Fall 2001

Topic #5

16.31 Feedback Control

Stability in the Frequency Domain
e Nyquist Stability Theorem
e Examples

e Appendix (details)

e Remember that this is the basis of future robustness tests.

Copyright 2001 by Jonathan How.



_gaeu.wv I8 THE REq. OOMAIN

. LooK\NG FoR Tests oN THe LooP TRANSFER
FONCTION G () G(sY  THAT WE CAN  PERFORA
To ESTRABLISK STABILITY oFf THE CLOSED - Loof

1+6G. &

- RO0T Locus ONE &hsy wAY ( foLES AND
2eR0S oF PRofucT DEFINE Locus ofF CLoSED-

Loo® RooTS ... )

- Row 00 Twis IN FREguencY DOMAIN (Gooe
PLOT ) ¢ = WHAT TS ouR SWPLE
ERUUALENT TEST To “ DeesS THE Locus
Go InTo THE RuP" 7

o TNTU\TION: ALL  PoNTS oN THE  RooT Locus

ANE THE PROPERTIES ) A G &(s) =t180°
W) | GGl = 4

= AT THE PowT oF NEUTRAL STRBLLTY ( ImAG AxiS
CKossm&)) WE Know THIS Holts FoR  S=31

m » \Gcc\'(jw)\ =1 . L GG(w) = 0° — o tlv

o CoNDITIoNS THAT THE fRebe PloT MUST
<SET\sFY FOoR  NEUTRAL SMABILITY,
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. 50’ TN PleALLY ) WE woukD &ExPeECT To
SEE \G—CG(jM\ < 4 AT THE FREQUENCIES
THAT LG GG = 1B0° =  STRBLE

e To RE MoRE PRECISE AROUT THIS <STATEMENT
of SmafluTty WE NeTeE  THUAT
\ GG (jm\ =1

L GQGCJV‘A = |g0° } *? Ge G(j“» = —L—(-OJ‘

s Tue TEST FoR NEULTRAL STABILITY (As GIVEN)
TS TWHAT (AT SOME F&eauancx/)’ THE
Pot oF G G() TN THE CoMflex PLANE
Phes  THROVGH THE -4  sornT  ((CRmeAL PouNT)

Tm
o S NEUTRALLY
)‘ \ Re STRBLE.

v
!

£ GGl

o N\CE OBSERVATION, BuT We STILL NEED To RE
CAREFUL — THE FIRST STATEMENT on THIS FPAGE

ASSUMES THAT (O INCREASING GAW LERIS To TWSTRABILITY

Mo @ (GGl =1 AT oNE FREQ. Quop RSSUMPTIONS
BUT NoT  ALWAYS TRUE
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NYQRUIST STABILITY THEOREM

o To @t MpRE PKECtSE) WE ARE NOT GoN & ToJusT

W WoRRY  AfoUT

THROVGH -_'L) gor

Edc\RCles TT,

L) = &e(S)ap(s) PASSING

How MY TIMes TT

- hLso TAKE INTo ACcouNT THE STABILITY oF L(s),

“AN ENCIRCLEMENT

~ ACCUMULATION oF 340° oF PHASE

NGRS

gY A vecToR (TAIL AT So)
As THE TP TRAVERSES THE
coNTOUR "¢ ”

c erNciRCcLES S,
(cw)

e WE AR INTERESTED) T ™ME flot of L(S)
FoR  VERY SPECIFIC VALVES of 's”,

NY RUIST  PATH
(oASHED LWE)

sl ASSOME. L(S)
b 2 3 R ot WAS No

: / TMAGN ARY

' : s PoLes
| H Re

it Je

i I ¥

(L

= NYQUIST DIAGRAM: flIoT oF [(s) AS “S" Moues

fRoonND C,
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o STEP 4): — DETERMWE NYQUIST PATH (TMAG Axis)

2) - DRAW NYQuUST PLoT/ DiAGRAM

J) - CoonNT % gNCRCLEMENTS oFf -4

e WRY Do WE CARE ABOUT THE * oF ENCIRCLEMENTSS

ouT ( see AMENDIX) THAT IF L(s) WAS
PoLES In WP THEN THE NYQUIST Pror  MusT
ENC\RCLE THE -4

