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Exact fixpoint abstraction
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Property transformer abstraction

Let

– hL; »; 0; 1; ^; _i be complete lattice

– F 2 L
m
7 !̀ L be a monotonic transfer fonction

– ¸ 2 L 7! L be an abstraction

We would like to:

– compute ¸(lfpF )

– without computing lfpF (which is, in general, im-
possible)
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One solution is to have:

– an abstract transformer F 2 L 7! L

– such that ¸(lfpF ) = lfpF

– to exclude trivial solutions (like F = –X .¸(lfpF )),
more must be imposed on the choice of F

– for monotonic functions, one way may be to use
higher-order abstraction

hP; „ih¸; ‚ihQ; vi
=)

hP
m
7 !̀ P; _„i `̀ `̀ `̀ `̀ !̀ ̀ `̀ `̀ `̀ `̀

–F .¸‹F ‹‚

–F . ‚‹F ‹¸
hQ

m
7 !̀ Q; _vi
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– In general however, hL; »i `̀ !̀ ̀`̀¸
‚
hL; vi, F 2 L

m
7 !̀

L and F = ¸ ‹ F ‹ ‚ does not imply ¸(lfp
»
F ) =

lfp
v
F as shown by the following counter-example:

Course 16.399: “Abstract interpretation”, Thursday, April 14, 2005 — 6 — ľ P. Cousot, 2005

So we are interested in studying fixpoint abstraction:

– Exact abstraction: ¸(lfpF ) = lfpF

– Approximate abstraction: ¸(lfpF ) @ lfpF
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À la Kleene exact fixpoint abstraction with
Galois connections 1

Example:

1 also called fixpoint fusion, fixpoint inducing, lifting, morphism, transfer, precise abstraction, etc. . .
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Theorem. If

– hL; »i and hM; vi are posets;

– hL; »i `̀`!̀! ̀`̀`
¸

‚
hM; vi and F] 2M 7!M

or hL; »i `̀ !̀ ̀`̀¸
‚
hM; vi and F] 2M

m
7 !̀M

– F 2 L n
m
7 !̀ L is a monotonic partial map

– ?- » F (?- )

– F 0 = ?- , F‹+1 = F (F‹),
W
˛<– F

˛ exists when – is

a limit ordinal and F– =
W
˛<– F

˛

– 8‹ : ¸ ‹ F (F‹) = F] ‹ ¸(F‹)
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then:

– F] = ¸ ‹ F ‹ ‚

– ¸(lfp
»

?-
F ) = lfp

v

¸?-
F]

– The iteration order of F] is less than or equal to
that of F

Proof.

Lemma 1

8‹ 2 O : ¸(F‹) = F ]
‹
where F ]

0
= ?- ]

def
= ¸(?- ), F ]

‹+1
= F ](F ]

‹
)

and F ]
–
=
F
˛<– F

]˛ is well-defined when – is a limit ordinal.

Proof. By transfinite induction on ‹:

– ¸(?- ) = ?- ], def. ?- ]

– The induction hyp. ¸(F‹) = F ]
‹
implies
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¸(F‹+1)

= ¸(F (F‹)) def. F ]
‹+1

= F ](¸(F‹)) commutation property
= F ](F ]

‹
) ind. hyp.

= F ]
‹+1

def. F ]
‹

– If ¸(F˛) = F ]
˛
for ˛ < –, – limit ordinal by induction hyp., then

¸(F–)
= ¸(

W
˛<– F

˛) def. F– where the lub is assumed to exist
=
F
˛<– ¸(F

˛) since ¸ preserves existing lubs so
F
˛<– ¸(F

˛) exists

=
F
˛<– F

]˛ induction hyp.

= F ]
–

def. F ]
–
for – limit ordinal.

ut
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Lemma 2

F‹; ‹ 2 O is a v-increasing chain.

