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Exact fixpoint abstraction
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Property transformer abstraction

Let
- (L, <, 0, 1, A, V) be complete lattice
— F € L += L be a monotonic transfer fonction
— o € L — L be an abstraction
We would like to:
— compute a(lfp F')

— without computing Ifp ' (which is, in general, im-
possible)
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One solution is to have:
— an abstract transformer F € L — L
— such that a(ifp F) = Ifp F
— to exclude trivial solutions (like F = AX .a(lfp F)),
more must be imposed on the choice of F

— for monotonic functions, one way may be to use
higher-order abstraction

I'Atlstract domain

| 1

[ ke (P, C){a, (@, )

B = 14 n . AF .yoFoa . .

F_-e (P— P, Q) ———= (@— &, L)
AF . qoFoy
Concrete domain |
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So we are interested in studying fixpoint abstraction:

— Exact abstraction: a(ifp F') = Ifp F'
— Approximate abstraction: a(ifp F) C Ifp F
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— In general however, (L, <) % (L,C),Fc L+

Land F = a o F o vy does not imply oz(lfpS F) =
prE F as shown by the following counter-example:

@Ry
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A la Kleene exact fixpoint abstraction with
Galois connections’

Example:

fp F'

1N

1 also called fixpoint fusion, fixpoint inducing, lifting, morphism, transfer, precise abstraction, etc...
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THEOREM. If

— (L, <) and (M, C) are posets;
— (L, <) &= (M, C) and Fl ¢ M s M

(6

v m
or (L, §><?><M, C)and Fle M 2 M
— F € L > L is a monotonic partial map

a(F‘”l)

= a(F(F%)) def. FHo*
= Fi(a(F?)) commutation property
= Fi(F1) ind. hyp.
= def. F¥°

— If a(FP) = F* for B < A, A limit ordinal by induction hyp., then

a(F*)
1< F(i) = a(Vg., FP) def. F* where the lub is assumed to exist
- = [gor a(FP) since a preserves existing lubs so | |5, a(F”P) exists
- FO =4, F(H—l = F(Fé), V,B<>\ F’B exists when A is = |_|ﬁ/\<)\Fuﬁ . induction hyp.
. . . — i i P .
a limit ordinal and F)\ — \/,6<)\ F,@ =F def. F* for X limit ordlnaé|
~ V6 : a0 F(F%) = Fllo a(FY)
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then: Lemma 2
_ F% § € O is a C-increasing chain.
— Ff = o Fo 0% g

- a(lfpi F) = prfi !

— The iteration order of F! is less than or equal to
that of I
|

PROOF.
Lemma 1

V6 € 0 : aF®) = F¥ where FI° = 41 & (1), FI*"' = pH(F©)

and Fi* = Lg<x F'* is well-defined when A is a limit ordinal.
Proor. By transfinite induction on §:
- a(4) =4 def. 4
- The induction hyp. a(F?) = e implies
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Proor. By transfinite induction on §:
- F'=4 <F(4)=F! since 4 is assumed to be a prefixpoint
- If 9 < Fotl induction hyp.
= F*l = F(F%) < F(FO) = Fo+? by monotony
— V& < A, A limit ordinal:
< Llgx F8 = A by def. of lubs and F¥ assumed to exist.
O
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Lemma 3
Jec O: F(F¢) = F-.

PROOF. — The chain F¥,§ € O cannot be strictly increasing since it is in-
cluded in the set L so that its cardinality must be less than that of L
proving that Je < €' : F* = F€ where € is the least ordinal with the same
cardinality as L.

- F¢ < Fe'l1 < F¢ = F€ 50 that F¢ = F'! = F(F¢) by antisymmetry and
definition of the iterates.

0O

Lemma 4

If41<X=FX)thenV6 c0: F? < X.

Proor. By transfinite induction on §:
- F9= 4 < X by hypothesis;

Lemma 7

F' is monotonic.

Proor.

aoF =Floq commutation property
= Az.ac Foy(z)=Floaoqy(z) def. = on functions
= ao Foq = Flsince a o y(z) = = when « is surjective in a Galois
connection
— F! is monotonic, as a composition of monotonic functions. a

Note: Instead of o surjective and F! € M — M, we can also assume that
F'e M+~ M without assuming o surjective.
Lemma 8

fa(4)CY =Fi(Y)thenV6 € 0: FI' C Y.

