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bj ect s:

Maturity: the maturity of a bond is the length of time over
whi ch paynents are nade to the hol der. For exanpl e,
Treasury bills are government bonds with a maturity of one
year or |ess, while Treasury notes have a maturity between
one and ten years, and Treasury bonds have a maturity of
ten years or nore.

Face val ue: the face value of a bond is a single paynent
made to the hol der when the bond natures (at the end of the
hol di ng peri od).

Coupon Paynents: coupon paynents are interest paynments nmade
to the holder every year until the bond matures.

Coupon Rate: the coupon rate is the ratio of the regul ar
coupon paynent to face value. For exanple a 20% coupon
rate on a $1000 bond inplies the bond provides the hol der
$200 a year in interest paynments. Note this rate is
general ly fixed.

Gross versus Net interest rates: consider borrow ng $100
for one year and payi ng back $105 next year. The gross
interest rate is the ratio of interest to principal, or
1.05 while the net interest is sinply the gross interest
rate | ess one, 0.05.

Di scount bond (al so zero-coupon) a di scount bond has no
coupon paynents and only pays the face value at maturity.
For exanple, a three-year zero-coupon bond with a face
val ue of $1000 pays nothing over the next two years and
$1000 in three years.

Yield to Maturity (YTM: the net interest rate which
ensures that the current bond price is the sane as the
present discounted value of cash flows. For exanple, the
YTM on a two-year discount bond with a face val ue of $100
and priced at $90 today woul d be the solution to the
fol | ow ng:

$90

$100/ (1+i )2

YTM = sqrt(100/90)-1 = 0. 0541



One should think of the YTM as the average interest rate
pai d out over the maturity of the bond. It is a neasure of
return to an investor. Simlarly check that a three-year
zer o-coupon bond with $100 face value also priced at $90
has a YTM of 0.0357, calculated as (100/90)Y3- 1. Do NOT
use | og approxi mati ons when calculating the yield to
maturity.

Not at i on:

Prt Is the price of a discount bond of maturity myears at
time t.

I nt is the nomnal interest rate for a maturity of myears
at time t. In other words, it is the price of one

dollar myears fromtine t at time t. Obviously when
m> 1 this interest rate conpounds future one year
rates. For exanple (1+i)= (1+i1)(1+i1t+41). ToO
sinplify notation, it is assumed that the time index
for future periods inplies that this interest rate is
expected, as the actual one-year interest rate at tine
t+1 is unknown at tinme t. Finally note that for

di scount bonds, the YTMis sinply (1+i)Y™1. This
notation is slightly different fromthe book, which
can be confusing.

Bond Prices as Present Val ues:

Consi der two di scount bonds with a face val ue of $100,
differing only in that one natures in 1 year, the
other in 2 years.

The val ue of each of these bonds is sinply the present
di scounted val ue of cash flows. |If we assune everyone
in the market values these cash flows identically,
then one can claimthat the nmarket price for each of
these bonds is sinply the present val ue of cash flows.
This claimis illustrated bel ow

P1t
P2t

$100/ (1+i 1¢)
$100/ [ (1+i 1) *(1+i 1141) ]

These are the fundanental pricing relations for discount
bonds. One could construct the price for a di scount
bond of any maturity in this manner. These equations
are notivated in a different manner below in the
section on arbitrage.



Ar bi t rage:

Conpare two investnent strategies. The first is to
pur chase the one-year discount bond, while the second
is to purchase the two-year discount bond and sell it
next year.

The purchase of the one-year discount bond costs us $Pi;
today and returns $100 next year, for a nom nal gross
return of 1+, calculated as $100/ Py.

The purchase of the two-year discount bond costs us
$P,; today and returns $P;;+1 next year, as a two-year
di scount bond today becones a one-year discount bond
one year fromnow, for a nom nal gross return of
$P1t +1/ $Poy.

Since neither of these investnent strategies is subject to
default risk, it seenms reasonable to claimthat they
should yield the sane return to investors. |If the
yield to maturity on the one-year discounts was
hi gher, everyone woul d buy one-year bonds and sel
t wo-year bonds until prices were the sane. As a
result of arbitrage, we have the followi ng identity:

1+i 1t = $Pit+1/ $P2, or equival ently,
$P2t = $Pyr+1/ (1+i1t).

The price of a two-year discount is sinply the present
di scount ed val ue of the expected price of a one-year
di scount, one year in the future. But we know the
formula for the price of a two-year di scount one year
from now.

$P1+1 = $100/ ( 1+i 14 +1) .

Substitute this equation into the arbitrage relationship
above to finally arrive at the final equation

$P2t = $100/ [ ( 1+1lt) ( 1+i g4 +1)] .

This inplies that arbitrage between di scount bonds of
different maturities inplies that the price of two-
year discount bonds is sinply the present discounted
val ue of the paynment in two years.



The Yield Curve:

The YTM on a bond having a maturity of myears is the net
interest rate that makes the bond price equal to the
present discounted value of future paynents on the
bond, denoted by ytmy;. Gbviously the YTMon a one-
year discount is sinply the nominal interest rate.

The yield curve is a function which maps the space of
maturities into the space of net interest rates.

Note that since the YTMis the interest rate which
equal i zes price and present discounted val ue, one can
wite the follow ng equality:

$100/ (1+ytmy) ™ = Py = $100/ [ (141 1) (1+i 1¢+1)...(A+i 1¢+m 1)]

Rearranging and taking logs results in an intuitive
expression for the yield to maturity:

yimpy = (1 1cH 1t+1t. Fligem1)/M

This implies that the yield to maturity is simple average
of expected one-year interest rates over the life of
the bond. From this simple equation one can interpret
the slope of the yield curve in the following manner:

An upward slope to the yield curve implies that one-
year interest rates are expected to increase in the
future.

A downward slope to the yield curve implies that one-
year interest rates are expected to fall in the
future.

An example makes this clear. In January 1993, i 1t = 3.5%
and ytm » =4.4% soi 1t+1 = 2%ytm -1 1 = 5.3%, 1.8% above
the January 1993 net rate.



