Chapter 12

Arbitrage Pricing Theory
(APT)

Road Map

Part A Introduction to finance.
Part B Valuation of assets, given discount rates.

Part C Determination of discount rates.

e Historical asset returns.

e Time value of money.

e Risk.

e Portfolio theory.

e Capital Asset Pricing Model (CAPM).

e | Arbitrage Pricing Theory (APT).

Part D Introduction to corporate finance.

Main Issues

1. Factor Models of Asset Returns
2. Arbitrage Pricing Model (APT)
3. Applications of APT
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1 Introduction
The CAPM and its extensions are based on specific assumptions
on investors' asset demand. For example:

® Investors care only about mean return and variance.

® Investors hold only traded assets.

The CAPM has several weakness (as discussed in Chapter 12),
which the APT attempts to overcome.

The Arbitrage Pricing Theory (APT) starts with specific assump-
tions on the distribution of asset returns and relies on approximate
arbitrage arguments.

In particular, APT assumes a “factor model” of asset returns.

(©Jiang Wang Fall 2003 15.407 Lecture Notes



12-4 Arbitrage Pricing Theory (APT) Chapter 12

2 Factor Models of Asset Returns

Suppose that asset returns are driven by a few (K) common
factors and idiosyncratic noise:

Fi=r4+bafi+ o+ bife+a (=1,2,...) (12.1)

where
® 7; is the expected return on asset 1

® f1, ..., fx are news on common factors driving all asset

returns:
fr = E). — E[F}]

® b;;. gives how sensitive the return on asset ¢ with respect to
news on the k-th factor

- b, is called the factor loading of asset i on factor fj

® u; is the idiosyncratic component in asset i's return that is
unrelated to other asset returns

e fi, f>, ..., fx and @; have zero means:
E(fi] = 0 (k=1,...,K)

E[li] =0 (i=1,...).
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Example. Common factors driving asset returns may include
GNP, interest rates, inflation, etc. Let fi,¢ be the news on
interest rates. Before a board meeting of the Fed, the market
expects the Fed not to change the interest rate. After the meeting,
Greenspan announces that

® There is no change in interest rate — “no news":
Jint. = 0.
® Thereis a %% increase in interest rate — “positive surprise” :

fint. = 0.25% > 0.
What should be the sign of factor loadings on fin:. for

e fixed income securities
e stocks

e commodity futures, etc.?

(©Jiang Wang Fall 2003 15.407 Lecture Notes



12-6 Arbitrage Pricing Theory (APT) Chapter 12

3 Properties of Factor Models

1. Any well-diversified portfolio p is exposed only to factor risks:

?p ~ ’Fp —I— bplfl —I— e —I— pr]?K-

Let (w1, wo,...,w,) be the weights of portfolio p in asset
1,2,...,n, respectively. Then

o =7Tp+bp1f1+ ...+ by frc + 1y

where

n

Fp — wiﬂ;
=1
n

b, = g wiby, (E=1,...,K)
1=1
n

ﬂp == wiﬁ@-
=1

If the portfolio is well diversified,

n
Up = g w;u; ~ 0
i=1

since u1,u>,...,u, are uncorrelated. Thus, it only bears
factor risks.
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2. A diversified portfolio, pg, that is not exposed to any factor
risk (bpg1 = - -+ = byox = 0), must offer the risk-free rate

3. There always exist portfolios that are exposed only to the risk
of a single factor k:
Fpk — Fpk + bpkfk-
Example. Consider two well-diversified portfolios, both ex-

posed only to the risk of the first two factors, f1 and fo:

024+ f1 +05f and # =034+2f +1.5F.

7
Consider a portfolio of these two portfolios, with weight w in
7and 1—w in 7:
p = [(w)(0.2)+(1-w)(0.3)] +
[(w)(1.0)+(1-w)(2.0)] f1 +
[(w)(0.5)+ (1 —w)(1.5)] fo.
If we choose w such that
(w)(0.5) + (1—w)(1.5) =0 or w=1.5
then we have
7p = 0.15+ 0.5f;

which is exposed only to the risk of factor fj.
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4. A portfolio, pg, that has unitary risk of factor k, b, = 1,
offers a premium associated with the factor risk:

Fpkz — fka;.
Such a portfolio, py, is called a factor portfolio (for factor k)
and 7y, —rr is the premium of factor k.

