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Definition of the forward collecting semantics
of arithmetic expressions

Recall the forward/bottom-up collecting semantics of an
arithmetic expression from lecture 8:

Faexp € Aexp — p(Env[P]) — p(Ip),

Faexp[A]R o {v|dpeR:pFA=v}. (1)
such that:
Faexp[A] ( U Rk> = U (Faexp[A] Rx)
keS keS

Faexp[A]0 = 0 .
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Structural specification of the forward
collecting semantics of arithmetic expressions

Faexp[n]R = {n}*
Faexp[X]R = R(X)

where R(X) = {p(X) | p € R}
Faexp[?]R =1
Faexp[u A'|R = u®(Faexp[4']R)
where u¢(V) = {u(v) |v € V}
Faexp[A1 b Ag]R = bC(Faexp[A1], Faexp[As])R
where b(Fy, )R = {vibv; | 3p € R:v; € Fi({p}) A v € Fo({p})}

L For short, the case Faexp[A]0 = 0 is not recalled.
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Definition of the forward collecting semantics
of boolean expressions

Recall the collecting semantics Cbexp[B] R of a boolean
expression B from lecture 8:

Cbexp € Bexp — p(Env[P]) — p(Env[P]),

Cbexp[B]R E {pc R|p+ B tt} . (2)
such that:
Cbexp[B] ( U Rk) = U (Cbexp[B] Rk)
keS keS

Cbexp[B]0 = 0 .
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Forward collecting semantics of
boolean expressions
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Structural specification of the forward
collecting semantics of boolean expressions

Chbexp[true|]R = R
Cbexp[false]R = 0
Cbexp[A; ¢ Ag] = € (Faexp[A1], Faexp[A2])R
where ¢ (F,GQ)RE {pec R| Jv; € F({p})N1: Jv, € G({p}) NI:
v c Uy = tt}
Cbexp[B1 & B2]R = Cbexp[B1]R N Cbexp[B2] R

Cbexp[Bj | B2]R = (Cbexp[Bi]RN (Cbexp[Bs]R U Chexp[T(~B,)|R))
U (Cbexp[Bz] R N (Cbexp[B1] R U Cbexp[T(—B1)|R))
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Big-step operational semantics of

Structural big-step operational semantics

¥ [skip] = 1yrpp Y T[skip] (3)
where:
7[skip] = {((atp[skip], p), (afterp[skip], p)) | p € Env[P]}

commands
T*[[X:=A]] :1ZHPHUT[[X::A]] (4)
where:
7[x := A] = {((atp[X := A], p), (afterp[X := A], p[X := i]))
|ielApt A=}
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Definition of the big-step operational
semantics of commands 7*[if B then Sy else Sy fi] = (5)

Recall the the big-step operational semantics of com-
mands defined in course 8 as

m[C] ¥ (r[c])*.

where 7[C] is the small-step operational semantics of
the program components C' € Cmp[P] of program P.
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(LggppUr2) o T8d © (Lgpp U ) U
where: gV 78) o T¥[S4] 0 (Igppp 1)
B {((atp[if B then S; else Sy fi], p), (atp[Si], p)) | p+ B = tt}
B {((atp[if B then S; else Sy fi], p), (atp[S], p)) | o+ T(—B) = t#}

((
((
7 & {((afterp[S], p), (afterp[if B then S; else S; fi], p)) | p € Env[P]}
75 © {((afterp[S;], p), (afterp[if B then S; else S; fi], p)) | p € Env[P]}
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7*[while B do S od] = (6)
(Aggppu ISl e m) o (P o T[S TH)*o
(1ggpp U e o T [SJUTP)) UT[S]*

where:

ef

((atp[while B do S od], p), (atp[S], p)) | pF B = tt}

((atp[while B do S od], p), (afterpwhile B do S od], p)) |
P = T(ﬁB) = tt}

7% & {((afterp[S], p), (atp[while B do S od], p)) | p € Env[P]}

18 118

T8 {
TB ef {

[Cy ;... C] = T[Ci] 5 ... o T[Cu] (7)

8 ;1 = 7[9] - (8)
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Definition of the postcondition semantics of
commands

The postcondition semantics Pcom[C] of a command C' € Com

(of a given program P) specifies the strongest postcondition Pcom[C] R

satisfied by environments resulting from the execution of the
command C starting in any of the environments satisfying the
precondition R, if and when this execution terminates.

Pcom € Com +— p(Env[P]) — p(Env[P]) (9)

def

Pcom[C|R = {¢' | 3p € R: ((atp[C], p), (afterp[C], p')) € T*[C]}

The postcondition semantics of a command can be understood,
up to an interpretation, as a predicate transformer.
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Postcondition collecting semantics
of commands
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Property of the postcondition semantics of
commands

The postcondition semantics of a command is a complete
join morphism (denoted by —— ) that is (S is an arbitrary
set):

Pcom[[C]](U Rk) = | (Pcom[C] Ry)

keS keS

which implies monotony, continuity and strictness:

Pcom|[C]0 =0 .
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Structural specification of the postcondition
semantics of commands

Pcom[skip|R = R
Pcom[X := AR = {p[X:=1] | p € RA1 € (Faexp[A]{p}) N1}
Pcom[if B then St else Sy fi]R =

