Solution to problem set 5

Prepared by Li Jin

1. 

To be absolutely safe, the variance of the portfolio has to be 0:

σp2=xA2σA2+xB2σB2+2xAxBσAB=xA2σA2+xB2σB2+2xAxBρABσAσB=0   (1)

xA+ xB = 1                                                                                        (2)

plug in σA=30, σB=20 and ρAB=-1, we have xA =0.4,  xB=0.6.

2. All questions are answered in the following excel worksheet (to see the detail, right click and choose worksheet object, then edit.
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The expected rate of return on A is too high relative to the CAPM prediction, while the expected rate of return on B is too low.

Some of the formulae used here are:

σp2=xA2σA2+xB2σB2+2xAxBσAB=xA2σA2+xB2σB2+2xAxBρABσAσB

σAM= xAσA2+xBσAB = xAσA2+xBρABσAσB
βA= σAM/σM2

3. 
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The portfolio of risky assets with the highest attainable ratio of expected risk premium to portfolio standard deviation is the tangent portfolio, or market portfolio. That is where B is. 

a. from CAPM we know that any efficient portfolio can be constructed with a combination of the riskless and the market portfolios. So here we have:

xArf+ xBrm = 15%





(1)

xA+ xB = 1






(2)

and rf = 3%, rm=10%.

Solve them we find xA=-5/7 and xB=12/7

b. σp2= xB2σm2, so σp =  xBσm=240/7 = 34.29%.

4.

I am using the historical market risk premium, which is about 8.5%, and a riskless rate of 5%.

Texas Instruments:


r1 = rf+β1(rm-rf) = 20.7%

Textron:


r2 = rf+β2(rm-rf) = 14.9%

you are more confident about the expected return estimate of Textron than that of Texas Instruments. The standard error of beta estimate is 0.19 for Textron, and 0.36 for Texas Instruments. 

5. 


Note that the row sum in the above two matrics are wiσi,portfolio, so we get the covariance of each country’s stock market return with the return on the first portfolio to be:

σA, portfolio=7.325/50%=14.65

σB, portfolio=6.09/30%=20.3

σc, portfolio=2.915/20%=14.575

6. Here is the list of assumptions:

· all investors are one period mean-variance optimizers

· all investors have the same information on securities (i.e., same calculations for expected returns, variances and covariances)

· all risky assets are publicly traded (in other words, the market portfolio contains all relevant assets)

· there are no transaction costs or distorting taxes

· investors are price-takers (their own trading does not affect security prices)

· all investors can lend and borrow at the risk free interest rate.

7. We discuss instead how to prove b using class discussion. For those interested in the vigorous proof of the original question (not required), please refer to the document 

http://web.mit.edu/15.415ab/www/ps5q7.doc
 In class we said that an important property of stocks included in any efficient portfolio is that they all have the same “bang for the buck”:

Where k is a constant and i, j are any two assets that are held in the efficient portfolio. 

Two important observations will prove the CAPM.

1) the market portfolio is an efficient portfolio, that is, we can replace the arbitrary efficient portfolio p with the market, m.

2) In fact, i, j can be portfolios of stocks. So, for example, we can choose j to be the market portfolio.


Rearranging we have out result.

8. p171, problem 14

a) σp2=(.52)(342)+(.52)(282)+(2)(.5)(.5)(.2)(34)(28)=580.2,

σp=24.1

b) note that the treasury bill security has a variance of 0, therefore it does not show up in the equation for the variance of the portfolio. The variance of the portfolio is therefore generated by .33 each of the two risky assets. Plugging these values into the equation above gives us σp2=252.74, and σp=15.9.

c) with margin borrowing of 50%, you are investing twice as you would before. Thus, the risk is twice what it was when you were investing only your own money:  

σp = 2(24.1) = 48.2 

d) with a hundred stocks, the portfolio becomes well diversified. The variance of the portfolio can be approximated by the covariance of each security with the market (namely, only systematic risk still exists). Note that β=σi,m/σm2, we can invert it to get σi,m=βσm2=1.24*202=496, and the portfolio standard deviation is the square root of it, which gives 22.27%. In the case of Polaroid, we get 19.9%.

P171, Problem 17

a) refer to figure 7-10 in the text. With 100 securities, the box will be 100 by 100. The variance terms will be the diagonal terms, and thus there are 100 variance terms. The rest are the covariance terms; because the box has 100 terms 100 terms altogether, the number of covariance terms is: 100*100 – 100 = 9900, of which half (4950) will be different (cov(i, j) = cov(j, i)).

b) Once again, it is easiest to think of this in terms of figure 7-10. With 50 stocks, all with the same standard deviation, the same weight in the portfolio (0.02), and all pairs having the same correlation coefficient (0.4), the portfolio variance is:

σp=50(.02)2(.3)2+(502-50)(.02)(.02)(.4)(30)(30)=371

σp=19.3.

c) for a completely diversified portfolio, portfolio variance will equal the average covariance. Here, this is equal to:

σp2=(.4)(30)(30)=360

σp=19.0

P200, problem 6
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c) see the diagram above. The optimal portfolio of risky assets is portfolio 1. And so Mr. Harrywitz should invest 50% in X and 50% in Y.

9. In the CAPM world, investors value all securities based on their contribution to the risk of the market portfolio since they hold only the market portfolio and the risk-free security. (Only combinations of the market portfolio and the risk-free security are mean-variance efficient). The expected rate of return on any security in this world is determined by adding the risk-free rate to the market risk premium multiplied by the beta. A positive beta security contributes some element of risk to the market portfolio and thus investors demand a rate of return above the risk-free rate to hold it.  A zero beta security has no impact on the market portfolio’s risk, thus investors accept the risk-free rate for this security. A negative beta security will actually reduce the riskiness of the market portfolio. As a consequence, investors will accept less than the risk-free rate to hold it.

10. 

(a) the b’s here are similar to β in CAPM. Specifically, the b’s represent the stock’s sensitivity to each of the factors: slope of term structure, unanticipated inflation, and the S&P 500. The b’s here can be estimated by looking at past stock price changes and regressing them against changes in each of the individual factors. 

(b) r=(.06)+(1.0)(.02)+(-.2)(-.3)+(.15)(.08)=.098;

(c) if APT is generally right, the above security is getting less that expected by APT, thus investors should short the security and invest the proceeds elsewhere.

(d) Mean returns estimated from 25 years’ historical data are subject to considerable measurement error. Also, data from the past 25 years may not be entirely relevant for the future. The relative importance of the possible risk factors will change, and the APT gives no a priori guidance about what the factors are. These concerns limit the APT’s credibility in practice.

(e) Suppose by choosing weights X1, X2 and X3 we would achieve the goal that the portfolio loading on the first two factors are zero. That means:

X1(1.0)+X2(.4)+X3(-.3) = 0

X1(-.2)+X2(0)+X3(.2)=0

X1+X2+X3=1

Solve the equations we get X1=4, X2=-7, X3=4.

For example, we can put $400 in assets 1 and 3, and short $700 worth of asset 2.

11. 

APT has some attractive features. For example, the market portfolio that plays such a central role in the CAPM does not feature in APT. We don’t have to worry about measuring the market portfolio, and in principle we can test the APT even if we have data on only a sample of risky assets. APT does not tell us what the underlying factors are—unlike CAPM which collapse all macroeconomic risk into a well-defined single factor, the return on the market portfolio. APT will provide a good handle on expected returns only if we can (1) identify a reasonably short list of macroeconomics factors, (2) measure the expected risk premium on each of these factors, and (3) measure sensitivity of each stock to these factors.
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		Costaguana		5		1		0.1		0.2
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