14.381 Midterm Examination
Fall, 1999

Instructions: This is a closed book exam. You have 90 minutes to answer the questions. Make
sure to show all derivations needed for your results. Good luck!

1. Show that it is not possible to find events A, B, C such that

and
P(AUB)=P(AuC)=PBUCQC) = Z.

2. Show that for two random variables X and Y such that E |X|* < oo, E|Y]* < 00 it follows that
var(E(X |Y)) < var(X).

3. Let X be a normal random variable with density fx(z) = (27r)_1/2 o temV2@=m/o* where p =
EX and 02 = var(X). Let K; be the i-th cumulant of X. Let Y = exp(X).

Find

K; 1> 3,1 integer

4. Let Xi,...,Xn be a collection of mutually independent random variables with X; ~ N(0,0;)
where o; is a X%z) random variable. Define Sy = Zfi 1 X; with N a constant integer N > 0.

Find E(Sy) and var(Sy) (Hint: you can use the fact that the moment generating function for
the X%Q) distribution is 1/(1 — 2t) to obtain the moments for o;).

5. Let X; and X5 be independent random variables with densities

ngpn;—1
Aig Az x>0

in(x):{ T(n) © for n; > 0,A>0,1=1,2

0 otherwise

Define Y1 = X7 + X5 and Y3 = X3/ Xs.

a) Find the joint density of Y and Ys.
b) Show that Y; and Y3 are independent.