Example. (Continued.) In the above example, we have found
portfolio p that bears only the risk of factor 1. Its loading on
factor 1 is 0.5. Consider the following portfolio ps:

e 200% invested in p, and
e -100% invested in the risk-free portfolio pg.

Suppose that the risk-free rate is 10%. The return on p1 is
Fpy = 2Fp —rp = 2(0.1540.5f1) — 0.1
= 024 f1
p1 has unitary loading of factor 1 and its expected return is
E [fp, | = 20%.

The portfolio p; is a factor portfolio for factor 1 and the
risk-premium for factor 1 is 20% — 10% = 10%.
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4 APT

Claim:

For an arbitrary asset, its expected return depends only on its
factor exposure:

772’ L“TF-I-bz'l(Ffl—TF) -I- ‘I‘biK(’FfK—TF) (12.2)

where

® 7 s, —7F is the premium on factor k

® b, is asset i's loading of factor k.

Equation (12.2), together with (12.1), is the APT.

The proof for the APT proceeds by showing that no arbitrage
requires (12.2) to be true. We illustrate the APT by an example.
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Example. Suppose that there are two factors:
(1) (unanticipated) market return f;

(2) unanticipated inflation fo:
i = 7 + binf1 + biaf2 + .
Suppose that rp = 5%, 71 —rr = 8% and 7o —rr = —2%.

The above factor model of returns implies:

e Individual asset returns have two common factors (f1 and f>)

and firm-specific factors (4;).

e Individual assets contribute to portfolio risk on two dimensions,
fiand fa.
— b;1 depends on covariance with the market return factor

— b;> depends on covariance with the inflation factor.

e Suppose that most investors dislike inflation and are willing to
accept lower returns on assets that do well when inflation is

unexpectedly high.
The returns on the factor portfolios are:
fp; = (0.0540.08) + f1

fps = (0.05—0.02) 4 fo.
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1. We first consider assets (or portfolios) with only factor risks.
For an asset ¢ with b1 = b, = 1.0:

?q:Fq‘l'fl‘l‘fQ

APT requires that its expected rate of return must be

rq = rp+b1(Tp1—rp) +b2(Tro—7R)

= 0.05+ (1.0)(0.08) + (1.0)(—0.02) = 11%.
Suppose that 7, was instead 10%. Then, there is free-lunch.

Consider the following portfolio:
(a) buy $100 of portfolio p;

(b) buy $100 of portfolio p2

(c) sell $100 of asset g

(d) sell $100 of risk-free asset.

This portfolio has the following characteristics:

® requires zero initial investment (an arbitrage portfolio)
e bears no factor risk (and no idiosyncratic risk)

e pays (1343 —10—5) = $1 surely.
This would be an arbitrage.

Thus, in absence of arbitrage, equation (12.2) must hold for assets
with only factor risks.
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2. What if an asset also bears idiosyncratic risks? Since it cannot

be replicated by other assets, in particular the factor portfolios,
(12.2) need not hold.

However, in the presence of idiosyncratic risks, deviations from
(12.2) cannot be pervasive. In other words, for most assets,
(12.2) has to be (approximately) correct.

Suppose that (12.2) was violated for many assets. Let us focus
on those with the same factor risks.

e Form a diversified portfolio of these assets, q.
e Portfolio ¢ then bears only factor risks.

e But APT relation (12.2) would be violated for g.

e Since g only bears factor risks, violation of (12.2) would imply
arbitrage opportunities (as shown above).

We conclude that (12.2) must hold (approximately) for most
assets.
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Example. (Continued.) Suppose for assets A, B and C, we have

Asset | b1 | bo
A |105|1.0
B |15]0.2
C |1.0/0.6

Then, APT implies that individual assets have to offer returns
consistent with their factor exposures and factor premiums.

