15.415, Spring 1999

S.C. Myers

Problem 8 Solutions

Prepared by Stephen Chadwick (v1)
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2. 

From the persepctive of the investor, a “prime” is the equivalent of holding a share and selling a European call on it with a strike price of 25% above the current level.  (note: a European option is one which can only be exercised at the end.  An American option can be exercised any time.)   [another note: This strategy is often known as “writing a covered call.”  It is “covered” because you hold the underlying shares.  If you don’t have the shares it is “naked.”]  

A “score” is not quite the opposite of a prime because its holder isn’t short the stock and doesn’t have to pay the dividends.  Instead it is simply a long call position with a strike price of 25% over the price at the start of the trust.  If the stock is currently trading at price P, and a call of the appropriate time period on the stock is worth C (finding this value may require use of Black-Scholes or more modern option valuation methods), then the prime would cost an investor P – C dollars and the score would cost C dollars.  

3.

It is tempting to calculate the option value by simply discounting the expected value of the two possible outcomes…unfortunately, that would be wrong!  To make it work you would have to first calculate the “risk neutral probabilities” and than calculate the discounted expected value.  

A better way for now is to instead set up a “no arbitrage” portfolio of stocks and risk free bonds which provides the same payoff structure as the put option.  We actually need pay no attention to the probabilities at all.  Let us make up this portfolio using S stocks and B bonds; the value of the option is P dollars:


S * $25 + B * $1.1 = $25     
[If the stock price falls to $25, we make $25]


S * $75 + B * $1.1 = $0 
[If the stock price rises to $75, we make zippo]

We have two equations and two unknowns.  If you solve this system of equations you will find:


S = –0.5       


[note: S is the option’s hedge ratio, or “delta,” the number of


B = 34.09


 shares to short in order to hedge one option.]

Since there is “no arbitrage,” a portfolio that replicates a put option must have the same value as a put option.  In other words: P = $50*S + $1*B = $9.09

4.

Use put-call parity:  P – C = PV(K) – S     (P=Put Price, C=Call Price, S=Spot, K=Strike)


P = PV(K) – S + C = $190 / (1.056/12) – $168.25 + 23 = $40.17

p.s. These are very expensive 6 mo. options!  The volatility must be obscenely high to justify such prices.  Remember that to break even the stock price must exceed the strike (or, for puts, be below the strike) by at least the amount of the premium.

5.  

Note: On all the following it is assumed that the maturities of all the options are the same.  Otherwise these positions become various types of “calendar spreads,” which are much more complicated.

A.  This is a long strangle (or straddle, depending on who you ask) position.  It can be created by going long one call and one put (at a slightly lower strike than the call.)    Taking a position like this is called “buying volatility” or going “long volatility,” because you are betting that volatility will rise but you don’t care in which direction prices head.

B.  This is a bearish call spread (or it could be a bearish put spread).  To take this position as a call spread, buy a call at a high strike price and sell a call at a lower strike.  To take the position using puts, buy a put at a high strike and sell a put at a low strike.  

C.  Assuming the slopes of the two sides are equal at 45 degrees, this is a short straddle/strangle position (a type of “short volatility” position.)  It can be created by selling a call and a put at the same strike.  Note that this diagram, unlike A, includes the premium gained by selling the options.

D.  This is a range forward position (also known as a “collar”, or a “fence.”  Don’t worry about that!)  It can be created by shorting a put and going long a call at a different strike price (higher or lower would work).  If the strikes are the same the position becomes a “synthetic forward,” with the same payoff as a forward contract on the stock of the same maturity as the options.

6.  

Use the table, or the Black-Scholes formula itself (B&M, pg. 578, or download my simple Black-Scholes Excel worksheet from the course website).  For C we also need to use put-call parity.


Rf = continuously compounded risk free rate expressed in terms of period t (e.g. years)


P = stock price


K = strike price


t = number of periods to exercise date


( = volatility (standard deviation of continuously compounded rate of return on P)


d1 = log [(1+Rf)t * P / K] / ((t  + (((t) / 2


d2 = d1 – ((t


Call price = N(d1) * P + N(d2) * K / (1+Rf)t  
[N(d) is the cumulative normal probability density function.]

So the prices of CALLS A, B, and C are:

Call A = $4.83

Call B = $31.18

Call C = $2.66

[These are using continuously compounded Rf and vol. in the Excel worksheet.  If you use the table your results should be close.]

