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1. INTRODUCTION

In this paper we present a number of results related to control and esti~
mation problems for affine systems with memory. The systems we consider are
typically described by linear functional differential equations or Volterra
integro~differential equations.

Our results may be divided into four categories:

(1) State-space description of systems with memory.
{ii} Feedback solution of the finite-time quadratic cost problem.

{iii} Feedback solution of the infinite-time guadratic cost problem.

{iv) Optimal linear filtering.

The main difficulty in the study of the systems considered in this paper
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is that the state spaces involved are infinite dimensional and that the equations
describing the evolution of the state involve unbounded operators. Once an ap-
propriate function space is chosen for the state space a fairly complete theory

for the control and estimation problems for such systems can be given.

2. Affine Systems with Memory

In this paper we shall consider two typical systems: one with a fixed
memory and one with a time varying memory.
Let X be the evolution space and U be the control space. We assume that

X and U are finite-dimensional Euclidean spaces.

2.1. Constant Memory

Given an integer N 2 1 and real numbers - a = @N < ... < 91 < 90 = 0 and

T > 0, let the system with constant memory be described by:

N
ey = A _(@)x(t) + ) A (£)x(t+0,)
at o0 i=1 i i
le]
+ Aol(t,(a)x(t+®)de + f(t)
1) -a
+ B{t)v(t) in [0,T]
x{8) = h(®) , -~-a<9<o0,

and B are strongly measurable and bounded, f € LZ(O,T; X)

where A, A,, A
00 i ol

and v € L?(0,7; ).
We first need to choose an appropriate space of initial data and an appro-—

priate state space. It was shown in DELFOUR-MITTER [1], (2], that this can
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indeed be done provided that (1) is rewritten in the following form:

dx N ix(t+®i) , t+eizo
== = ¢

= A (E)x(t) + 121 A, (t)

h‘(t+ei> , otherwise

f £x<t+@; ,  £+020
Am{t,O) 1ao

-a nl(t+0) ., otherwise }

[R——.

(2)

+ £(t) + B(tiv(t) , in [O0,T],

sy,

x{0) = hn°.

We can pick initial data h=(ho,h1) in the product space X x Lz(—a,O;X).
where the solution of (2} is = : [0,T] > X.
We can now define the state at time t as an element x(t) of X x L2(~a,0;x)

as folliows:

{3) x{t+G) , t+E8>0

ii(t)‘@ = E
{h'(t+0) , otherwise.

Por additional details see DELFOUR-MITTER {1], [2]. System (1) has a memory of

fixed duration [-a,0}.

2.2. Time Varying Memory

Consider the system
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€
dx _
EE-(tJ = Ao(t)x(t) + Al(t.r)x(r)dr
o]
(4) + £(t) + B{t)v(t) , in [0,T]
x(0 = 1°in %,

Where Ao’ Al and B are strongly measurable and bounded. If we change the variable

r to O = r-t and define

5) A (£,£40) , - <0 <0,

on(t'@) =

4] , =<0 <¢g,

equation (4) can be rewritten in the form

° x(£40) , t+E20

dx
E(t) = Aoo(t)x(t} + Am(t,@) l ae
o hl (t+Q) , otherwise

(e} + £(t) + B(t)v(t) in [0,T]

x(0) = h° in X, ! in 12 (~»,0;X),

with h! = 0. In this form equation (6} is similar to equation (2}. However
here we consider the system to have a memory of infinite duration in order to
accomodate the growing memory duration [-t,0l. The state space will be chosen
to be the product X x L2({-*,0:;X). The state at time t is an element x{t) of

X x 1.2(—°,0;X) which is defined as
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2 = x(v)
(7} gx(t+®) .=t <0 <0
(xwie@ =
{nl(es0) , == < 0 < -t

3. State Equation

It will be more convenient to work with an evolution equation for the
state of the system rather than equations (1) or (4). In order to obtain the

state evolution egquation corresponding to eguation {1) let

ga

(8}
v
\

The injection of V into H is continuous and V is dense in H. We identify H with

X x Lz(wa,O;X)

i

{thio),h) | h e ul(-a,0;%}.

ites dual. Then if V' denotes the dual space of V, we have
vimlv'.