Proor.  Identical to that of lemma 4, using lemma 7 (or the corresponding

. . . m
- If F® < X by induction hyp., then hypothesis F! € M > M). O
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Fitl = F(F®) < F(X) = X by ind. h ici d fixpoi Lemma 9
=F(F°) < F(X) = y ind. hyp., monotonicity and fixpoint prop-

erty;
- if P8 < X for all § < A, A limit ordinal, then:
F% =|5., FP < X Dy def. of lub (assumed to exist).

Lemma 5
If3ec O: F =Ifp, F.
ProoF. By lemma 2, + = F° < F€ and F(F¢) = F¢ by lemma 3.

If + <X = F(X) then, by lemma 4, F* < X proving that F* is the least
fixpoint of F' greater than or equal to 4, so F¢ = pri F. a
Lemma 6

If Fi° = FH(FI),
Proor. FI*'" = FI(FIY) = Fl(a(F9)) = a(F(F9)) = a(F) = FI° by def.
et =, lemma 1, commutation property, lemma 3, lemma 1. F!® exists by
lemma 1. ad
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FI* =1fp_ Fl.

PrOOF. 4 < F¢ hence a(4) C a(F¢) = F! by lemma 2, o is monotonic,
lemma 1. We have F!(F!°) = F! by lemma 6. If a(+) C Y = FIY) then

FIC Y by lemma 8. O
ProoF. (of the theorem)
<
a(lfp, F)
= a(F°) by lemma 5
= Fi by lemma 1
= pri Fi by lemma 9
O
0O
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examp].e:
Lt
T *
f E . _&________ — _____.____ — gfp Fu
gp i L b _=].f]::}FH
lp - L - ollipn)
Fi
L et i S
% e
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ProOF. Essentially identical to that of the previous theorem. One first prove
lemma 2 by monotony of F' and then lemma 1 since o is upper continuous
and the iterates pf F' from 4 form an increasing chain. The proofs of lemmata
3 to 6 and 8 to 9 are unchanged while lemma 7 is now an hypothesis. The
rpoof of the theorem is identical. a
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A la Kleene exact fixpoint abstraction with
continuous abstraction

THEOREM. If
- (L, <) and (M, C) are posets
- F € L+ L is a monotonic partial map on L
- Fle M+ M is a monotonic map on M
- a € L+— M is upper continuous
- 4 < F(4)
- F° = 4, F*"' = F(F°), /4., F” exists when ) is a limit ordinal in
which case F* = \/5_, FP
- V6€0: a0 F(F®) = Floa(F9)
then
< c i
- afifp, F) =Ifo_, F

T
I [ ]
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Note: the commutation condition does not work with - for Ifp
(it does, by duality, for gfp F'). A counter-example is (7(||;c Z:) #

Viea7(zi)):

g LA BT

: GT
V()
el \\.
3 GL
: We have
1 - (L, <) and (M, C) are
posets
— F, F! are monotone
- (L, <) = (L, )
-_— ’y o Fn = F e} ’7
CLES T L"f gney but
/ AT Nl .
] - a(lfp F) # Ifp F!
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A la Tarski exact fixpoint abstraction

THEOREM. If <Dh, ch, 1h |_|h) and <Du, o1 |_Iu> are
complete lattices, Fll € DI = DI, Fll € DI 25 D are
monotonic and

Example: application to

— «a is a complete M-morphism (a) .-
reachabilit
_Fﬂoagﬂaoph (b) y
~vyeDh: Fly)Cly =
3z € DY a(z) =y A Fh(a:) Chg (c)
then , ;
C C
a(lfp Fh) = Ifp ha.
|
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Proor.