Pcom|[S¢](Cbexp[B]R) U Pcom[Sf](Cbexp[T'(—(B))]R)
Pcom[while B do S od]R =

let I = prq% AX . RUPcom[S](Cbexp[B]X) in

Cbexp[T(=(B))[1)

Pcom[C ; S]R = (Pcom[S] o Pcom[C])R

Pcom[S ;;]R = Pcom[S]

ProOF. — We observe that a[C]is a complete join morphism

a[[C]](U Xi)
= >\R-~{/;/€\A3/7 € R: ((atp[C], p), (afterp[C], 0)) € U Xi}
= AR. _U{p’ | 3p € R: {(atp[C], p), (afterp[CT, p’>;E€A Xi}
- L'JAA?{,;' |3p € R: ((atp[C], p), (afters[C], ) € X}
- ga[[C]]Xi
s0 that it is a lower-adjoint of a Galois connection
(p(Z[P] x Z[P]), ©) “{% (p(Env[P]) — p(Env[P]), C)

for the pointwise extension C of C.
— We proceed by structural induction on the structure of programs.
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Postcondition semantics as an abstraction of
the big-step operational semantics — Pcom[skip]R
= afskip](7*[skip])R

If we let
a[C] € p(Z[P] x Z[P]) — (p(Env[P]) — p(Env[P]))
a[C1X = AR {¢'| 3p € R: ((atp[C], p), (atterp[C], p)) € X}

then Pcom[C] = a[C](7*[C]) is an abstract interpreta-
tion of the big-step operational semantics 7*[C].
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afskip](1gppp U T[skip])R

= {130 R+ ((atp[Cl, ), {afters[C], #)) € (Loje) Ulskip])}
{|IpeR:p =p} {atp[C] # afterp[C] and def. T[skip]§
= R

— Pcom[X := A]R

= afX := AJ(7*[X := AR

= afX := A](1gp U T[X := AR

— (¢ 130 € R: ((at6[Cl, p), (atters[C], ) € (Logr UTIX := A}

= {p'|Fp € R: {(atp[C], p), (afterp[C], p)) € T[X := A]} latp[C] #
afterp[C]§
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= {¢ | Jp € R {{atp[C], p), (afterp[C], o)) €
{{(atp[X := A], p), (afterp[X := A], p[Xx:=1])) | 1 € IAp b A & i}}
{def. T[X := A]§

= {pX:=1|peRNi€lApt A1}

pX:=1i|peRANie{v|pFA=v}InI}
plX =1
[

>

|
-~

>

|
-

=1
=il|peRnie{v|Tpe{p}:pFAv}INT}
= {olx =1 | p€ RAi € (Faexp[A]({o})) NT}

— Pcom[C|R where C = if B then S; else Sy fi

= o[Cl(m"[CDHR

= a[Cl((AgpyUT?) o T[S = (1gppp U ) U

(Lsgp1 UTP) o T[S7] © (Logp) U TY))R
= {a[C] is a complete join morphism
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= {By def. of 78, we have atp[S;] = ¢ and by def. of ¢, we have
afterp[S;] = £'§

p" | 3p € R : 3p,p" € Env[P] : ((atp[C], p), (atp[Si], p)) €
™8 A atp[Sy], 0, (afterp[Si], o)) € T[S] A
(afterp[Sy], o), (afterp[C], p")) € 7%}

= {By def. 7t so that p” = p"'§
{p/// | Elp € R: Elp/ € Env[[P]] : <<atp[[C]], P>, <atP[[St]]! pl>> € TB A
((atp[Se], ), (afterp[Si], ")) € T*[S:I}

= {By def. 78 so that o' = p and p' - B = #§
{"|3FpeR:pt B ttA({atp[S], p), (afterp[S:], ")) € 7*[S:]}

={|3pe{ € R|pF B tt}: ((atp[S], p), (afterp[S], ¢)) €

)
{By def. (2) of Cbexp[B] R}

= {¢| 3p ¢ Cbexp[BIR : ((atp[Si], o), (atters[Si, #)) € T[S}
= Pcom[S;](Cbexp[B]R)
The false alternative is similar with S for S; and —(B) for B.
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= o[Cl((1zp v T?) o T*[Sy] o (Lggpp U TH))R U
a[[c]]((lg[[P]] U ’TB) o T*[[Sfﬂ o (12[[}3]] @] Tf))R

We handle the case of the true alternative only, since the false alternativce

can be handled in the same way.