Proof. By transfinite induction on ‹:

– F 0 = ?- » F (?- ) = F 1 since ?- is assumed to be a prefixpoint

– If F‹ » F‹+1 induction hyp.
=) F‹+1 = F (F‹) » F (F‹+1) = F‹+2 by monotony

– 8‹ < –, – limit ordinal:
F‹ »

F
˛<– F

˛ = F– by def. of lubs and F‹ assumed to exist.
ut

Course 16.399: “Abstract interpretation”, Thursday, April 14, 2005 — 12 — ľ P. Cousot, 2005



Lemma 3

9› 2 O : F (F ›) = F ›.

Proof. – The chain F‹; ‹ 2 O cannot be strictly increasing since it is in-
cluded in the set L so that its cardinality must be less than that of L
proving that 9› < ›0 : F › = F ›

0
where ›0 is the least ordinal with the same

cardinality as L.

– F › » F ›+1 » F ›
0
= F › so that F › = F ›+1 = F (F ›) by antisymmetry and

definition of the iterates.
ut

Lemma 4

If ?- » X = F (X) then 8‹ 2 O : F‹ » X.

Proof. By transfinite induction on ‹:

– F 0 = ?- » X by hypothesis;

– If F‹ » X by induction hyp., then
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F‹+1 = F (F‹) » F (X) = X by ind. hyp., monotonicity and fixpoint prop-
erty;

– if F˛ » X for all ˛ < –, – limit ordinal, then:
F‹ =

F
˛<– F

˛ » X by def. of lub (assumed to exist).
ut

Lemma 5

If 9› 2 O : F › = lfp
»

?-
F .

Proof. By lemma 2, ?- = F 0 » F › and F (F ›) = F › by lemma 3.
If ?- » X = F (X) then, by lemma 4, F › » X proving that F › is the least

fixpoint of F greater than or equal to ?- , so F › = lfp
»

?-
F . ut

Lemma 6

If F ]
›
= F ](F ]

›
).

Proof. F ]
›+1
= F ](F ]

›
) = F ](¸(F ›)) = ¸(F (F ›)) = ¸(F ›) = F ]

›
by def.

F ]
›+1
=, lemma 1, commutation property, lemma 3, lemma 1. F ]

›
exists by

lemma 1. ut
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Lemma 7

F ] is monotonic.

Proof.

¸ ‹ F = F ] ‹ ¸ commutation property
=) –x .¸ ‹ F ‹ ‚(x) = F ] ‹ ¸ ‹ ‚(x) def. = on functions
=) ¸ ‹ F ‹ ‚ = F ] since ¸ ‹ ‚(x) = x when ¸ is surjective in a Galois
connection
=) F ] is monotonic, as a composition of monotonic functions. ut

Note: Instead of ¸ surjective and F ] 2 M 7! M , we can also assume that
F ] 2M

m
7 !̀M without assuming ¸ surjective.

Lemma 8

If ¸(?- ) v Y = F ](Y ) then 8‹ 2 O : F ]
‹
v Y .

Proof. Identical to that of lemma 4, using lemma 7 (or the corresponding
hypothesis F ] 2M

m
7 !̀M). ut
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Lemma 9

F ]
›
= lfp

v

¸?-
F ].

Proof. ?- » F › hence ¸(?- ) v ¸(F ›) = F ]
›
by lemma 2, ¸ is monotonic,

lemma 1. We have F ](F ]
›
) = F ]

›
by lemma 6. If ¸(?- ) v Y = F ](Y ) then

F ]
›
v Y by lemma 8. ut

Proof. (of the theorem)
¸(lfp

»

?-
F )

= ¸(F ›) by lemma 5
= F ]

›
by lemma 1

= lfp
v

¸?-
F ] by lemma 9

ut
ut
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example:
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À la Kleene exact fixpoint abstraction with
continuous abstraction

Theorem. If

– hL; »i and hM; vi are posets

– F 2 L n
m
7 !̀ L is a monotonic partial map on L

– F ] 2M
m
7 !̀M is a monotonic map on M

– ¸ 2 L 7!M is upper continuous

– ?- » F (?- )