(d) Fi(z) 'z

— ao Fi(z) C" o(z) since a is monotonic by (a)

= F'oa(z) Cf a(z) by (b)
(e) {a(z) | Fi(z) Tz} = {y | Fi(y) ' y} by (c) and (d)
(f) MH{a(z) | Fi(z) Tz} = 'y | Fi(y) £' 4} by (e)
= a(Mz | Fi(z) C'z}) = m{y | Fi(y) C' y} by (a)
— a(lfp” FY) = Ifp” B by Tarski’s fixpt th.
O
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Transition systems

- (S, t) where:
- S is a set of states/vertices/. ..
- t € p(S x S) is a transition relation/set of arcs/. ..
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Example of transition system

e
T
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The reflexive transitive closure of the example
transition system

t*

=
L
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Reflexive closure of transition systems

Let r be a relation on z:

def
-0 = 1z powers
def
— pntl € ,,,no,,,(zro,rn)
def . .
ok = n
™ = Unen™ reflexive transitive closure
o+ def n . o
rto= UnEN\ {0}7 strict transitive closure

sor*=rtUl;
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Reflexive transitive closure in fixpoint form
C
t* =1p AX-t°UXot

Proor.
X% =0 XL 0 XM ot
X' =tUX%t =1t =tu( Y #)et
X2 = OUXlot = OUtot = U . o<i<n
- - B =tu U (£ ot)
- . 0<i<n
X" = U t (induction hypothesis) = tu U ()
0<<n 1<i+1<n+1 .
= U U £) ot
1<j<n+1
0<i<n+1
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Xt = PuUX¥ot

).clwiziL.J.X” =tPu () ot

n>0 n>0
)
~J U+ oy
n>00<i<n n>0
= U =tu
n>0 n>0
_ *
=t =tulJe
k>1
- U
n>0
= t*
O
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Post-image

post[t]l = {s' |Is € I: (s,s') € t}
€ o
% )
p@»ﬂ:ﬂpﬁ:tl?
We have post| U I = U post[t]] so a = At - post[t]]

. €A ied .
is the lower adjoint of a Galois connection.

I
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Examples of iterates

-1 S

e b} ] - o 44 o
g >/< = R . ,.75'!;”” .,f .

RO ? o SRy e
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Postimage Galois connection

Given I € p(S),
(S x 5), ) =——= (p(S), )
At-post[t]]
Proor.
post[t]I C R
o {s|Isel:(s,s)et}CR
& VseS:(3sel:(s,s)et)= (s €R)
& VsseS:(s€lNn(ss)et)= (s €R)
s VsseS:(s,dyet=((sel)= (s €R))
& tC{(s,s)[(sel)= (s €R} = 1(R)
0O
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Reachable states

/@H

o—>0—»0

o——>0

post[t*|Z
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Discovering the abstract transformer by
calculus

ao(AX-tPUXot)
=AX -a(t®UXot)
= AX -a(t®) Ua(X ot)
= AX - post[t°]] U post[X o #]I
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Reachable states in fixpoint form

post[t*]I, I given
= a(t*) where a(t) = post[t]l = {s'|IscI:(s,s') ct}
— a(lfp- AX - t0U X o t)
= ifp F 777

n::
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post[t9]]
= {5 | s € I:(s,s) €t}
={s'|3seI:(s,s') € {(s,s)|s€S}}

/
={s |Is eI}
i
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post[X o t|I
={s'|3FscI:(s,8)c(Xot)}
={s'|3scI:(s,8)c{(s,5")|3s:(s,8") e X N{s,s") €t}}
={s'|3FscI:3s" €S :(s,8") € X N{(s,§") €t}
={s'|3s"€cS:(FsecI:(s,s")c X)N(s ") ct}
={s'|3s"€S:s"e{s"|FsecI:(s,s") e XIN ()€t}
= {s'|3s" € S: 5" € post[X]I A (s, ") € t}
= post|[t](post[X]I)
= post[t](a(X))
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Example of iteration

=1

F@) F@)'F@) F @) n=4
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ao(AX - tPU X ot)

= AX - post[t°)] U post[X o ¢]I
= AX - I Upost[t](a(X))
= AX - F(a(X))
by defining:
F = XX - I Upost[t](X)
proving:
post[t*](I) = Ifp~ AX - I U post[t](X)
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THE END

My MIT web site is http://www.mit.edu/~ cousot/
The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399/www/.
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