a[Cl((1gpy U TP) o T[S  (151p UTH))R

= {¢' | 3p € R: ((atp[C], p), (afterp[C], ¢)) € ((Lyp) UT?) o T[S ©
(L UT))} (by def. a[C]§
= {0"|3p€ R:3p,p" € Env[P] : 3',¢" € inp[C] : ((atp[C], p), (£, p)) €
(1EHP]] ) TB) A <<e/y )0/}, <le: p”>> S T*[[St]] A <<e//v p//>v <afterp[Cﬂ, p”/>> €
(1o U} {def. composition o
= {We observe that atp[C] = ¢ and afterp[C] = £" is impossible since
(e, o, (", p")) € ™S5 so £,¢" € inp[S;] in contradiction with
{atp[C], afterp[C]} N (inp[S:] U inp[Ss]) = 05
{"|3p € R:3p,p" € Env[P] : 3¢, £" € inp[C] : ((atp[C], p), (£, 0')) €
TN, P, (€ 0") € TS AL, p"), (afterp[C], p")) € 7'}
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— Pcom[C]R  where C =while Bdo S od
= o[Cl(T"[C])R )
= a[Cl((Lgpur*[S] e 7)o (77 o 7*[S] o 77)* o (1ggpUT? o T*[S]UTE))U
ISR
= {a[C] is a complete join morphism§
a[CT((1gpy U T[S] © T8 o (7B o 78] o TB)* o (1gp U T8 o T[S U
™)RUa[C](T[S]")R
= {detf. a[C]§
a[C]]((lE[[p]] UTS] o ) o (78 o 7S] o ) o (1gp U 8 o T[S U
TE)RU{p | 3p € R: ((atp[C], p), (afterp[C], p)) € T[S]*}
= {For the second term, we have ((atp[C], p), (afterp[C], p')) €
T[S]* which implies {atp[C],afterp[C]} C inp[S] and so
{atp[C], afterp[C]} Ninp[S] = @ implies that this term is B§
a[CI((Agpp U [S] o ) o (18 o 7*[S] o 78)* o (1gppUTZ o P*[S]UTE))R
= {def. a[CT§
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{' | 3p € R: ((atp[C], p), (afterp[C], ¢)) € (1ygpy U T[S o 77) o (77 o
T[S] e T o (Lggpp U TP o T[S UTE))}
—  {a[C] ¢ inplS] so ((atr[Cl, ), (&, ¢ ¢ TS| o * and
afterp[C] & inp[S] so ({4, p), (afterp[C], o)) & 75 o T*[S]§
{¢' | 3 € R : (atp[C], p), (afterp[C], p')) € ((Lyip)) (77 < 7S] ©
T e (1o U 7))}
= {1z5pp neutral element of o

{0'|3p € R: {(atp[Cl, p), (afterp[C], p) € (77 o 7*[S] o 77)" o (151p)U

'TB

= {{(atp[CT, p), (afterp[C], p)) & 1gip) since atp[C] # afterp[C] so
the term ((7Z o 7%[S] o 7%)* o (151p) U 77)) cannot reduce to 1gp].
Moreover ({¢, p), (afterp[C], p')) /f o T so the term ((78 o 7*[S5] °
7E)* o (151p) U 7)) cannot either reduce to (77 o 7*[S] o 75)*§
{¢'| 30 € R: ((atp[C], p), (afterp[C], o) € (77 o T[] o 77)* o 75)}

= {def. composition o
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= let I = o/((r5 o 7[S] = 77)") in
Cbexp[T(—B)]I
by defining (for a given program P, command C' and set of environments R):
def

o(t) = {'| Ip € R: ((atp[C], p), (atp[C], p)) € 1}

We have
d(Jt) = o)
icA icA
whence a Galois connection

!

(p(Z1P] x SIP), ©) == (p(R), ©)

such that

~
Il

(t*) where t = (780 7[S]oTH)
= Ot/(|fp X . lgpppU X o t)
= Ifp F’

where o/ (1gp U X o t) = F'(o/(X)) that is o/(1gp)) U /(X o t) = F'(/(X))

Ifiie &' is a complete join morphism. = ) )
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{¢' | 3p€ R: 3" €inp[C] : 3p" € Env[P] : ((atp[C], p), (¢", ")) € (1B o
TIS] o TRy A (€', p"), (afterp[C], o) € 75}

= {def. 7B so that £’ = atp[C] and p" = p'§
0| 3 € R ((atp[C], o), (@tlCl, #)) € (r° < IS = 77" A
((atp[C], ), (afterp[C], ) € 77}

= {def. 75§
{¢' | 3p € R : ((atp[C], p), (atp[Cl, p)) € (77 o T*[S] = T)" A p'
T(-B) = tt}
= let I= {¢'|3pe R: ((atp[C], p), (atp[C], ¢)) € (78 o 7°[S] o 77)*} in
{ el pfrT(=B)= tt}
= let /¥ {¢'|3pe R: ((atp][C], p), (atp[C], ¢)) € (78 o 7°[S] o 77)*} in
Cbexp[T'(—B)]I
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— d(Xot)
= {0'|3p € R: {(atp[C], p), (atp[C], ) € X - 1} (def. '
= {¢' | Ip € R: ({(atp[C], p), (atp[C], p")) € X o 7B o 7*[S] o 7}  {def. ¢§

={0 | 3p € R : 3,l,4 € inp[C] : Ip1,p2,ps € Env[P]
((atp[C], p), (€1, p1)) € X A (L1, p1), (€2, p2)) € TP A (L2, p2), (L5, p3)) €

T [S] A ((£s, ps3), (atp[C], o)) € T} {def. °f
= {by def. 78, we have £; = atp[C], £2 = atp[S], p2 = p1 and p; - B =
L)
{¢ | 3p € R : 33 € inp[C] : Fp,ps € Env[P]

((atp[C], p), (atp[Cl, pr)) € X A p1F B A ((atp[S], p1), (s, p3)) €
TSI A ({8, p3), (atp[CI, 0) € 77}

