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4 Matrix Diagonalization and Eigensystems

4.1 The Characteristic Equation, Eigenvalues and Eigen-
vectors

In this section we study eigenvalues and eigenvectors of a given matrix A. These
can be used to transform the matrix A into a simpler form which is useful for
solving systems of linear equations and analyzing the properties of the mapping
described by A. We say that A is an eigenvalue of an n X n matrix A with
corresponding eigenvector v if

Av = v

for some v # 0. Conversely, we say that v # 0 satisfying the equation is an
eigenvector corresponding to the eigenvalue \.

Note that we can rewrite the above equation as (A — M)z = 0. This
homogenous system of equations has a nontrivial solution if an only if the matrix
A — Al is singular, which in turn holds iff |[A — XI| = 0. This leads to a
characterization of the eigenvalues as solutions to the equation |A — AI| = 0.
Note that |A — AI| is a polynomial of degree n in A (why?). It thus has at most
n, possibly complex, roots, and at least one.

For square matrices we define

Definition 60 Let A be any n x n matriz and I the n x n identity matriz.
The characteristic polynomial of A is £&(\) = |A — M|. Its characteristic
equation is £(\) = 0, and the solutions to it are called characteristic roots,
or eigenvalues. Any vector v # 0 that satisfies Av = lv for some X is a
characteristic vector, or etgenvector.

Exercise 61 Let a 2 X 2 matrix
_ |« B
4= [ v 0 ]
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Show that then £(\) = |A — M| = A — (a 4+ 0)A + (ad — B7), and find the
etgenvalues.

Exercise 62 By using the inductive definition of the determinant show, or at
least persuade yourself, that if A is n X n then {(A\) = |A — M| is an n-th order
polynomial.

By the fundamental theorem of algebra, any n-th order polynomial has ex-
actly n roots. Of course, some of these roots may be imaginary rather than real,
or they might be repeated. In any case, there are (complex or real) numbers
{A1, .., An} such that

EQN) = A=A = A= A)es(X — An)

These {A1, ..., \n } are the eigenvalues of A.

Remark: We emphasize that, in what follows, we do not assume the eigen-
values or the eigenvectors to be real. A real matrix A may well have nonreal
eigenvalues and nonreal eigenvectors.

Nor do we assume that all roots are distinct. If a root appears once, then
it is called a distinct root, while if it is repeated r > 1 times, then it is called
a r-fold root. For example, the only eigenvalue of the identity matrix is 1,
appearing with multiplicity n; i.e., it is an n-fold root. =~ Moreover, in this
example the eigenvectors are not unique, either. Indeed, all nonzero vectors
v € R™ are eigenvectors of the identity matrix associated to eigenvalue 1.

Returning to the eigenvectors of A, we observe that the singularity [since
£(N\j) = |A— X\jI| = 0] of matrix (A — A\;I), implies that there exists a vector
vj # 0 such that (A — \;T)v; = 0. Rearranging we get Av; = Ajv;. Thus:

Lemma 63 To any eigenvalue of A, \; such that. |A — \;I| = 0, there is
associated at least one eigenvector v; # 0 such that Av; = \jv;.

We showed that each eigenvalue has at least one eigenvector associated with
it. In fact, it has a whole continuum of associated eigenvectors: Indeed, take
v; # 0 such that Av; = A\jv; and let w; = pv; for any scalar p # 0. Then
w; # 0 and

Avj = Ajuj = Alpwg) = Aj(pvg) = Aw; = Ajw;

meaning that w; is as well an eigenvector associated with eigenvalue A;. Given
this intrinsic multiplicity, we define

Definition 64 Let an n x n matriz A and let {\1,...,\p} its eigenvalues. For
each \; we define the corresponding characteristic manifold or eigenspace
M; as the subspace of all eigenvectors associated with \; I

M; = {z € R"|Az = \jz}

-
°Plus the zero vector.
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Exercise 65 Show that
v,w e M; = av+ fw e M; Vo,8 € R

which means that M; is indeed a vector (sub)space. Show also that it has
dim(M;) > 1, and notice that M is unique for each A;.

A more interesting observation is the following:

Theorem 66 Suppose k (k < n) eigenvalues{\, ..., \p} of A are distinct, and
take any corresponding eigenvectors {vi, ..., v}, defined by v; # 0, Av; = \jv;
for 3 =1,....,k. Then, {v1,...,v;} are linearly independent.

