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Free-surface waves:

linear superposition, group velocity and
wave energy

Superposition of linear plane progressive waves
1. Oblique Plane Waves:

P x

(Looking up the y-axis from
below the surface)

Consider wave propagation at an angle 6 to the x-axis

k-x

n =Acos(kx cos 0 + kzsin —wt) = Acos (kyx + k.2 — wt)
_gAcoshk(y+h) . .
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w? =gktanh kh; k, = kcosf, k, = ksinf, k = \/k2 + k2



2. Standing Waves:
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n =Acos (kx — wt) + Acos (—kx — wt) = 2A cos kx cos wt
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Therefore, Iz = 0. To obtain a standing wave, it is necessary to have perfect reflection at the
x =0
wall at z = 0.
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Define the reflection coefficient as R = A_R (<1).
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3. Oblique Standing Waves.

nr =Acos (kx cos + kzsin — wt)
nr =Acos (kz cos (1 — 0) + kzsin (7 — 0) — wt)
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Note: same A, R = 1.

kxx krz—wt
7\

nr =nr +ng = 24 cosfk:x Ccos 95cosf(k‘z sinf — wt5

7\

standing wave in x propagating wave in z
and
2m w 2m
T — ; VPZ == . X )\z == N
kcosf k sin 6 k sin 6
Check:

9¢ _On
ox 0Ox

~ --sin(krcosf) =0onz =0



4. Partial Reflection.
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nr =Arcos (kr — wt) = ArRe {'**=1)}
nr =Ag cos (kx + wt + &) = A;Re {R e~ et}
R: Complex reflection coefficient
Ag
A
nr =nr +nr = ArRe {/** 7 (1 + Re %) }
nrl* =A2 [1+ R + 2|R| cos (2kz + 6)]
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At node,
Inr| = Inr|, = Ar (1 —|R|) atcos(2kz +6) =—1lor2kx+0=2n+1)7

At antinode,

Inr| = Inrl,. = Ar(1+|R]|) at cos(2kz +J) =1 or 2kz + 0 = 2n=w
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5. Wave Group: 2 waves, same amplitude A and direction, but w and k very close to each other.

W m =N (Aei(kle‘“”lt))

N2 =N (Aei(k”‘“’?t))
\_/\_/QT/\ wi g =wq 2 (k12) and Vp, &= Vp,

nr=m-+n==x {Aei(klx_“’lt) [1 + ei(ékm_&”t)}} with 0k = ko — ky and dw = wy — wy

07| o = 2 |A| when 0kx — dwt = 2nm 5.

T = Vgt, 0kVyt — (dw)t = 0 then V, = -
07|, = 0 when 0kx — dwt = (2n+ 1) 7



In the limit,

dw
0k, dw — 0,V, = T
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w? = gk tanh kh =
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Wave Energy - Energy associated with wave motion.

For a single plane progressive wave:

e Potential energy PE e Kinetic energy KE
(per unit surface area of wave) (per unit surface area of wave)
y "
. 1
PE without wave = /pgydy = —ipgh2 KEwave = /dy%p (u? +v?) =
—h “
/ - LygA? leading ord
. = 1PY to leading order
PE with wave = /pgydy = 1pg (0> — h?) ——
“h for deep water KE O(A2
PEwave — %pgn2 — %pgAQ 0082 (ij o wt) KE const in x,t
PEwave = zllpgAQ KEwave = ipgAz for any h
average over one period or one wavelength average over one period or one wavelength

e Wave energy:

E = PE + KE = 1pgA? [cos® (kz — wt) + 3]

e Average wave energy E (over 1 period or 1 wavelength):
E = {pgA?[4 + ] = 5p9A® = E,,
Pr ®E

which is the Specific Energy: total average wave energy per unit surface area.
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e Linear waves: PE = KE = QES lI Es\ /\ /\ PE:ESC?W_M)

(equipartition). N } e

e Nonlinear waves: KE > PE. 1/21 , =
X

cos x=4+1cos2x



Energy Propagation - Group velocity

E = E, perarea I:,'Z> \Y;

Consider a fixed control volume V to the right of ‘screen’ S. Conservation of energy:

aw B dFE B N
dt B dt B J
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rate of work done on S rate of change of energy in V energy flux left to right

where

n

3:/pudywithp=—p<(fl—f+gy) andu:?

—h

k/ < )
N
vy n
N J/

3— (o) (2) (14 520 ~ B (avy) = B,
<

e.g. A =3m, T =10 sec — J = 400KW /m



Conservation of energy equation

dg—dl+8—x1Ax+
% %—0, but 3 =V, E
St E) =

1. %zO,%E:constant in z for any h(x).

2. V, = constant (i.e. constant depth, dk << k)

0 0\ = - —
(E—FVQ%)E—O, so BE=FE(x—Vgt) or A= A(x —Vyt)

i.e. wave packet moves at V.



Steady ship waves, wave resistance

E=0 ahead of shi

Wave resistance drag on ship D.

Rate of work done = rate of energy increase

—d — _
DU+3:%(EL):EU
1 B djpwater B
D =—(BU-EU/2)=1iE= 1pgA®

force / length energy / area

Question: Amplitude A = 7 (depends on U, geometry). Let | = effective length.

Superimpose a bow wave (1) and a stern wave (7;):

m, = acos (kx) and ny = —acos (k (x + 1))
nr =" + Ns

A = (17| oy = 20 [sin (351) |

D= ipgAZ = pga? sin® ( kl) ,V,=U = \/% so k = g/U? deep water

D = pga® sin® (%g—é)
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Steady ship waves (deep water)

U = ship speed
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Small U, lots of wave
cancellation
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