= {by def. TF, we have £; = afterp[S] and p3 = 0'§
{¢' | 3p € R : 3p; € Env[P] : ((atp[C], p), (atp[C], p1)) € X Ap1 F B =
tt A ((atp[S], p1), (afterp[S], ¢')) € T[S]}

= {0 | 3p1 € {p1 € Bnv[P] | 3p € R : ((atp[C], p), (atp[C], p1)) € X} :
p1 b B =t A ((atp[S], p1), (afterp[S], o)) € T[S}
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= %P' | 301 GSO/(X) :p F Bt A ((atp[S], 1), (afterp[S], p)) € 7S]}
by def. o

= {f&gﬁm €{pm € d(X) | p1 - B = tt} A ((atp[S], p1), (afterp[S], ) €

= {p'| 3p1 € Cbexp[B](e/(X)) A {(atp[S], p1), (afterp[S], p')) € 7*[S]}

= Pcom[S](Cbexp[B](c/(X)))

— a'(lz[[pﬂ)

— {#/|3p€ R: ({atp[C], p), (atpIC], #)) € Logp} (det. '
= {|FpcR:p=p}

= R

So F'(X) = RU Pcom[S](Cbexp[B](X)) and I = Ifp, F'.
— Pcom|[C ; S]R

= a[C; S)(=*[C ; S)R

= afC ; SI(T[C] - T*[S])R
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(Pcom[S] ° Pcom[C])(R)

Pcom[S ;;]R

= alS ;1(7'[S 5;]R

{p'| 30 € R: ((atp[C], p), (afterp[C], ) € T[S ;;]}
{p" | 3p € R: ((atp[C], p), (afterp[C], p)) € T*[S]}
Pcom[S]R

THd
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= {o'|3p € R: ((atp[C ; S, p), (afterp[C ; S, p)) € (T*[C] > T*[S])}
= latp[C ; S] = atp[C] and afterp[C ; S| = afterp[S]§
= {0'| 3o € R: ((atp[C], p), (afterp[S], ¢)) € (T*[C] - T*[S])}
= {0 |3 R:U cinp[C ; S]: 3" € R : {atp[C], p), (€', p")) €
TCI A (L', p"), (afterp[S], o) € T[S])} _
= {{(atp[C], p), (€', p")) € T[C] so ¢ € inp[C] and
((¢", p"), (afterp[S], o)) € 7S] so ¢ € inp[S]. Hence
¢" € inp[C] Ninp[S] proving £" = afterp[C] = atp[S]§
{0 | 3p € R:3 €R : ((atplCl, p), (aters[C], 7)) € T[C] A
((atp[S], p"), (afterp[S], p) € T*[S])}
— {0 I E R 3 € R ((atplC], p), (atters[C], 0) € TIC] A
((atp[S], p"), (afterp[S], o)) € T[SD)}
= {0 | 30" € {p" [ R : 3p € R: ((atp[C], p), (afterp[C], p")) € T[C]} :
((atp[S], p"), (afterp[S], p)) € T[S])}
= Peom[S]({¢" | R:3p € R: ((atp[C], p), (afterp[C], p")) € T*[C]})

= Pcom[S](Pcom[C](R))

[TH
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Reminder of the small-step

operational semantics of commands
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Small-step operational semantics of
commands and programs

Identity C = skip (atp[C] = £ # £ = afterp[C])
(¢, p) =Iskipl= (£, p) (19)

Assignment C =X := A (atp[C] = £ # £/ = afterp[C])

pAsi

) = = A= (@, px =) ! (20)
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(€1, p1) EHSfl= (L2, p2)
(€1, p1) ==if B then St else Sy fif= ({2, p2)
¢ # atp[C]
(afterp[St], p) ={if B then St else Sy fil—= (¢, p)
¢ = afterp[C] # atp[C]

(afterp[S¢], p) =]if B then Sy else Sy fil—= (¢, p)
¢' = afterp[C] # atp[C]

THd
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(24)

(25)

(26)

Conditional C' = if B then St else Sy fi (atp[C] = £ #
¢ = afterp[C])
pFBe=t (21)
(¢, p) ={if B then S else Sf fif= (atp[St], p)
atp[S] # atp[C]
pET(—B)=t (22)
(¢, p) ==[if B then St else Sf fif= (atp[S¢], p)
atplSy] # atplC]
(41, p1) =Si= (L2, p2) (23)
(€1, p1) =Jif B then S else Sf fi= (£2, p2)
£ # atp[C]

[TH
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Iteration C = while B do S od (atp[C] = ¢,
afterp[C] = £ and 41,45 € inp[S])

pET(—B)=tt (27)
(¢, p) =—]while B do S od}= (¢, p)
pHBEt (28)
(£, p) =Jwhile B do S od}= (atp[S], p)
(41, p1) HS= (L2, p2) (29)

(21, p1) =Jwhile B do S od[== ({2, p2)

(afterp[S], p) =]while B do S od}= (¢, p) (30)
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Sequence Cp ; ... ; Cpyn >0 (2 € [1,n]:4;,4,11 € inp[C;])
(4, pi) HCiF= (liv1, piv1) (31)
(£, pi) =IC1 ;5 ... ; Cnl= (£it1, Piv1)
afterp[C;] = atp[C;11]