– F 0 = ?- , F‹+1 = F (F‹),
W
˛<– F

˛ exists when – is a limit ordinal in
which case F– =

W
˛<– F

˛

– 8‹ 2 O : ¸ ‹ F (F‹) = F ] ‹ ¸(F‹)

then

– ¸(lfp
»

?-
F ) = lfp

v

¸(?- )
F ]
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Proof. Essentially identical to that of the previous theorem. One first prove
lemma 2 by monotony of F and then lemma 1 since ¸ is upper continuous
and the iterates pf F from ?- form an increasing chain. The proofs of lemmata
3 to 6 and 8 to 9 are unchanged while lemma 7 is now an hypothesis. The
rpoof of the theorem is identical. ut

Course 16.399: “Abstract interpretation”, Thursday, April 14, 2005 — 19 — ľ P. Cousot, 2005

Note: the commutation condition does not work with ‚ for lfpF

(it does, by duality, for gfpF ). A counter-example is (‚(
F
i2´ xi) 6=W

i2´ ‚(xi)):

We have

– hL; »i and hM; vi are
posets

– F , F ] are monotone

– hL; »i `̀ !̀ ̀`̀¸
‚
hL; vi

– ‚ ‹ F ] = F ‹ ‚

but

– ¸(lfpF ) 6= lfpF ]
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À la Tarski exact fixpoint abstraction

Theorem. If hD\; v\; ?\; t\i and hD]; v]; ?]; t]i are
complete lattices, F\ 2 D\

m
7 !̀ D\, F] 2 D]

m
7 !̀ D] are

monotonic and
– ¸ is a complete u-morphism (a)
– F] ‹ ¸ v] ¸ ‹ F\ (b)
– 8y 2 D] : F](y) v] y =)

9x 2 D\ : ¸(x) = y ^ F\(x) v\ x (c)
then

¸(lfp
v\

F \) = lfp
v]

F ]
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Proof.

(d) F \(x) v\ x

=) ¸ ‹ F \(x) v\ ¸(x) since ¸ is monotonic by (a)
=) F ] ‹ ¸(x) v\ ¸(x) by (b)

(e) f¸(x) j F \(x) v\ xg = fy j F ](y) v] yg by (c) and (d)

(f) u]f¸(x) j F \(x) v\ xg = u]fy j F ](y) v] yg by (e)
=) ¸(u\fx j F \(x) v\ xg) = u]fy j F ](y) v] yg by (a)

=) ¸(lfp
v\

F \) = lfp
v]

F ] by Tarski’s fixpt th.

ut

Course 16.399: “Abstract interpretation”, Thursday, April 14, 2005 — 22 — ľ P. Cousot, 2005

Example: application to
reachability
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Transition systems

– hS; ti where:

- S is a set of states/vertices/. . .

- t 2 }(SˆS) is a transition relation/set of arcs/. . .
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Example of transition system

t
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Reflexive closure of transition systems

Let r be a relation on x:

– r0
def
= 1x powers

– rn+1
def
= rn ‹ r (= r ‹ rn)

– r?
def
=
S
n2N r

n reflexive transitive closure

– r+
def
=
S
n2Nnf0g r

n strict transitive closure

so r? = r+ [ 1x
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The reflexive transitive closure of the example
transition system

t?
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Reflexive transitive closure in fixpoint form

t˜ = lfp
„
–X ´ t0 [X ‹ t

Proof.