This is the framework utilized by Lions {cf. J.L. LIONS) to study evolution egua-

tions. Define the unbounded operator A(t): ¥ =+ H by,

~ N
; o N
@ = a__(©)n(0) + igl A, (£7h(0)) + | Ay, (£.01n(9)ad
-a

(9}

A 1 = dn
(A{t}h) " (Q) = dG(Q)’
and the bounded operator

B{t}: U = H by
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Be)wS = Blt)a
(10}
BEEOWHO = o
and £(t) € H by
an  fw)° = £y, fwyt= ol

Then for all h in V, it can be shown that x is the unique solution in

(12) w©,T) = {z g 1?,Vv) | Dz € L*(0,T;H)} [D denotes the distri-

butional derivativel

of
dx ~ > ~ .
az%t) = A{t)x(t) + B(t)u(t) + £(t) in [0,T]
(13)
x{0) = h.
Similarly in the case of equation (4) we let
_ 2
H = X x L (~»,0;X)
1 ae

<
il

{(h(0),h) | h € H'(==,0;%)}.

We again have
vCHCV.
We now define A(t): V -+ H as follows:

©

‘(imh)" = A_(t)h(0) + A (t,0)h(0)a0
o0 ol

{15} l o
- . _ a
(A{t)h) " (@) = d@(O) '
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B(t) and £(t} be as defined in (6) and (7).
solution in

For all h in V, X is the unique

(16}

wio,T) = {ze1?0,7;v) | pzer?m:H]}
of
dx . . ~ ~ - .
T (t; = A(trx(t) + B(t)v(t) + £(t), in [0O,T],
an
%(0) = h.
4. Optimal Control Froblem in [0,T]
We now consider a quadratic cost function,
/
Sty = (@), x(D), - 20,xM)y
(’I‘
a8y < * | [O(EIx(e), x(£)), — 2(qlt), x(£)) Jdt
o]
f T
o

(N{t)v(t), V(t))Udtz
o]

where L € ZMH), 7€ H, q € 12(0,T;H) and Q: [0,T] + (i) and N:
are strongly measurable and bounded.

{o,t] » £

Moreover i, 5{t) and N{t) are self adjoint
and positive and there exists ¢ > 0 such that

(19)

wt, %Wu, (N(t)u,u)U > 0.

For this problem we know that given h in V, there exists a unique optimal control
function u in LZ(O,T;U) which minimizes J(v,h) over all v in 12(0,1;0).
this optimal control can be synthesized via the feedback law

Moreover
(20} ult)

—ne)” Bl M(B)R(E) + r(E)],
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where 7 and r are characterized by the following equations:

sg-g—(t) = A(E)*T(E) + T(L)A(E) — T(EIR(EIT(L) + O(t) = O, in [0,T]
{21)
lvm = L
sR(t) = B(t)*N(t)B(t)
(22)
~ Rt o
o - O 9
and
ey + [A(E) — R(ET(E)I*r(t) + (M(E)E(E) + q(£)] = 0, in [0,T]
at
(23) .
r(T) = /.

Here a solution of (21) is a map 7: [0,T] + £(H) which is weakly continuous
such that for all h and k in V the map t > (h,‘rr(t)k)H is in HX(O,T;R); a solution
of {23} is amap r: [0,T} = H such that r € LZ(O,T;H} and D r € LZ(O,T;V’).

For details see DELFOUR-MITTER [3] and BENSOUSSAN-DELFOUR-MITTER {1].

5. Optimal Control Problem in [0,%]

We can also give a complete theory for cost functions of the form

(24) I (v,h) = L@X(E), X(£)), + (v(e),v(t)) lat
(o]

with the following hypothesis:

1) é € Z(H), § € Z(U) are positive and self adjoint and there exists

¢ » 0 such that

Yu (Nu,u)U 2 c {ulz

U’
2) % is the solution of
dx > = .
E{(t) = aAx{t) + Bv{t) in  [0,=)}
{25}
%X{(0) = nh in V;
3) (Stabilizability hypothesis) there exists a feedback operator
G € #(V,U) of the form
M [}
(26)  Gh = G_h(0) + 351 G;h(0,) + . G, (©)h ()40
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such that the closed loop system

i

%5’5&) A+ B GlR(t) in [0,%]

hev

Jryr—
%1
-
(=]
-
it

be L2-stable, that is
[e=]

7
¢

(28) v e, g Hxe) ]2 at < =
J

o
For a study of the stabilizability problem see VANDEVENNE {1] {2].
When system {25) is stabilizable, there exists a unique u in Lzloc(O,m;U)

which minimizes J, {v,h) over all v in L2 C(O,°°;U) for a given h. Moreover this

1o

optimal u can be synthesized via a constant feedback law.
. -1 ~
(29} uf{t) = —N B* T ox(t),
where T is a solution of the algebraic Riccati eguation
(30) i*vr+1r;\—1rfz’n+§=0.