— TULANS

POINT FoR THE
e STHALE.

cLoSED -
LooP  SYsSTEM To

= ovR Tob IS To MAKE SuRe THAT WE HAVE
ENOVGH ONCUIRCLEMENTS |

e How MANY Do WE NEEHT —» NYauST TUEKEM

LET P = ¥ PoLES oF L(S) IN THE RHP
Z = % CLOSEP-LopP PopLes IN THE RHP
N =

# CLOCKWISE ENCIRCLEMENTS oF NYQUIST
DAGRAM  ABovT -4

CAN <SHow THAT 2z = NP

No cLP QuP
-~ FoR <STABIWLITY WE NEED Z=D0

PoLES
=2 N = - P

- SEE AENDIR, ENMCLRCLEMENTS

\ P>o,.'. ExPECT ccw}
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e WE UWILL NOT SPEND Too MUCH TIME DRAWING
NYRVIST PLoTs = WILL SEE THAT KE CHN
EXTRACT SOME  RULES -of -THUMB | ANO Usg
THoSE TN THE ope  PLOTS

= RUT TF TE STABILITY TN THE ROJE
PsT TS  UNCLERR , Go BACK To THE NYQUIST

TesT )

e THE WHILE TSSVE WITH TE NYQuIST TEST
PolLs DownN To MAKING AN RCCcVRATE PLoT +

BE\NG CAREFVL HoWw To counT N

Ts
* Goop APPROACH JTo Fiwl THe
e # oF CROsSSINGS OF Pow-r{s.)

j - DRAW A LINE FRoM S,

; -~ COUNT THE # oF TIMES
THAT THE LINE AND ODRCRANM
CRoSS,

& N= ¥ Cw CRossiNGS — # ccw cRosSINGS.



« BoTToM LINE ¢ THe #* of ENCIRCLEMENTS TS
c]{uc\PcL , FoR A STABLE <SYSTEM

AND  STABLE CWTROLLER
No ENCI\RCLEMENTS,

, wouLd exPecr

HowelVeR WE MIGHT FIND THAT THe fuor

\\\/

oF L&) BLONG THE WNYGWIST ConTouR GETS
VERY CcLose T -4,

=> STABLE , BUT MARGINALLY,

= WoWw QUANTIFY THis?

\ e TN
o+ VERY GENER\C |+ e
PLoT oF L{jw) - o — Re
FoR Wxo M
JU S
o No ENGKC ofF
-4 (LsmRBLE) L(w)

-~ STASBLE
- MIIMUM - PHASE

» NOTE THAT IF WE WERE To CHANGE THE |L| oR &1L
(ERSWY DONE THROUAH & (sd) THen WE Could
CMANGE TME # of ENCIRC,

= ACTuALLY BecoMEs How WE
Do THE SYNTHES\S |
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e GAaW MARGIN (em) EIN o\t’:}

- FACTpR BY WHICH THE GAW TS LESS THAN 4
AT T™e FREQUENCIES THART (| =18p° =Wr

&M (48] = -20 Lot |&(jq)

o PUASE MARGIN
~ MNGLE  TUAT NYQUIST PLoT MusT BE RoTATED
S0 THAT IT INTERSECTS THE -4 PoIAT.
- LeT W, = FREQ THRT |L(jW| = 4
§ = A L(chb

M= 1%0° + &

o FoR TYPicaL SYsTEM ( STRBLE | MINIAUM PHASE L(s
We NEEOD 80T GM >0 AND PM >0
Im Im
Positve
gain _ Negative
margin phase margin

.

\
1 . v4
-1 33 A Re ]
Postive 0 \’ ¢
phase
margin

1/GM—>! Negative
. gain
L(jw) margin

L(jo)

Stable system Unstable system

— PoLAR Por FoR TyeicAL" ((STRBLE min PHASE )
LGwY , WZo

>

Re
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Positive Negative
; gain margin ; \Ggai” margin
(DC
IL| dB 3 VL, L] dB i)

e WWLE THE ANYQUIST STRABWL\TY THEGKEM
GWES US TME STBILITY CondiTIoNS  THEY RKE
oPreN (NOT ALWAYS) EARSIER To FiND  on
™e Bobe  PLoT.

