14.281 Problem Set 3. Solutions
Some solutions are from previous TAs.

Problem 1: Normal learning model.

Let us first prove

Lemma. Suppose that (7, ¢) is bivariate normal with marginal distributions
n~ N(m, = 7o), € ~ N(0, h—ls) Denote z; = 1+ &. Then the conditional distrib-
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Proof. Clearly z; ~ N(my, hio + ) and z1|n ~ N(n, ) By Bayes rule
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meaning that 77\21 ~ N(h oo + hOTfhszl, m) which proves the lemma.
QED

Now the first claim of the problem immediately follow from the lemma.

Finally, let me show the second claim for ¢t = 2. Note that n|z; and &2 are
independent and normal and hence ((n]z1),e2) is bivariate normal. Moreover

(nlz1, 22) = (n]22) |21 = (0] (22]21))) |21 = ((n] (n + €2) |21))) |21
= ((nl ((nlz1) +€2))) [21 = (0l ((n|21) + €2),21) = (n[21) | ((n]21) +€2) .

Thus we can apply our result for ¢ = 1 and the Lemma to conclude that
(n]z1,22) = (n]z1) | ((n|z1) + €2) is normally distributed with precision hy =
ho + 2h. and mean
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The argument in the general case goes by induction, with the inductive step
identical to the above step from t =1 to t = 2.

Problem 2: Multi-task meets career concerns
First consider period 2. There are no more career concerns in this period.
Given by the agent maximizes
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and sets

Q12 = b2917
azz = bago.

Given the perfect competition, the principal wants to maximize the total surplus,
and offers by as to maximize
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subject to agent’s IC given by the above equations. Thus, he maximizes
1
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and sets
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Given that the expected principal’s payoff is

Emy = Eys — Ewy = E (nlp1,y1) + (fia12 + f2a22) — (s2 + b2 E (p2|p1,y1))
= E (nlp1,y1) + (fibag1 + fabaga) — (52 + b2 (E (n]p1,y1) + 910291 + g2b292))
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and equals 0 due to the competition among principals. Hence
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Note for future reference, that the total surplus in the second period
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Now, consider period 1. Given b; and the rational expectation of ss the
agent maximizes
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and sets

0
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a1 =big1 + 96 (1 - @)
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a1 =bi1ga + 0 (1 - @) E (nlp1,y1lai1, a21).
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To compute F (n|p1,y1|a11, ag1) first note that an argument identical to that of
Problem 3 of PS2 shows that
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where af,, a3, are principal’s conjectures of a11,az21. Thus,

E (nlpilai, az)

h he he
- E _ * * e _ * *
(h+he+h¢m+ ht he + hy (pr = gr101, = g2031) + h+t he + hy (1 = frany anm)'a“’“m)

Thihihy TRT h:+ he (m+ gia11 + g2a21 = g107; — g203:)
+ #ﬁ_h(ﬁ (m+ fia11 + faao1 — fraly — f2a3;)
and consequently
%E (ps,alass, azy) = e + :j+ !
%E(nlpl,yﬂau,am) = T h:+ h¢92 + T :j+ ™ fa.

Plugging this result into formulas on a1, as; we obtain
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Note also that in equilibrium aj; = ai11,a3; = a2 and thus
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and thus the second period surplus
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does not depend on period 1 decision of the principal.

Given that the principal expects to earn 0 next period and perfect competi-
ton with other principals in the current period, and given above IC constraints
the principal offers b; to maximize the total surplus in both periods
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Hence the expected principal payoff in first period is
Emy = Ey1 — Ewy = m+ (fia11 + faa21) — (51 + b1 E (p1]b1))
The competition among the principals drives the payoff to 0 thus determining
s1 =m+ (fiai1 + faa21) — b1 (m + gra11 + gaa21)

which can be straightforwardly computed using above formulas for a1, as; and
b1.

Finally, let us compare
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Note that, in general, it is ambiguous whether b; or by is larger. The difference
between the two incentive slopes is a consequence of the “free” incentives or
disincentives provided by the career concerns. Roughly speaking, the first term
in the difference corresponds to the information transmitted via y, while the
second term corresponds to the information transmitted via p (this only rough
categorization as the two signals interact).



Problem 3: Influence Activities

(a): Let the equilibrium action be af and a3. Then in stage (iv), party i tries
to solve
Mdax — kiB[(d— s —b;)?|o,a}, aj]

(b) Let us denote

* at

y=d—s—bio,a;,a;

It’s easy to see that y is distrbuted as
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Therefore, the decision
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(c) Given the optimal decision d*, agent j chooses in stage (ii) to

Maz — k;E[(d* — s — b;)?|o, a;] — c(a;)
aj

(d) As in (b), if we denote
x=d" —s—bjlo,a;

we have that x is distributed as
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If we look at the FOC of agent j’s problem, we get

h

. —
Th+ he

(bi —bj) = '(aj)

J

(e) From the last expression in (d), we see the the magnitude of the influence
activity increases with k;.



(f) Clearly a; = 0. Therefore, the expected loss of agent i is
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h+ he

Similarly, the expected loss of agent j is

k;
h+ h,

+kj(bs — bj)* + c(a])
we get the total loss by summing the above two expressions.
Problem 4:

(a): In period 2, for a given rent ro the tenants will

A{gmp—rg — E[B — ey — &3] — g(ea)

As a result, we have
g'(e3) =1
Since the tenant earns a zero expected income in period 2, we have

ra =p—fBler) + €5 —g(er)

where ((c1) is the estimated cost charactristic and e} is the equilibrium
second period effort.
In period 1, the initial rent satisfies

r1=p+by—e€]

The tenant

—

Mazp —r1 = E[f —e1 — 1] = g(e1) + E[B(e)]e1]
For Nash Equilibrim. we need also

e} € argmaxp —r; — E[8 —e1 —e1] — g(e1) + E[B(c1)lei]

€1

(b) Notice that in equilibrium the entrepreneur believes that
ca=pB—€l—¢&
Therefore, the entrepreneur’s update on cost parameter given observed cost
is
— ho(bg — %) + hecy
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If the tenant chooses effort ej,the expected belief on the cost parameter

becomes ho(b O+ ho((b )
— —e . —e
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Given above, the FOC of the tenant’s maximization problem in period 1 is

ho
hs + hO

g'(el) =
Therefore, we have
e} < e

(c) In contrast to the standard career concern model, the effort in this prob-
lem is lower in the first period. This results from the fact that the estimate for
the production characteristic is increased by lowering, not increasing the efforts.