To turn C into a put, use put-call parity:  P – C = PV(EX) – S


P = $2.66 + PV($80) – $70 = $2.66 + $80 / eln(1.05)*6 – $70 = $10.30

This is the more appropriate continuously compounded result, but we could get a close result by using monthly compounding instead:


P = $2.66 + PV($80) – $70 = $2.66 + $80 / (1.0056) – $70 = $10.30

7. Brealey & Myers, Pg. 612-614

#3.  

$38,103 (Using Excel Black-Scholes calculator posted on website).  Put interest rate into continuously compounded form by taking natural log: ln(1+Rf)

#11.  

a.  $51.91 (using Black-Scholes formula)

b.  u = e((t = e0.223 * (1 = 1.2498


d = 1 / u = 0.80


Calculate risk-free probabilities:



1.21 = 1.24 * p + 0.80 * (1-p)



p = 0.9318


Call Price = 0.9318 * (1.24 * 200 – 180) / 1.21 = $52.37    [Only one node is in the money here]

c.
u = e((t = e0.223 * (0.5 = 1.1708


d = 1 / u = 0.8541


Calculate risk-free probabilities:



1.210.5 = 1.1708 * p + 0.8541 * (1-p)



p = 0.7764

Now we need to know which nodes are in the money.  Up-Up clearly is (since we are starting above the strike price!).  What about Up-Down:


$200 * 1.1708 * 0.8541 = $200.00     …in of the money!  

Here we have two nodes in the money (out of three nodes).  

Prob(Up-Up) = 0.7764 * 0.7764 = 0.6028               

Up-Up Node Value = $200 * 1.1708 * 1.1708 = $274.15

Prob(Up-Down) or (Down-Up) =  2 * 0.7764 * (1-0.7764) = 0.3472

Up-Down / Down-Up Node Value = $200 (from above calculation)

Call Price = [0.6028 * ($274.15 – $180) + 0.3472 * ($200 - $180)] / 1.21 = $52.64

d.  The option delta can be defined as the spread of the possible option prices divided by the spread of the  possible asset prices.  We need to calculate the value of the option at T=0.5 to get the delta at time T=0.

Option Value if Upward Movement:  [0.7764 * ($274.15 - $180) + (1-0.7764)*($200 - $180)] / 1.210.5


= $70.52

Option Value if Downward Movement: [0.7764 * ($200 - $180)] / 1.210.5


= $14.12

i. The delta at T=0 is therefore: ($70.52 - $14.12) / ($234.16 - $170.82) = 0.89

ii. If there is an upward move the possible final option values are $274.15 - $180 = $94.15, and 

$200- $180 = $20.  Delta is therefore: ($94.15 - $20) / ($274.15 - $200) = 1

iii.  If there is a downward move the possible final option values are $200-$180=$20 and $0.  Delta is therefore: ($20-$0) / ($200 - $145.90) = 0.37

Delta is also known as the “hedge ratio.”  It tells you the number of shares that you need to short (for a call) or long (for a put) in order to hedge the option.  We can also replicate the option using the hedge ratio.  For a call option, a replicating portfolio would be delta shares of the stock, financed by a loan of the appropriate amount to make the total value equal to the value of the option.  In other words:


Stock Price * Delta – B = Option Price   so, B = Stock Price * Delta – Option Price

At time T=0 we have B = $200 * 0.89 – $52.64 = $125.36 

If there is an upward movement, at T=0.5 we have: B = $234.16 * 1 – $70.52 = $163.64

If there is a downward movement, at T=0.5 we have: B = $170.82 * 0.37 – $14.12 = $49.08

#12.

A) Since options tend to be more sensitive to price changes (on a percentage basis) than are the underlying assets, a small investment can yield a much greater percentage return.  It is not the same as leverage since there is no borrowing involved, but the effect is similar: small changes in asset price yield large changes in portfolio value.

B) Long puts or short calls have a similar payoff to shorting the stock, at least over a certain range of stock prices.  By adjusting the number of options held over time it is possible to replicate a put fairly closely.

C) A put on a stock you own serves as insurance against downward moves.  It gives you the right to sell the asset at a fixed price should the market turn sour.

D)  Again, options allow you to hedge asset positions, though there are a few catches; most importantly the market must be liquid and continuously tradable since a successful option based hedge will probably need to be adjusted as prices move.

E)  A straddle or strangle position allows you to bet on the volatility of an asset without having to worry about the direction the price will move.

8.               

(Assume Rf of 0.15% per period, as used in the handout)

A.  