A

Locho

90°

A
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

v

Locho

- ; i
180° = = -180° >
\/$\ Log o AL o0

-270°| Positive -270°

phase margin Negative
y Phase margin

Stable system Unstable system

& CAN PReowcT  CLoSED- Leof STABILITY BY LookiNg
AT T™Me GAW AND  PHASE MARGIN.

We  SAY ToFTEN" BECAUSE IF L(S) UNSTABLE,
VE  KNpW THAT AN BENC\RCLEMENT OF -1 Is
RepuiRED ~» TouGWd T SEE TUIS IN BODE PLoT]

- BRobE PLOT  DRANING ALSo CoMPLICATED Fok
NMP  SYSTEMS, 8uT GM[PM  USAGE THE SAME.

= OFTEN BRETTER Tp UuSe NYRUST FoR THESE
SYSTeMs, JusT To BE SAFE,




Imag Axis

[

expmPLE ¥ A - SMBLE | MW PHASE

G(s) = \.25
(1-5s+1) s*+ 0701S +1)

/-

2t UNTY  FEEDRACK
SERVD GAIN =1

Real Axis

» RooT LocuS PREDCTS STABLE FoR K= 1,
But ExPECT PRoRLEMS AT HIGHER GAN.



Imaginary Axis

EX #q

Nyquist Diagrams

Real Axis

sTABLE K=l , UNSTABLE K-2

CONSISTENT  W'TH  RooT LOCLS

5-lo



Phase (deg); Magnitude (dB)

EX 21

Bode Diagrams

GM= 4 246

-100

-150

-200

-250

10

Frequency (rad/sec)

G [P EASY To  PETERMINE

54
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EXAMPLE - Gs) = 2S+|

— (5+03)(5-2) .

- STRBILTY 3 s“-\1s-0.6
WITH Ge=K ¢

o RoOT locys — srhkts IN  RHP  RuT THERE TS

A ZERp TN THE LHP , SolLP MGRATE
TUeRE
> THERE Ts A K (=-085) FoR WHICH
TME PoLES CROSS THE TIMAGINRRY AXIS,

/C‘-P Soe 1+ KG=0 (Sz—ms—o.é)-t—l((zs-u):o

AT THE TIMAG AXIS CRoSSING , THIS IS TRug FoR S=jw

= (3w)1+(3w)(z\<—\.1)+ (k-0.6) = o+o]

ok-\T =0, oR K= *0.25 /

e SWCE GB) WAis A RAP fle | L(s) MUST HAVE onNE
= ©PECT THE NYQWST PLov To ENCiRcLE -4
oNCE  CCW (N:—P'Pﬁq

- Lppk AT PLoT :

- LMITH K=4 we HAVE CoRRECT #* ECNCIRCLEMENTS
- WITH K&B.85 WE wouly EXPECT o BE
I8 TROUBLE,

o NOT A5 0RNI10US VHAT TS GoiNg oN IN THE Role

PLoT Ll >4 wren AL =\%0°
CoND  TipnALLY STABLE "



Imag Axis

0.5
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G= 2stl
(s+6.3)(5-2)

-3

-2 -1 0 1 . )
Real Axis

0 TioNAL <TABLE" sSwce vE€

_ cALLED “cow
JF AT LEAST 0.857To

ReaviRe A GAIN
STABILIZE.



Imaginary Axis

1.5

-1.5
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Nyquist Diagrams

G- 25t
(s+0:3)(s-2)

-15 -1 -0.5 0 0.5 1
» STABLE FoR K=\
_ DECREASING GAW LEADS To TIANSTRAILITY
~ CAN TNCREASE THE GAW AS MUCH #S
NE WWT BEYOND A AUD  REMAIN STABLE.