7 0.05 + (0.5)(0.08) + (1.0)(—0.02) = 7%

TR 0.05+ (1.5)(0.08) 4+ (0.2)(—0.02) = 16.6%

ro 0.05 + (1.0)(0.08) + (0.6)(—0.02) = 11.8%.

Investors hold well-diversified portfolios with different exposures
to the two factors — depending on how much each investor

worries about inflation.

® Investors who worry more about inflation will seek to hold

more of the portfolio that provides a hedge against inflation:

(a) Start with the market portfolio

(b) Sell off assets with negative correlation with factor 2

(c) Use the proceeds to buy assets with positive correlation

with factor 2.

® Investors who worry less hold less of the inflation hedging

portfolio.

(©Jiang Wang Fall 2003

15.407 Lecture Notes



12-14 Arbitrage Pricing Theory (APT) Chapter 12

5 Implementation of APT

The implementation of APT involves three steps:

1. ldentify the factors
2. Estimate factor loadings of assets

3. Estimate factor premia.

1. Factors. Since the theory itself does not specify the factors,
we have to construct the factors empirically:

(a) Using macroeconomic variables:

e changes in GDP growth

e changes in T-bill yield (proxy for expected inflation)
e changes in yield spread between T-bonds and T-bills
e changes in default premium on corporate bonds

e changes in oil prices (proxy for price level)

® ctc.

(b) Using statistical analysis — factor analysis:
® estimate covariance of asset returns

e extract “factors” from the covariance matrix

(c) Data mining: Explore different portfolios to find those whose
returns can be used as factors.
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2. Factor Loadings. Given the factors, we can regress past asset
returns on the factors to estimate factor loadings (b;):

Fio = 7 + bin fie + - - + bixe frer + war

3. Factor Premia. Given the factor loading of individual assets,
we can construct factor portfolios. For the k-th factor, we have

Tppt = Tp, + frt-

The premium of the k-th factor is
Tfk — TF = Tp, — TP

4. APT Pricing. By APT, the return on asset 7 is given by
ri =rp+bi1 (Tr1—rr) + ...+ bix (Trx—7p)

where b;1,...,b;x are the estimated factor loadings and 71 —
TF,...,TfK — TF are the estimated factor premia.
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Example. Fama-French factors.

o Market factor: Return on market index minus its mean

e Size factor: Return on small stocks minus return on large
stocks (SML)

e Book-to-market factor: Return on high book-to-market stocks
minus return on low book-to-market stocks (HML)

Factor premia (% per year)

Factor | Market SML HML
Premium‘ 5.2 32 54

APT (return in % per year):

7 —rp=by(5.2) + bsyr(3.2) + by (5.4).

Three-Factor Model CAPM
ka:t bSML bHML Premium Premium

Aircraft 1.15 0.51 0.00 7.54 6.43
Banks 1.13  0.13 0.35 8.08 5.55
Chemicals 1.13 -0.03 0.17 6.58 5.57
Computers 0.90 0.17 -0.47 2.49 5.29
Construction 1.21  0.21 -0.09 6.42 6.52
Food 0.88 -0.07 -0.03 4.09 4.44
Petroliium & gas 0.95 -0.35 0.21 4.93 4.32
Pharmaseuticals 0.84 -0.25 -0.63 0.09 471
Tobacco 0.86 -0.04 0.24 5.56 4.08
Utilities 0.79 -0.20 0.38 5.41 3.39
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6 Comments on APT

Strength and Weaknesses of APT
1. The model gives a reasonable description of return and risk.
2. Factors seem plausible.

3. No need to measure market portfolio correctly.

4. Model itself does not say what the right factors are.
5. Factors can change over time.

6. Estimating multi-factor models requires more data.

Differences between APT and CAPM'’s

e APT is based on the factor model of returns and the “approx-
Imate arbitrage” argument.

e CAPM's are based on investors' portfolio demand and equilib-
rium arguments.

Differences between APT and Arbitrage-Free Pricing

e APT uses “approximate arbitrage” to approximately price
(almost) “all” assets.

e Arbitrage-free pricing (e.g. option pricing) uses strict arbitrage
to price assets that can be replicated exactly.
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7 Homework

Readings:

e BKM Chapters 10, 11.
e BM Chapter 8.4.
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