Proof. First consider two such eigenvectors. Suppose we have eigenvalue A

with eigenvector v, and eigenvalue p with eigenvector w, A # p. We will show

that av+pfw =0 = o = f = 0, implying that v and w are linearly independent.
So suppose we have

av+pPw = 0 9)
aAv+ fAw = 0 (10)
a v+ fuw = 0 (11)

Now multiply (9) by — and add to (11) to get
Blp—Nw=0 (12)

This implies that 8 = 0, and plugging this back into (9) implies that @ = 0
as well.

Now consider any three eigenvectors (v, w and u) with with distinct eigen-
values (A, i, and v); we proceed in much the same manner:

av+pw+yu = 0 (13)

aAv+ fAw+vAu = 0 (14)
al+ Bpw+yvu = 0 (15)
Blp—Nw+~(v—ANu 0 (16)

But this is a linear combination of two eigenvectors, and we have just shown
that they must be linearly independent. So we have 8 = v = 0, which implies
that a = 0 as well.

We can continue in this manner to show that any k eigenvectors with distinct
eigenvalues are linearly indpendent. m

Corollary 67 Hence,
rank(V) > k = rank(vy, ..., vg)
where V = [v1 ... v,] s a n X n matriz of eigenvectors for all eigenvalues, and
dim (5, M) > k

where M is the characteristic manifold corresponding to A;.
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Observe that
k
ZMj = {:r eR™|x = Z?Zl xj,x; € Mj} = Span(V)
j=1

is simply the subspace of R™ that is spanned by all the eigenvectors of A.
Therefrom the geometric interpretation of the condition dim (Z?:l Mj) >k

should be clear: It simply means that, if A has k distinct eigenvalues, then its
eigenvectors span at least (emphasis: at least) k of the n dimensions of R”™.

Example 68 Consider the matrix:

Its characteristic polynomial is

JA—=X| =X -2 -3=(A+1)(A—3)

Hence, its eigenvalues are \y = —1 and Ao = 3. To find the eigenvectors we
have to solve Avy = Avy for vi and Avy = Mavg for ve. Let’s find first an
etgenvector vy = mﬂ corresponding to Ay = —1:
(A — )\1])’[}1 = 0&
3 -1 V11 o 0
] - ()
3’011 — V21 = 0
Thus, any v; = mﬂ such that. 3v1; = vo1 # 0 is an eigenvector for Ay = —1,

and vice versa, any eigenvector corresponding to A1 is of the form v; = [2;] such

that. 3v1; = vo1 # 0. Now consider the eigenvector vy = [EZ] corresponding to
/\2 =3:

(A_AQI)UQ = 0&
vz + V22 =

Hence, the eigenvectors corresponding to Ao = 3 are of the form vy = [2;;] such
that. 3vio = vogy # 0. Finally, the manifolds spanned by these eigenvectors are:

M; = {zeR®|z=(a,3a) for some o € R}
My = {zeR’|z=(a,—a) for some a € R}

As obvious, dim(M;) = dim(Ms) = 1, and further M N My = {0},M; + M; =
R2, implying that {M, My} is a subspace partition for RZ.

Remark: Finally, we notice that the computation of eigenvalues for diag-
onal or triangular matrices is trivial: These are given simply by the diagonal
elements.
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Lemma 69 Let A be an n x n diagonal or triangular matriz with diagonal
elements {a;;}. Then its eigenvalues are \j = ajj;, all j =1,...,n.

Exercise T0 Here is how to work out the proof: Take an upper triangular ma-
triz A, and form the matrizc C = X\l — A. Notice that C = M\ — A is upper
triangular as well. Compute the determinant E(A) = | — A| = |C| inductively
starting from the first raw and going down: Show thereby that

IC| = c11|Cul—ci2|Cia| + ... £ c1n|Cin| =
(A—an)[Cu|+0=

= (/\ — all)...(/\ - a,m)
to conclude the proof.

Lemma 71 If A is idempotent (defined by AA = A) then the eigenvalues of A
are 0 or 1.

Proof. Az = Az = Az = AAx = Mz = \’z, so \* = \ which implies A = 0
orA=1. =

4.2 Diagonalization and Canonical Form of a Matrix

Definition 72 A matriz A is diagonalizable iff there exist an invertible ma-
triz V such that A = VYAV is diagonal. And then A is the canonical form
of A.

It’s a trivial exercise to show that:

A = VAV =A=VAV =
= A-M=VAV ' -AVV'=VA-A)V'=>
= A= MN|=|V[|A =XV =|A-\|

which means that:

Lemma 73 If A is diagonalizable and A is its canonical, then A and A share
the same characteristic polynomial and hence the same characteristic roots. And
since A is diagonal, its eigenvalues are simply its diagonal elements. Thus, the
canonical A of any matriz A, should it exists, is simply given by the eigenvalues
{\;} of matriz A.

