We can write (P) as
(P) ,}2,5 {f () — g(Au)} = .,lean Lf@) - ¢§IEJ£ K Au, %> — g*($*)}]
= inf [/ )+ Sup {8*$*) — (Au ")}
Or, in view of (5.12) and (5.18),

(5.19) (P) inf[/Qu)+ é S Se* (4 — (A, %))

Similarly we can write (P*) in the form
N
(5.20) (P*) Sup, [g*(¢*) + 2, nf {fiw) = <, A* Y.

=1 uet,

For fixed u, (P) has N separated subproblems (P,) of the form
(5.21) (P) ¢s.u)}?_{gi*(¢i*) —{Ayu, ¢}, i=1,2,..,N,
1 EXy

where, for fixed ¢*, the dual (P*) has N separated subproblems (P;*) of the
form

(5.22) P*  inf {fi(u) — <u, A*$*>}, i=1,2,..,N.

uEe¥,;
Note that (P) as well as (P*) has the same subproblem structure. |
Before we can relate the solutions of the subproblems (P;), (P,*) to those

of the overall problems (P) and (P*) we need some results.
Introduce the function K(u,¢*) where

(5.23) K(u, %) = f () + g*($*) — {Au, $*>.

Then, X is a l.s.c. proper convex function of u, with effective domain % and
an u.s.c. proper concave of ¢* with effective domain X*.
A point (#,¢*), 4 € U, $* € X* is a saddle-point of K(u,$*) if

K (i, $*) = min K (4, $*) = max K(4, $*).
ue# Prex*
THEOREM 5.1. The function K(u,¢*) defined in (5.23) has a saddle-point

(@,¢%) if and only if (P) and (P*) are stably set in which case i is a solution
(optimal controller) of (P) and ¢* is a solution of (P¥).

Proof. See [16]. |

We can now prove the decomposition theorem for the interconnected
control problem P and its dual P*.

THEOREM 5.2. Assume (P) and (P*) are both stably set. If for fixed ¢*, ii;
solves the subproblem (5.22),i=1,..., Nof (P*) then i = (i, .. .,iy) is a solution
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to (P) if and only if §* is a solution to (P*). Dually, if for fixed i, $;* solves
the subproblem (5.21),i= 1, ..., N, of (P) then ¢* = (&,*,...,$x*) is a solution
of (P*) if and only if i is a solution of (P).

Proof. Let for some ¢* € X*, #, be a solution to (P;*),i=1, ..., N.
Because #; solves (P,*) it readily follows that

(5.24) '“fl*(Al* $*) = fi(a) — <ay, Ai*$*>s i=1..,N,
and thus

(5.25) ~H(A* $*) =1 (@) — a, A* §*>.
Therefore,

(5.26) K(#, $*) = gX($*) + 1 (@) — (Ad, §*>

=g*($*) —/M(A4" ") < sup K(@$Y).

Assume @ = (ily,...,dy) is a solution to (P). Since (P) is stably set and has a
solution #, it follows from Theorem 3.6 that (P*) has a solution and thus,
by Theorem 5.1, we must have

(5.27) min(P) = ;I‘la)i K(a, ¢*).

Hence, from (5.26) and (5.27),
gX($*) ~f *(A* *) < min(P).

But, by Lemma 3.1,
min (P) > g*(¢*) — f(A* ¢*),

min (P) = g*($*) — f*(A* %),
which implies that $* is a solution of (P*).
On the other hand, assume ¢* is a solution of (P*). Then,

max (P¥) = g*($*) — f*(A* $%).
Or in view of (5.25), (5.26)
max(P*) = g*(#*) +f (@) — <A, $*> = K(a, $*).

But (P*)is stably set and has a solution implies (P) has a solution, by Theorem
3.5, such that

so that

min(P) = max (P*).
That is (see (5.19) and (5.20)),

min max K(u, $*) = max min K(u, $*)

ue P*cX* p*eX® ue¥
and in view of (5.26)
min max K (u, $*) = max min K(u, $*) = K(, *).
ue¥ Pr*ex* p*eX* ue¥
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Hence, (#,4*) is a saddle-point of K(u,¢*), implying that & is a solution of
(P) by Theorem 5.1. This proves the first part of the theorem and the second
part follows dually. |

The following theorem guarantees that the subproblems (P;) and (#;*) in
(5.21) and (5.22) are stably set and do have solutions.

THEOREM 5.3. Given the interconnected control Problem (P) and its dual (P*).
Assume that, fori=1,..., N,

(i) the effective domain £2, of h,(t,z,) is bounded,

(i) hy(t,z) = H(t), Vz, € 2,, where H, is a summable function on [0,T],
(iii) the effective domain G*(t) of k;*(t,y,*) is bounded,

iv) k*(t,y*) = Ki(t), Vy* € G*(t), where K, is a summable function on

[0,T].
Then, the subproblems (P,) in (5.21) and (P;*) in (5.22) are stably set and have
solutions.

Proof.
(P) sup ig,’;{(q&,*) — (A, u, $,*>}, for some u,
*eX

has a dual process

i;lf{[,((ﬁ,) — 8¢},

where

I(¢) = S;IP {Kbi *> — {Ayu, ¢*>}

:0, ¢l = A, u,

E—1 - * =
SEP@‘ A, oo, ¢ # Au.

Further, according to (5.10)

&) = —f k(t, di(2)) dt
0
- f {sup <4038 = k)
0 1°eG;

[ int 800+ key )

I
oy

T
> of {,,ifglﬂ—rin(t),yo + Ki(t)} dt > —co.
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We also know that g, is a proper concave function so that g, is finite on all
of L?[0,T; R™]. Thus the dual problem of (P)) is stably set by Theorem 3.4.
Clearly A,u is also the solution to this dual problem from which it follows
by Theorem 3.6 that (P,) is stably set and has a solution.

(P:*) ian i) = Cu, A* %3}, for some ¢*,

has a dual,
sup {p,*(u*) — f*(u,*)},
u*

where
pi*(u*) = inf {Cuy, u*y — Sug, A,* $*>}
uy

' 0, = A * *’
= 1rlf<u1, u* — Ai* ¢*> = {—oo ll:: # Ai* i*

From (5.6) we have

Sx®) = [ b ur (o) dr
0

T
- {sug o (1)) ~ It z,)} dt
o \zEsy

T
<f {sup {zhu*(t)) — H,(t)} dt < 4o,

o z,e82
Because f;* is also proper it follows that Ji* is finite on all of L*[0, T; (R™)*].
It follows by Theorem 3.4 that the dual of (P*) is stably set. Furthermore
it has 4,*¢* as a solution so that (P*) is stably set and has a solution by
Theorem 3.6. ||
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