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Abstract — The problem of optimal sequential
vector quantization of Markov sources is cast as a
stochastic control problem with partial observations
and constraints, leading to useful existence results for
optimal codes and their characterizations.

I. INTRODUCTION

Traditional rate distortion theory resides in the “asymp-
topia” of arbitrarily long block codes. Nevertheless, there are
several situations, notably in control applications, where long
block codes imply long delays. Hence there is a need for “real
time” rate distortion theory. In this paper, we consider se-
quential vector quantization followed by coding itself as an
optimal control process. An important insight gained is the
key role played by the process of conditional laws of the source
given its encodings. This process is given by an appropri-
ate recursive nonlinear filter. The optimization problem then
translates into an appropriate “certainty equivalent” control
problem for the latter process.

II. SEQUENTIAL VECTOR QUANTIZATION

We assume a stationary Markov source X,,n > 0, with
transition kernel p(z, dy), which is to be mapped (vector quan-
tized) into a finite subset A of its range S C IR?. The latter
is then encoded into a prescribed discrete codebook X. Let-
ting 1a(-),i4(-), denote the respective maps, the encoding of
Xn1 18 gn = ig, ©lg,(Xn+1), where @, is a finite subset of
S chosen based on ¢i,¢ < n. (We impose certain mild tech-
nical restrictions on ia, see [1] for details.) The problem is
to choose @n at time n,n > 0, based on gm,m < n, 50 as to
minimize the average entropy rate
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subject to a constraint on the average distortion
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for a prescribed D > 0. This is the “constrained” version of
the sequential rate distortion problem. We also consider the
“weighted” version wherein we seek to minimize, for a given
A>0,
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III. REDUCTION TO CONTROL PROBLEM
Let 7, denote the conditional law of X, given g, m < n.
Then one verifies that

E[H(gm+1lgi, i < m)] = E[k(mn, Qn)]

where

k(m, A) = — Z ho(r, A) log ha(m, A),

ha("r; A) = /W(dfl‘) /p(:r:dy)I{iADlA(y):a}’

(I denotes the indicator function) and
E[1Xn =5} _ (@n)I’] = E [g(mn, @n)]

where

ot 4) = [ atas) [ ote.dilly = tawI"
The problem then reduces to that of optimally controlling the
nonlinear filter

fI(iQn"lo.l (y)=qn+1}1’(mady)7fn(dx)

J [ Lig, oo, (:)=4n413P(2, d2)mn (dz)

so as to minimize either
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or that of minimizing

n—1
limsup = 3 B[k(mm, Qm) + Ag(mm, Q)]
These can be analyzed by stochastic control techniques to
yield the existence of a (possibly randomized) optimal vector
quantization-encoder scheme and in the weighted case, a dy-
namic programming characterization of the optimal scheme.
Further research includes using approximate dynamic pro-
gramming techniques for developing these coding schemes and
applications to control problems under communication con-
straints {2].
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