Program P=S ;;
(&, o) =ISk= ¢ )
£, p) =S 5= @, )
¢ = afterp[P] = afterp[S] # atp[S] = atp[P]
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I I" Course 16.399: “Abstract interpretation”, Thursday, April 14*", 2004 — 37 — (©) P. Cousot, 2005

Forward reachability
collecting semantics of commands

THd
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Transition system of a program

The transition system of a program P =S ;; is
(Z[P], 7[PI)

where S[P] is the set of program states and 7[C], C €
Cmp[P] is the transition relation for component C of
program P, defined by

5[P] ¥ inp[P] x Env[P] (33)
T[C] = {((&, p), (£, 0)) | (£, p) =[Cl= (£, p')(B4)
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Definition of the forward reachability
collecting semantics of commands

The forward reachability collecting semantics Rcom[C] R
of a command C' € Com (of a given program P) speci-
fies the set of reachable sattes during any execution of C
starting at its starting point in any of the enviornments
satisfying the precondition R.

Rcom € Com — p(Env[P]) — (inp[C] — p(Env[P]))
Reom[C[RE = {p|3p' € R: ((atp[C], '), (&, p)) € T[C]}
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Property of the forward reachability collecting
semantics of commands

The forward reachability collecting semantics of a com-
mand is a complete join morphism (denoted by +— ) that
is (S is an arbitrary set):

Rcom[[C]](U Rk> = | J (Rcom[C] Ry)

keS keS

which implies monotony, continuity and strictness:

Rcom[C]0 =0 .
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Structural definition of the forward
reachability collecting semantics of commands

Rcom[skip]R{ = R
Rcom[X := AJR{ = match £ with
| atp[X := A] - R
| afterp[X := A] = {p[X:=1] | p € R A1 € (Faexp[A]{p}) NI}
Rcom[C] R¢ where C = if B then Sy else Sy fi =
match £ with
|atp[C] — R
| inp[St] — Rcom[S¢](Cbexp[B]R){¢
| inp[Sf] — Rcom[S](Cbexp[T(—~(B))]|R)¢
| after p[C] — Rcom[S;](Cbexp[B]R)(after p[St])
URcom[S¢](Cbexp[T(—(B))]R)(after p[S¢])
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Postcondition semantics as an abstraction of
the forward reachability collecting semantics
We have

Pcom[C]R = Rcom[C|R(afterp[C]) (35)

which is an abstraction a[C](Rcom[C]R) of a function at a point,
by defining a[C](f) = f(afterp[C]) such that

(Gom -+ (p(EAv]P]) = p(BRv[P]), €) s (p(Bnv[P]) -+ p(Env(P]), ©)

So we could have first designed Rcom[C] from 7*[C] and then
Pcom[C] from Rcom[C]?
2 but for pedagogical reasons, we first designed Pcom[C] directly from 7*[C] thinking that this would be

more simple. Moreoever, Rcom[C] contains fixpoint terms already computed for Pcom[C] which makes
the presentation more modular.

[TH
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Rcom[C] R where C' = while B do S od =

let I = Ify, AX . R URcom[S](Cbexp[B]X)(after p[S]) in
match £ with
‘ atp[[C]] — I
| inp[S] — Rcom[S](Cbexp[B]I)(£)
| after p[C] — Cbexp[T(—(B))]R)I
Rcom|[C ; S|R¢ = match £ with
| inp[C] — Rcom[C] R
| inp[S] — Rcom[S](Rcom[C]R(afterp[C]))¢
Rcom[S ;;]R¢ = Rcom[S]|R¢

THA
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Proor. By structural induction on the abstract syntax of programs. We
first distinguish the special case of Rcom[C]R{¢ where £ = atp[C] and C #
while B do S od

— Rcom[C]R(atp[C]) when C # while Bdo S od
= {p|3p' € R: ((atp[C], ¢, (atp[Cl, p)) € T*[CT}
= {p|3¢ € R: ((ate[C], ¢, (ate[C], p)) € |J TICT"}

= {From the definition of (¢, p) i:ﬁ?]]: (¢, p') and that of
(£, p), (€, p')) € T[C], if follows that ¢ # atp[C] whence when-
ever n > 0, ((¢, p), (¢, p')) € T[C]" implies ¢ # atp[C]§

= {p |30 € R: {(atp[C], ¢), (atp[C], p)) € T[C]}

= {p|3p' € R: ((atp[C], p), (atr[C], p)) € 151r1}

= {p|3p €R:p =p}
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Rcom[X := A]R(afterp[X := A]
= {¢' | p e R: {(atp]X := A], p), (afterp[X := A], o)) € 7¥[X := A]}
= {¢'|3pe R: ((atpX := A], p), (afterp[X := A], p)) € 7[X := A]}
= {¢'|3pe R: (atp[X := A], p) =X := A= (afterp[X := 4], o)}

= {pX:=1]|pe RAi€clApF A1}
= {px:=1]|te{v|I e{p}: P FHA=i}NI}
= {p[x:=1]| p € RN € (Faexp[A]{p}) NI}

— Rcom[C]R¢ where C = if B then S; else Sf fi

{The only cases are £ = afterp[C], £ € inp[S;] and £ € inp[S;]. The
two last cases are similar and we handle only one.§

Rcom[C]R¢ where £ € inp[Si]
{p130 € R ((atp[CL, #), (£, ) € T[C] AL € inp[S]}
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=R

We now define Rcom[C]R{ assuming, but for the case of while loops, that
£ €inp[C] \ {atp[C]}. We proceed by structural induction on C.

