Part 1l: Basis Functions and Filters

August 24, 2003
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Ingredients for Multiresolution Analysis (MRA)

Hilbert Space: L*(R) = {g: [ |g(z)|°dx < oo}.
Sequences of Nested Subspaces of L?(R): [coarse approximations]
Primal {0} «— ... CV,CV,CViC... — L*(R)

Dual {0} +—...CV,CVCViC...— L*R)

Complementary Subspaces: [details]

Vit Wi = Vi Vi+ W, = Vi Z W; = L*(R) = Z W,
Jj=—00 Jj=—00
Basis Functions: [Use ¢/ (z) £ 27/%g(272 — n)]
Vi =span{¢’ :n € Z}, W; =span{t)) :n € Z}

~

V; =span{¢ : n € Z}, W, =span{s}, : n € Z}
Shift Invariance: f/ ¢ V, fg_k € V; [Not necessary in general]
Scale Invariance: f(x) € V; <= f(2xz) € Vj41 [Not necessary in general]
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Refinement Relations

p(x) = VEL hlkle(e —
w() = VZY hlmle(2w —m)
Pe) = VEL ho[-kp(2a— k)

w(z) = \/ﬁ% hi[-m]@(22 — m)

Note:

e Refinement relation is slightly different from the book.
e Signs in the dual refinement relations are reversed.
e The primary scaling function and wavelet correspond to the “Synthesis” side of FB.

1.130 2

N /




No more /2 =-).

1.130

Modified Refinement relations:

©jk(T)
Wjm(T)
Pk (T)

~

Wj,m(T)

Rescaled Bases

Define: ¢ k() = 2%g0(2ja: — k), wim(xz) = 2%w(2jaz — m), etc.

— Zl: ho(llpjt1 26+1(x)

= zl hl[l]90j+1,2m+l($)

= Zl hol|—U]@j+1,264+1()

l

= Zl 1[=U@j+1,2my1(x)

~
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Normalization for hg|n]

Normalize scaling functions to have unit area:

/gp(:c) de =1

Je(x)de = 1

ﬂ%jho[k]f¢(2x—k)dx = 1

But,
1
/@(Zx—k)deE
Therefore,
> holk] = V2
k
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Biorthogonality and Perfect Reconstruction

Biorthogonality means:

for every level j.

Verify that these relations follow automatically:
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<90j,k(f’3)> @j,k;/(fl?» — 5k,k,-/
(ojr(x), W, (x)) = 0
<wj,m(a:), /J)j,m’(x)> — 5m,m’
(Pjk(x),wjm(x)) = 0,
<wj,m(:c), ’lIJj/’m/(CC)> = 5m,m/5j,j/
(pjrp(@), Wjm(x)) = 0Vj' <j.




4 )

February 13, 2004

What constraints does biorthogonality place on the filters?
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Biorthogonality and PR - |l

Consider

Using refinement,

<2lj holll@j+1,1426(x), > ho[—1] P12k (T)

<90j,k:($‘)7 @j,k/($)> — 5k:,k"

l/

zezl holllho[—1'18y 4 on—om

l/

Finally, setting &k = 0 without loss of generality and replacing k&’ by k,

Double shift orthogonality!
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> holllho[2k — 1] = 6%

)
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Biorthogonality and PR - ||

Next consider
(pjk(z), W) (x)) =0
Again using the refinement relation,

<§; hollljtii+2k(x), > Bl[—l’]¢j+1,z’+2m’($)>

l/
i.e., gl; 2 ho[z]ﬁl[—z’]al,,l%_m/
l

Setting k = 0 WLG and replacing m' by m,

S ho[llhi[2m — 1] = 0.

Looks familiar?
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Forward Wavelet Transform

firi(z) = zljcj+1[l]90j+1,l(ﬂ3)

Zk: c;lklojr(x) + % di[m]ejm(x)

Using b13y,
cilk] = <Zl ci+1llojr1(z), @j,k(fb)>

tlml = (2 enlllpsne), din) )

Use refinement for the duals and simplify as

cilk] = Elicjﬂ[l]ﬁo[?k—l] = El:flo[llcjﬂ[%—l]

djlm] = Ellcjﬂ[l]ﬁl[?m—l] = Eljﬁl[l]cj+1[2m—l]

I.e., Filtering and Downsampling!
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An Interesting Observation

Set

Cip1, = Oy
Then, ~
Hence,

pirii(@) = 3 hol2k — osu(e) + 5 Ful2m — ;o (2)

The Un-Refinement Relation!
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Inverse Wavelet Transform

S lesi@) = 3 k@ eiu(@) + 3 djimlw, ()
l m

k

Use b13y and primary refinement relations:

C;+1[l] — Zk; ; hO[l/] <90j+1,l’+2k(x>7 ¢j+1,l(x)> +
22> hllT (@it p4om(T), Pjit1(x))

m ]/

But, <90j+1,z’+2k(33)7 959'+1,l(37)> = 0y, 1ok €tc. Hence,

Grall) = 3 ¢jlklRoll — 2K] + 3 dyfmlha [t — 2m]

Upsampling and Filtering !
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Biorthogonality and Perfect Reconstruction

When is ¢ [I] = cj11[l]?

Substitute for c;[k] and d;[m] in the reconstruction equation:

Cj_|_1[l] — zl,: zk: ;Lo[zk — l/]ho[l — 2]€]Cj_|_1[l,:|—|—
; S hi[2m — Ulhi[l — 2m]cja[l]

But ¢j+1[l] = > ¢j+1[l']6; ;7. Hence if LHS=RHS for every possible ¢;11[l],
1

> hol2k — Ulho[l — 2k] + Y ha[2m — Ulha[l — 2m] = &,
k m

But this is the condition for perfect reconstruction!

So, does b13y <— PR? We'll see in a moment...
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Aside: Partition of Unity

Z1><go(ac—k)—|—20><w(a:—m):const.
k m

/’Lb(ac—m)dac:O.

Y halll=0—> (=1)'he[l] =0
! !

The low-pass filter must have one zero at .

~
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PoU means that the primary (synthesis) scaling function can exactly represent constants.

From the expressions for the primary wavelet transforms, this means that the dual (analysis)
wavelet must have at least one vanishing moment.

Using the refinement relation and the fact that [ @(xz) dz =const., this in turn leads to:
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Analysis:

Synthesis:
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Dual Transforms

fivi(z) = Zz Cir1[l]@jr1,(x)
= Zk: i[k]@ n(x) + % dj[m]w;m(x)
cilk] = El: holl]¢j41[l — 2K]
djlm] = El: hall]¢j1[l — 2m)]

Gimlll =) &lklhol2k — 1] + ) dj[m]hi[2m — ]
k m
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Matrix Relations

Let, 3
Ci L Ci L 5
[ d]- ] = [?] [cj+1] [ dj‘ ] ~ | B [€j+1]
J J
Then one can show that,
[cj+1] = LT[ ]+B"[d;] and [¢j+1] = L7 [&]+ B"[d)]

Hence for perfect reconstruction of the primary transform,

L’L + BB =1

But, by inverting the order of multiplication,

LL” I LB =0
BLY = 0 BBT =1

These are the requirements for b13y! Hence b13y does imply PR.
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Orthogonal Wavelets: Condition O

Orthogonal wavelet bases have ¢;i(z) = @;r(x), wjm(x) = Wjm(x). Hence
ho[n] = ho[—n] and hl[n] = hl[—n]

S ho[llho[l — 2k] = &y
l
l

This is exactly Condition O! We can now derive all the familiar conditions () odd = >
even, etc.) directly from the above relations.
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