Real Axis



Magnitude

Phase (deg)
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wr o We
T ‘| !=!|

S‘mBLE FoK
Tms GA\M

e ol

10

e d

AM SEE IMPAc:roF Rmsme
AND »Lowexwe -rm—:- Gmu-evr
INTERPRETATION oF THESE N
.......... . CHANGES < NOT  AS . oev;ousﬂs
TN THE  NYQUIST ;‘FES;T-zgzgg S
» : :::ff::i : e L
10 . : E—
107 107" 10° 10'
o _ Freq (rad/sec)
% simple example of an unstable system 2$+\
% to compare the various stability tests G’“‘
% imag axis crossing for k=0.85 (SJ—O'.“IS-Z)
num=2*[1 .5];den=conv ([l .3],[1 -2])
-100— 1rlocus(num,den);r=rlocus (nun, den, .85) R
ssl=tf (num, den) ; -
= * .
_110k ss2=tf(.85*num,den); oo
figure(l)
-120F+ nyquist(ssl,'-',ss2,’ VY -
hold on;plot(—l+j*eps 's');hold off;
legend('Actual', 'Scaled’)
=130 axis([-2 1 -.5 .5]);grid
—140}+ figure (2)
bode (num, den)
-150 figure (3)
rlocus (num,den) ; r=rlocus (num, den, .85) ; IR : : o
-160 hold on;plot(r,'d');hold off; AR EERTETERE. PR
-170 :
180 5
-190 = t ,
107 10 10 10

\)
Freq (rad/sec)f
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Summ Y

v« FoR  MosT SYSTEMS |Ng DESIGN THE
Com P ENSRTOR To GeT GM7o | PM >0,

. MUST Bt  CAREFUL WITH  INTERPRETATION
ofF Bobe PoTs FoR  uNsSTRBLE  (efEN- Lopt)

SYSTEMS

= Use A VARIETY of TESTS To DovALE

NoRMALLY SHopT Fok Z PM ~ 30-to®  AND
GM ~ ( 48




APPEN 01X A5-I
NYQUIST STABILITY THEOREM

N # CLOCKWISE ENCIRCLEMENTS oF NYRUIST
DIAGRAM ABovT -A

P £ PLEs G (S)Gp(s) IN THE RHP
va £ CL0SED - LooP FPOLES TIn THE RHP,
CAN  SHOW  THAT Z = N+P

CLERRLY | FOR STABILITY | WE NEED Z=o6 » N=-Ff

OUTLINE oF  PReoof |
o PRoOF BASED oN UNDERSTANDING oF How FUNCTIONS

(F(s)) MAP CONTOURS TN THE S-PLANE,

> MAP oF F£(s) wviLL onLY ENCIRCLE THE

ORIGIN TF THE  ConTouR IN THE s-PLANE
CoNTAINS A PoLE pR 2ERe OF F(s),

cw

Im c Im
_ZERO (/Q :7(5) R ENCIRCLEMENT
Re /- \7
S— Re
L/

cew
Tm c E‘ TR ENENT
PoLE @ :t;) r’ j
Re \./
(1) (=)

= CAN ALSoe HAVE MIXTURES of POLES + ZEROES

In Yc", [ ENCIRCLES THE oRIGIN Nz -rp
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Wow  APPLY THIS 7
» UVSE F(s) = 4+ G 06 &pls)
e VULSE NYQUI\ST PATH Fok  “¢” @
o PoT  F(s) ALONG “c" + CounT ®
 ENCIRCLEMENTS ARoUND THE ORIGIN (A)

> N=z-F

zzkoes PoLES oF
oF F(s) F(s)
NOTE :
—~ . % ZERES oF = CLOSED-LooP PoLES oF SYSTEM
F(s)
uNsTABLE
P = % pes oF = | PoLES  oF G () 6p(s)
F(s) =n C°

» USUALLY PLOT £ (SHGp(s) AND Look AT
ENCIRCLEMENTS  oF s=-1 (saue 'rume)

o NOTE: F(s)= 4+ G.(8)G(s)
ZEROS of H<=) ARE THe cLf Poes
POLES oF F(s) ARe TUE LooP ©pLES

= onlY CARE #BouT THE CLP AND Loof
s TN TME  RWP,
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