— Rcom[skip]R¢
{The only case is £ = afterp[skip]§
Rcom[skip] R(afterp[skip]
= {¢'| 3o € R: ((atp[skip], p), (afterp[skip], p')) € 7*[skip]}
= {¢'| 3p € R: (atp[skip], p) ={skip}=> (afterp[skip], o)}
= {¢'|FpeR:p=0p}
= R

— Rcom[X := AJR{
{The only case is £ = afterp[X := A]

TH
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{0130 € R: ((ats[C, ), (& ) € (Logp1UTP) o [Si] » (Logpy UT)U
((AgpyUTE) o T[Sf] o (Lgpp U TH))) A £ € inp[S]}
Ut ((atp[Cl, £, (& ) € (Lpppp U T?) o 7[S4] = (151p) U 77)) then
- either ((atp[C], o), (¢, p)) € (1gp U 7B) o 7*[S¢] © 7/) in which
case £ = afterp[CT;
- or ((atp[C], o), {4 p)) € ((1gp U 7B) o 7[84]*) in which case
{e inp[[Sfﬂ;
- or ((atp[C], o), (£, p)) € 7B in which case £ = atp[S/];
—or ((atp[C], 0'), (4, p)) € 1g(p) in which case £ = atp[C].
In all cases, this is in contradiction with £ € inp[[S;] so this case is
impossible.§
{p130 € R: {(atp[C], £, (& ) € (Lpp1 UTZ) o T[S * (Logp U ) A
£ € inp[Si]}
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= Uf ((atp[C], #), (€, p)) € (T*[Si] = (1zppy U T)) then
— either ((atp[C], 0}, (€, p)) € (T[S = (1ggpy U 7)), in which case
atp[C] € inp[S:], which is impossible
- or ((atp[C], P, {4, p)) € 7%, in which case atp[C] = afterp[S:],
which is excluded
—or ((atp[C], p'), (¢, p)) € 15[p) and so atp[C] = £ is contradiction
with atp[[C]] Q’ inp[[St]]

)

{p | 30" € R: ((atp[C], p), (&, p)) € (77 = T[S » gy UT)) AL €
inp[S)]}

= {def. composition of
{p | 3¢ € R : 3p,po € R : 3,4, € inp[C] : £ €
inp[Se] A ((atp[Cl, ), (41, p1)) € 7B A ({1, p1), (b2, p2)) € T[S A
((£2, p2), (£, p)) € (LgpppUTH))}

= (def. 78 <= {((atp[C], p), (atp[Si], p)) | '+ B &> 3
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= Rcom[S(](Cbexp[T(—(B))]R), in the same way

Rcom[C]R(afterp[C]) where C = if B then S; else Sy fi
= {p|3p € R: {{atp[C], p"), (afterp[C], p)) € T*[C]}
= {p | 3 € R: ((atp[C], p), (afterp[C], p)) € ((LyipyUT?) o T*[SH] ©
(Lo UT) U (Lgp U ) o 7¥[84] o (1gpp U 7))}
{The case ((atp[C], '), (afterp[C], p)) € 7*[S:] ° (lgpp U )
would imply atp[C] € (inp[S:] U {afterp[S:]}) by def. 7*[S;] and
7t, or atp[C] = afterp[C] which is impossible. The same way,
((atp[CT, 0, (afterp[C], p)) € T°[Sf] o (1gpy U T¥) is impossible. §
{p| 3¢ € R: ((atp[C], ¢), (afterp[C], p)) € (8 o 7[Se] o (LgppUTH U
%o T[S o (Lggpy U 7))}
= Uf ((atp[C], p), (afterp[C], p)) € TP o 7*[S;] then afterp[C] €
inp[Sy] by def. T[Si]" or afterp[C] = atp[S:], which is impossi-
ble. The same way, ((atp[C], p'), (afterp[C], p)) € 78 o T[] is
impossible.§
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{p| 3 € R:3pp € R: I € inp[C] : £ € inp[SJAp' F B A
((atp[Si], £'), (L2y p2)) € T SA A (Lo, p2), (8, p)) € (Lggpp U T)}

¢ def

= ly def. 7" = {{{afterp[S:], p), (afterp[C], p)) | p € Env[P]}, the case
(€2, p2), (€, p)) € ' implies £ = afterp[C], in contradiction with
IS iIlplISt}]S
{p| 3 € R:3pp € R: I € inp[C] : £ € inp[SfAp F B A
((atp[Sil, 0'), €2y p2)) € T[S] A (L2, p2), (£, p)) € 1gipp}
= {p|3p €eR:Leinp[SAp' B ttA{(atp[S], ¢, ¢, p)) € T[S}

= {{(atp[St], £'), (€, p)) € T*[S:] implies £ € inp[S]§
{p|3' €R: '+ B ttA((atp[S], £), (4 p)) € T[S}
= {13 e{d e R|p'+ B tt}: ((atp[Si], £), (¢ p)) € T[S}
= {p| 30" € Cbexp[B]R: ((atp[S], p'), (£ p)) € T*[S:]} {def. Cbexp[B] RS
= Rcom[S;](Cbexp[B]R)¢ {def. Rcom[S:]§

— Rcom[C]R¢ where £ € inp[Sy]
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{p | 3¢ € R: ((atp[C], p), (afterp[C], p)) € (75 o 7*[Si] o T"UTZ ©
184 > )}

= {p| 30 € R: ((atp[C], p), (afterp[C], p)) € TZ o T*[S:] o 7'}
U{p |30 € R: ((atp[C], p), (atterp[C], p)) € 75 o T[Ss] o 7/}

Since both cases are identical, we handle the first one.