X0 = ;

X1 = t0 [X0 ‹ t = t0

X2 = t0 [X1 ‹ t = 0 [ t0 ‹ t = t0 [ t1

: : : : : :

Xn =
[

0»i<n

ti (induction hypothesis)

Xn+1 = t0 [Xn ‹ t

= t0 [
` [

0»i<n

ti
´
‹ t

= t0 [
[

0»i<n

`
ti ‹ t
´

= t0 [
[

1»i+1<n+1

`
ti+1
´

= t0 [
` [

1»j<n+1

tj
´
‹ t

=
[

0»i<n+1

ti
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: : : : : :

X! =
[

n–0

Xn

=
[

n–0

[

0»i<n

ti

=
[

n–0

tn

= t˜

X!+1 = t0 [X! ‹ t

= t0 [
`[

n–0

tn
´
‹ t

= t0 [
[

n–0

`
tn ‹ t

´

= t0 [
[

n–0

tn+1

= t0 [
[

k–1

tk

=
[

n–0

tn

= t˜

ut
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Examples of iterates

X0 X1 X2

X3 X4 X5 = t˜
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Post-image

post[t]I = fs0 j 9s 2 I : hs; s0i 2 tg

We have post[
[

i2´

ti]I =
[

i2´

post[ti]I so ¸ = –t ´ post[t]I

is the lower adjoint of a Galois connection.
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Postimage Galois connection

Given I 2 }(S),

h}(S ˆ S);„i `̀ `̀ `̀ `̀ ! ̀ `̀ `̀ `̀ `
–t´post[t]I

‚
h}(S);„i

Proof.

post[t]I „ R

, fs0 j 9s 2 I : hs; s0i 2 tg „ R

, 8s0 2 S : (9s 2 I : hs; s0i 2 t)) (s0 2 R)

, 8s0; s 2 S : (s 2 I ^ hs; s0i 2 t)) (s0 2 R)

, 8s0; s 2 S : hs; s0i 2 t) ((s 2 I)) (s0 2 R))

, t „ fhs; s0i j (s 2 I)) (s0 2 R)g
def
= ‚(R)

ut
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Reachable states

�

post[t˜]I
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Reachable states in fixpoint form

post[t˜]I; I given

= ¸(t˜) where ¸(t) = post[t]I = fs0 j 9s 2 I : hs; s0i 2 tg

= ¸(lfp
„
–X ´ t0 [X ‹ t)

= lfp
„
F ???
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Discovering the abstract transformer by
calculus

¸ ‹ (–X ´ t0 [X ‹ t)

= –X ´ ¸(t0 [X ‹ t)

= –X ´ ¸(t0) [ ¸(X ‹ t)

= –X ´ post[t0]I [ post[X ‹ t]I
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post[t0]I

= fs0 j 9s 2 I : hs; s0i 2 t0g

= fs0 j 9s 2 I : hs; s0i 2 fhs; si j s 2 Sgg

= fs0 j 9s 2 Ig

= I
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post[X ‹ t]I

= fs0 j 9s 2 I : hs; s0i 2 (X ‹ t)g

= fs0 j 9s 2 I : hs; s0i 2 fhs; s00i j 9s0 : hs; s"i 2 X ^ hs0; s00i 2 tgg

= fs0 j 9s 2 I : 9s00 2 S : hs; s"i 2 X ^ hs0; s00i 2 tg

= fs0 j 9s00 2 S : (9s 2 I : hs; s"i 2 X) ^ hs0; s00i 2 tg

= fs0 j 9s00 2 S : s00 2 fs00 j 9s 2 I : hs; s"i 2 Xg ^ hs0; s00i 2 tg

= fs0 j 9s00 2 S : s00 2 post[X]I ^ hs0; s00i 2 tg

= post[t](post[X]I)

= post[t](¸(X))
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¸ ‹ (–X ´ t0 [X ‹ t)

= : : :

= –X ´ post[t0]I [ post[X ‹ t]I

= –X ´ I [ post[t](¸(X))

= –X ´ F (¸(X))

by defining:
F = –X ´ I [ post[t](X)

proving:
post[t˜](I) = lfp

„
–X ´ I [ post[t](X)
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Example of iteration
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THE END

My MIT web site is http://www.mit.edu/~cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/.
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