A solution of (30} is a positive self adjoint element of Z(H} such that
(30) is verified as an eguation in @(V,V'}. The operator T in Z(H) can be

decomposed intc a matrix of operators

/. w

oG 01
i’ﬁ' m A
(since H is either X x L%({— 2,0;X) or ¥ x L%(— «,0;X)) where

TeL% . T e PE— a,0:%),%
[e]e] o1

o€ K, = a,0;x)) , TE PP = a,0;%)).
Moreover

T A + A ' + Q) + 71 (O)*+Q—TTRTY = 0
o0 o0 o0 00 10 10 oo [ole]

lﬂ * =T 20
o0 Q0O

o 2%ty = (wn® ., o T (@: —a,0] > 2K
10 10 10
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an N=-3

10 - — T8 (00
oo @ wlo(a) (A, —RT 1 + 121 A*T 8 (a-0)

[e]e]

+A (o)*m_ + 7 (0) , a.e. in [— a,0]
o1 00 11

‘ﬂ’lo(- a) = AN*"IYOO
o]
(m_alt = 7 {a)*h!(o)da
o1} 1o
-a
[e]
m aly(@ = T (a,B)h'(RyaB
11 11
-a

(a,B) > wll(a.s) : [—a,0] x [~a,0] » £X)

9., 3 = * *
[aa + 88] Tru(a,ﬁ) onm) “;o(B) + ww(oc)Am(B)
N-1 N-1
+ 'Z Ai*nlo(s)*d(a-ei) + .g ﬂle(a)Ajd(B-Gi)
i=1 =1
~ T (o) RT  (B)*
10 1o
Tr“(- a,B) = AN*NN(B)* ’ nxl(a.—a) = "m(a’AN
ki (aaB) = T (Bra)*-
11 11

Under additional hypothesis on A and 5 we can also describe the asymptotic

behaviour of the closed loop system

dx . - ,

) = [A-rr] x(t) in [0,%]
{31)

x(0) = h in V.

Definition Given a Hilbert space of cbservations Y and an cobserver M £ $(H,Y),
System (25) is said to be observable by M if each initial datum h at time O can be

determined from a knowledge of v in Lzloc(o,w;u) and the observation

(32} z{t) = M x(t) in {0,%=].

~lj
When System (15) is observable by O 2, for each initial datum h
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{33) x{t) + 0 as t * =,

where X is the solution of the closed loop system {31;.
In the special case where
c [
{0 o]
and Qoo is positive definite, the closed loop system {21) is 1L%-stable. For
further details see DELFOUR~MCCALLA-MITTER.

6. Optimal Linear Filtering and Duality

Let E and F be two Hilbert spaces. We consider the system
0

N
dx,. . _
() = A _(t)x(t) + izl A, (£)x(e+0,) +

+ BILYE(L) + £(t) ,

-a Aol(t,@)x(t+9)d@

(34)

il

x(0) n° o+ °

x(® = nle +zl© , ~a<06<o,

where [ = (CO,CL) is the noise in the initial datum, and & is the input noise with
values in F. We assume an observation of the form (with values in E)

(35) z{t} = Cl{t)x(t} + nit),
where T represents the error in measurement and C(t) belongs to #(X,E}. As in

BENSOUSSAN {1} {CO,ClrE,n} will be modelled as a Gaussian linear random functional

on the Hilbert space.
36) ¢ = X x L%(~ a,0;%X} x L*(0,T:E) x L*(0,T;F)

with zero mean and covariance operator

P
(o3
?1(6)
oty

rR(E) R .

(37 A =

For each T we want to determine the best estimator of the linear random functional
%(T) with respect to the linear random functional z{s), 0 £ s £ T. For the solution

to this problem see BENSOUSSAN [2] and BENSOUSSAN~DELFOUR-MITTER [2].
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