{o] 35 € R: {{ate[C], ), (afterp[C], )) € 7% o 7*[Si] o 7%}

={p | 3 € R : 3Fp,pp € Env[P] : I : 4,4 €
inp[C] : ((atp[C], ), (b1, p1)) € TP A (&, p1), (b, p2)) € T[S A
({ly, p2), (afterp[C], p)) € 7%} {by def. o§

)
(By def. 7% = {((atp[C], p), (atp[S, p)) | p - B = 8}, o1 =,
4y = atp[S;] and p' + B = #§
{p | 3p € R: 3py € Env[P] : 3 : £, € inp[C] : ¢V + B =
t A ((atp[Si], 0), (€, p2)) € T[S A (&5, p2), (atterp[C], p)) € 7%}
{By def. 7 £ {((afterp[S], p), (afterp[C], p)) | p € Env[P]}, we
have £, = afterp[S;] and p, = p§
{p|3' € R:p'+BettA((atp[S], p), (afterp[S:], p)) € 7*[S:]}
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= {,0[[| Hﬂ}p’ € {p €ee R:p + B = tt}: {(atp[S], ¢), (afterp[S:], o)) €
T St

= {p| 3¢’ € Cbexp[B]R: ((atp[S], ¢'), (afterp[S], p)) € T*[S:]}

= Rcom[S:](Cbexp[B]R)(afterp[S:])

The same way, we have

{p| 30 € R: ((atp[C], p'), (afterp[C], p)) € 78 o 7°[S/] - 7/}
= Rcom[S](Cbexp[T(~(B))] R)(afterp[S;])

— Rcom[C]R¢ where C =while B do S od
= {p| 30" € R: ((atp[Cl, ), (£ p)) € T[CT}

—in case the reflexive transitive closure is the identity, then obviously
{=at p[[c ]];

— in case the reflexive transitive closure is not the identity, then,
by definition of 78 £ {((atp[C], p), (atp[S], p)) | o + B & t},

L= atpHC]].
So when £ # atp[C], the expression is empty.§
match £ with
| atp[C] — {0 | 30' € R: ((ate[Cl, ), (atr[C], o) € (8 o T[S 7'}
j{
| . —0

{as already computed on pages 27 to 29§

h £ with
= {o130 € R: ((atp[Cl, £), (& p)) € (Lggpy UT[S] > 7F) o (77 o T*[S] matc c
5 tp[C] — lfp A X -RUP S](Cb B|(X
7R o (Lgge U T2 o [S]UTE)) UTIST)} } oLl = 1ie com[S](Cbexp[B](X))
= {The case ((atp[C], p), (¢, p)) € T[S]* implies atp[C] € inp[S], -
which is impossible§
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{p | 3¢ € R: ((atp[C], p), (¢ p)) € (Lgpy U T*[S] © ) o (78 o 7S] o = match £ with
TR)* o (1ggpp U B o [S] U TB))} | atp[C] — pr@’ AX . RURcom[S] Cbexp[B](X)(afterp[S])
= (The same way, ((atp[C], ¢), (¢, p)) € ((T*[S] o 7%) o (72 o T*[S] © I
7B o (1gppp U 78 o 7*[S] U 7F)) implies either atp[C] € inp[S] | o —0 (by (35)§

by def. 7[S] or atp[C] = afterp[S], by def. 7% and both cases are
impossible§
{o 130 € R: ((ate[Cl, #), (& 9)) € (% = [S] = 77" o (Lpgmy U T2 -
T[S]uUTH))}
= {p| 3¢ € R: ((atp[C], A, < >>€(BOT*[[SHOT)}
U{p|3p' €R: <(atp[[C]] P, (& p)) € (77 o T[S o 7)o 78 o T[S}
U{p| 36 € R: ((atp[C], ), (£, >> € (r7 o T [8] e 7)o 77}

We study all three cases separately.
- {p]30 € R: {(atp[C], f), (&, p)) € (78 o T[] = 7RY'}
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{p130' € R: (at2[Cl, 9, (& p)) € (7 o ] o 77" o 72 o [ST}
{def. composition o

{p |30 € R:3p1,p2 € R: 3,4, € inp[C] : ((atp[C], p), (&1, p1)) €
(T8 o T[S o TR A ({1, p1), (€2, p2)) € TE A (L2, p2), (€, p)) € T*[S]}
{By def. 78 = {((atp[C], p), (atp[S], p)) | p - B = tt}, we have
¢ = atp[CT, £; = atp[S], pr = p2 and p1 - B = #§
{o |30 € R:3p € R: ((atp[C], p), (atp[C], p1)) € (77 o T*[S] ©
™) A pr kB et A ((atp[S], p1), (¢, p)) € 7S]}
ZBg)fef- I={p|30 € R:((atp[C], p), (atp[C], p)) € (77 o T*[S] »
{3 e{pel|pt B tt}: ((atp[S], p1), (& p)) € T[S]}
{p | 3p1 € Cbexp[B]I : ((atp[S], p1), (¢, p)) € T*[S]}
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= (£ € inp[S] ? Rcom[S](Cbexp[B]I)¢: 0)