A natural question to make, Are all matrices diagonalizable? Unfortunately
not all matrices are diagonalizable, but most® are.

6More precisely, given the set of all n x n matrices, the (sub)set of non-diagonalizable
matrices is nonempty, but it is of measure zero. Indeed, if a matrix is nondiagonalizable, an
arbitrarily small ‘perturbartion’ in its elements can make it diagonalizable, simply by making
all its eigenvalues distinct.
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Consider an n X n matrix A, and let {\1,..., \,} be its eigenvalues and
{v1,...,v,} the corresponding eigenvectors. By definition then,

A’Uj = )\j'Uj V] = 1, N (].7)
or in matrix form
[Avl AU2 Avn} = [)\11}1 /\21}2 )\nvn} (18)

[Notice that both Av; and Ajv; are n x 1 column vectors and hence the above
matrices are n X n.] Now form an n X n matrix V' by stacking the eigenvectors
v; as columns,

V11 V12 .. UVUin

V21 V22 oo V2n
V=[vvg..v,] =

Unl Un2 ... Unpn

and a diagonal n X n matrix A with the eigenvalue \; as its (j,j) diagonal
element,

A0 o0
A= 0 X ... 0
0 0 ... A

We can then rewrite (17) or (18) as follows:
AV = VA (19)

So far we haven’t assumed anything about the eigenvalues or the eigenvectors
of A. Tt is always possible, given any A, to find a matrix V' such that AV = VA.
But the situation gets more interesting if V is invertible.

So, suppose now that A admits n linearly independent eigenvectors. This
means that V' is nonsingular and thus invertible. Thus, pre-multiplying both
sides of (19) with V1, we get:

VAV = A (20)

or equivalenty:
A=VAV! (21)

The proposition works also in the other direction: Suppose that given a
matrix A you can find an invertible matrix V' and a diagonal matrix A such
that (20) holds. Then any diagonal element of A is an eigenvalue for A, and the
corresponding column of V' is an eigenvector for that eigenvalue.

More precisely the following is true:

32



Theorem 74 Let A be n x n. If A has as many as n linearly independent
etgenvectors, which means

k
rank(V) = dim ZMj =n
j=1

Span(V) = Y M; =R"

then and only then A is diagonalizable.

Remark: The above result holds independently of whether the n eigenvalues
are distinct or not.

We emphasize that for a matrix to be diagonalizable it is both necessary
and sufficient that it admits n linearly independent eigenvectors. On the other
hand, it is not necessary that it has n distinct eigenvalues. For instance, the
n x n identity matrix T is trivially diagonalizable (for it is diagonal itself) but
it has a single eigenvalue, the unit.

However, that A has n distinct eigenvalues is a sufficient condition for A to
be diagonalizable:

Lemma 75 Let A be n x n. If A has n distinct eigenvalues, then it admits n
linearly independent eigenvectors, and thus it is diagonalizable.

Notice the geometric interpretation of Z?:l M; = R"™ : The eigenvectors
{v1,...,v;} of A (for v; € M) span the whole space R", and {M, ..., Ml } forms
a partition of the whole R™.

Notice also that invertibility of a matrix A does not imply diagonalizability,

as the following counterexample shows:

A= _41 ;] is invertible. However, it has one eigenvalue (3) with mul-

tiplicity 2, and when we subtract 3 from each of its diagonal elements we find

that
1 1 V1| _
RSN

is satisfied only when vy = —ws. That is, all eigenvectors are multiples of

-1
and so this is an invertible matrix which is not diagonalizable.

But we can say something like the converse: if a matrix is diagonalizable,
and if none of its eigenvalues are zero, then it is invertible. For in this case, we
can invert A, and so we can write A~! = V-IA~1V (check that this is indeed
the inverse of A =V ~1AV).

Before we proceed we notice (and promise) that matrix diagonalization al-
lows us to change bases, which is extremely useful for dynamic analysis (differ-
ential egs etc.), but we shall come to that later on.