We need to calculate risk-free probabilities for the 2nd period in the tree.  Since the risk-neutral return must be 0.0015, we have:


103 * 1.0015 = 106.09 * p + 100.43 * (1-p)     
( p=0.4818 for P=103


97.5 * 1.0015 = 100.43 * p + 95.06 * (1-p)   
( p=0.4818 for P=97.50

In this case it seems that the probabilities are about the same at each node.  [That’s convenient, though its not a good idea to assume that this will be the case always.  That said, in 15.415 it always will be since things get funky otherwise.]  Now we can value the call by taking the risk-neutral expected payoff for each node and discounting it back.

Call Price = 
Max[0, 106.09 – Strike] * R.N. Probability / 1.00152 +



Max[0, 100.43 – Strike] * R.N. Probability / 1.00152 +



Max[0, 95.06 – Strike] * R.N. Probability / 1.00152

Since 95.06 is less than the strike, we need to value only the first two nodes.  To get the probability of hitting a particular node, find all the paths that lead to it and add their probabilities.  For 106.09 there is only one path:  prob.(106.09) = 0.4818 * 0.4818 = 0.2321.  For 100.43 there are two routes (up to 103, then down, or down to 97.50 then up).  Thus:


 prob.(100.43) = 0.4818 * (1-0.4818) + (1-0.4818) * 0.4818 = 0.4993
Now we can find the expected risk-neutral option valuation:


Call Price = (6.09 * 0.2321 + 0.43 * 0.4993) / 1.00152 = $1.62

B.

In this case we can use the probabilities provided on pg.10.  For a $95 strike put the only relevant node is the very bottom, 92.69.  Each of the others ends up out of the money.


Put Price =  ($95 – $92.69) * 0.13914 / 1.00153 = $0.32
C.

We’ll use the same probabilities and volatility to extend the tree.  Since this is a call we only care about nodes that end up above the $100 strike price.  We can calculate the price of a node after each upward movement by multiplying by 1.03 (this represents the volatility of the stock price; larger multipliers would therefore give a higher value for the option).  We could calculate downward movements by multiplying by 0.975, but we don’t need to here because the bottom nodes are out of the money.  (Don’t worry about it, but its interesting to note that this is a “Markov Process.”  This means that each node can be reached either by an upward movement from one node lower, or by a downward movement from one node upward.) 


109.27 * 1.03 = 112.55   
p = 0.11185 * 0.4818 = 0.0539


103.44 * 1.03 = 106.54   
p = 0.36089 * 0.4818 + 0.11185 * 0.5182 = 0.2318


97.91 * 1.03 = 100.85

p = 0.38812 * 0.4818 + 0.36089 * 0.5182 = 0.3740


92.69 * 1.03 = 95.47   

OUT OF THE MONEY; IGNORE!

Call Price = (0.0539 * 12.55 + 0.2318 * 6.54 + 0.3740 * 0.85) / 1.00154 = $2.50
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D.

The four period call is more valuable than a 3 period call because options gain in value with longer maturity.  According to the Black-Scholes formula the value is proportional to the square root of T, so we can test if this value is close to what we’d expect.  We found that a 3 period option was worth 2.27, so a 4 period should be about sqrt(4/3) * 2.27 = $2.62.  This is pretty close to what we got, and the difference can be ascribed to the coarseness of our binomial model.  (The more periods we add the more accurate it will become.)

E.

The very un-intuitive fact is that the option price only depends on the risk-free return, not on the asset’s expected return.  That means that the absolute probabilities of an upward or downward movement in price are irrelevant to the option price, so the results would not change.  

In fact, there are only five variables that matter to a European call option.  The first three are obvious: time to maturity, strike and spot prices.  The other two are the risk-free return (0.0015 in this case) and the volatility (which can be seen in the upward and downward multipliers that provide each node’s value).  

A Historical Note:  One reason it took so long for anyone (namely, Black, Scholes & Merton) to invent an option pricing formula that worked was exactly this issue here.  Black & Scholes started out by assuming that the CAPM held, which allowed them to find a relationship between expected returns and the risk-free rate.  They then used that to derive a formula for the option price itself.  A few months later a more thorough paper by Merton (who was at MIT at the time) pointed out that the expected asset return dropped out of the final equation—suggesting that perhaps it was irrelevant after all!  He went on to show (using an arbitrage portfolio, btw) that no asset pricing model such as CAPM was really needed to value an option.  …In other words the expected return on an asset doesn’t affect option values, regardless of your asset pricing model!

Isn’t that interesting?  
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