{ 1 ] . There are not, then, 2 linearly independent eigenvectors for this matrix,
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4.3 Symmetric Matrices

Observe also that the last theorem provides us with a sufficient and necessary
condition, while the last lemma with only a sufficient condition. It is possible
that a n xn matrix has n linearly independent vectors and is thus diagonalizable
even when it does not have n distinct eigenvalues. To get a striking example of
this, consider the n x n identity matrix I; notice that I has a single eigenvalue,
the unit; yet, all € R™ (x # 0) are eigenvectors, simply because Iz = 1, and
> M; ={z e R"|[z = 1z} =R".
More generally we have:

Lemma 76 Let A be a symmetric n X n matriz. Then
(i) All the eigenvalues and all the eigenvectors of A are real;
(ii) A admits n linearly independent eigenvectors and thus it is diagonalizable;
and
(i4) we can indeed find n eigenvectors v such that vjv; = 1 and viv; = 0
Vi # j. This means that V = [v;] is orthonormal, so that V= =V’ and A is
diagonalizable as

VAV = A
That is, the so-constructed eigenvector matriz V is an orthonormal basis for R™

and the eigenspaces {M;|j = 1,...,k} form an orthogonal partition of R™.

We will prove parts (ii) and (iii) by showing that a set of mutually orthogonal
eigenvectors can always be found for a symmetric matrix.

To see this, suppose v is an eigenvector for A and w is an eigenvector for p,
with A # p. In this case, w'v = 0 necessarily. We have

w Av = dw'v
and
w Av = pw'v
(where the second equation is derived by taking the transpose of Aw = pw
and postmultiplying by v). Thus,
0=(\—p)w

implying that w'v = 0, or that w and v are orthogonal.

If we have repeated eigenvalues, we can still find mutually orthogonal eigen-
vectors (though not every set of eigenvectors need be orthogonal).

We have

Av = v
Aw = w

It is not necessarily true that w'v = 0 for arbitrary solutions to these equa-
tions; however, we can choose a linear combination of v and w which is still an
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eigenvector, and which is orthogonal to w. Simply multiply the first equation
above by «, and the second by § (two scalars), and add to get

Alaw + Bw) = Maw + fw)

Clearly (aw + fw) is an eigenvector. Now we want to choose o and S5 so
that (aw + fw)'w = 0:

(o' + B yw = 0

av'w+ Bw'w = 0
Bw'w

a = -

v'w

Which exists as long as v'w # 0, which is the case we were concerned with.

So if A is symmetric, then, not only its eigenvectors span the whole space
(that even when A is not itself a basis!), but we can also find a set of orthogonal
eigenvectors, and thus the manifolds {M,} are orthogonal to each other.

Exercise 77 Consider the 2x2 identity matriz. What are its eigenvalues? Find
aV = [v1 va] such that V'V =1 and VIV = I. What are the corresponding
{M;, My} ¢ Consider now

1
A=10
0

w N O
= w o

Find an orthonormal V and a diagonal A such that V' AV = A.

4.4 Diagonalization as Changing Bases

Suppose we are given a linear transformation [see next section for the precise
definition] of the form
x—y=Ax

Now suppose that A is diagonalizable, and let V, A such that V1AV = A.
Equivalently,
A=VAV!

implying
zy=Ar=VAV g

Now let us pre-multiply both sides of y = VAV 'z with V! to get
Vol =AVTlg
Defining 7 = (§1, ..., Jn) = V 'y and & = (Z1,..., &) = Vo, we get
j = Ai
or equivalently
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Since V! is invertible, the transformations
t—i=V"lz and y—g=V"1y

are one-to-one, and thus the transformation

z—y=Ax
is equivalent to the transformation

T—g=AZ
or just to the system of simple transformations

Ti— 0 =Nt Vi=1,...,n

All that we did, in fact, is to change bases in R™. The initial basis was the
customary one, the identity matrix I, and then z and y were the coordinates of
two arbitrary vector elements with respect to the basis I. Now the new basis is
V, and the new coordinates are £ and ¢. Indeed, notice that

z=Vz and y=Vy

which precisely means that £ and g are the coordinates of = and y, respectively,
with respect to the basis V. This should make clear the relevance of subsection
7?7, where we discussed how to change coordinates when we change bases. Recall
that there we were considering two arbitrary bases E and F, and showed that
the projection of E on F, or the matrix P = F~'E, serves to transform the
coordinates from E to F. In the present context, the initial basis is £ = I and
the new basis is F' = V, the matrix of n linearly independent eigenvectors, so
that the change of coordinates is given by z + Px for P = F~'E =V 1,

Finally, regarding the mapping x — y = Az, observe the cute thing about
the diagonalization of A and the corresponding change of bases: In the initial
basis each value y; depends on all (z1,...,2,), but in the new basis each g;
depends only on the corresponding Z; alone! The multidimensional transfor-
mation z — y = Az is equivalent to the single-dimensional transformations
T; — ¥; = \x; Vi=1,..,n, but the latter are much easier to work with.

The gains from this change of bases will indeed become clear when we apply
the tools we developed here to solving dynamic systems, as well as in charac-
terizing quadratic forms.
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