- {p130 € R: ((atrlCl, ), & p)) € (78 o 7S] o 77 o 75}

= {def. composition of
{p| 3 € R:3p € R: 3 €inp[C] : ((atp[C], p), (&1, 1)) € (77 o
T*[[Sﬂ ° TR)*_/\ <<er ,01>, <£1 P>> € TB}

= {def. 7B & {((atp[C], p), (afterp[C], p)) | p F T(~B) & t} so that

4, = atp[C], p1 = p, £ = afterp[C] and p - T(—B) = #§

{o 130 € R : ((atpCl, ), (atplCl, p) € (rF = T°[S] > T8 A p -
T(-B) & tt A £ = afterp[C]}

= match £ with
| afterp[C] — {p | 30’ € R : ((atp[C], 0'), (atp[C], p)) € (T8 o 7*[S] °
A p T(-B) = tt}

let I = prq% AX . E U Rcom[S](Cbexp[B]X)(afterp[S]) in
match £ with
| atp[[C]] — I
| inp[S] — Reom[S](Cbexp[B]I)(¥)
| afterp[C] — Cbexp[T'(~(B))]R)I

— Rcom[C ; S]R¢
{130 € R: ((atp[C], ), (£ p)) € T[C ; S[}
{p 130" € R: {(atp[C], p), (4 p)) € T*[C] = 7*[ST}

{p |3 € R:3p; € R: 3 € inp[C] : ((atp[C], ¢), (€1, p1)) € T[C] A

({61, p1), (& p)) € T[S]}
{Distinguishing the cases when £inp[C] (when 7*[S] is the identity)

or £inp[S] and noting in this second case that ¢; = afterp[C] =

| . =0 atp[S] € inp[C] Ninp[S]§
i Mir
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= match £ with match £ with

| afterp[C] — {p € {p | 30’ € R : ((atp[C], ¢, (atp[C], p)) € (78 o
T[] o T} | pF T(-B) = th}
| . —0
= match £ with
| afterp[C] = {p€I|pFT(-B) = tt}
| . —0
= match £ with
| afterp[C] — Cbexp[T'(—~(B))]!
| . —0

- Grouping all cases of the U together, we get:

Rcom[C]|R{ where C =while Bdo S od
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|inp[C] — {0 | 3¢ € R: ((atp[Cl, #), (& p)) € T*[CI}
| inp[S] — {p | 3" € R : 3p1 € R : ((atp[C], p), (afterp[C], p1)) €
‘T*[[Cﬂ Aq)((atp[[S]], pr), (& p)) € TISTY
. =
= {The last case is indeed impossible since £ € inp[C ; S| = inp[C] U
inp[S]§
match £ with
| inp[C] = {p| 3p" € R: ((atp[C], p), (£ p)) € T'[C]}
| inp[S] = {p | Ip1 € {pr € R | Ip' € R: ((atp[C], /), (afterp[C], p1)) €
m[C1} = ((atp[S], p1), (&, p)) € T'[ST}
= {def. Reom[C]RL=Z {p | 3p € R: ((atp[C], p), (&, p)) € T*[CI}S
match £ with
| inp[C] — Recom[CR¢
\*1[1[1;]][[}:9]] — {p | 3p1 € Reom[C]R(afterp[C]) : ((atp[S], p1), (¢, p)) €
= (def. Reom[C]RE = {p | 3p' € R: ((atp[C], £), (&, p)) € T*[C]}S
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match £ with
| inp[C] — Recom[C| R
| inp[S] — Recom[S](Rcom[C|R(afterp[CT))¢
— Rcom[S ;;]R¢
= {p|3p' € R: ((atp[S ;;], P), (& p)) € T[S 5]}
= latp[S ;;] = atp[S] and T[S ;;] = 7*[S]§
{p |30 € R: ((atp[S], £), (£ p)) € T*[S]}
= Rcom[S]R¢
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Implementability of the forward reachability
collecting semantics

— The foward reachability collecting semantics collects
all values and environments by simulation of all pos-
sible executions.

— The main problem is random input (?) because of
the very large number of possible values (e.g. between
min_int=-1.073.741.834 and max_int=-1.073.741.833)
which makes exhaustive simulation impossible in prac-
tice

— We will limit the possible values of the random input
(7) to 3 instead of 2.147.483.648

THd
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Implementation of the forward
reachability collecting

TH
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— Apart from this restriction, the implementation is faith-
ful to the definition of the forward reachability collect-
ing semantics in that it simulates all possible execu-
tions of the program (for 3 of the possible random
values at each random expression computation)

— Despite this restriction, the forward reachability col-
lecting semantics is rapidly subject to a combinatorial
explosion of the states and therefore is useless in prac-
tice.

III--
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Example: trace of the fixpoint computation
with two nested loops
I — no iteration within the loops

% cat ../Examples/examplel2-1.sil
% examplel2-1.sil 7

n:=1,;
X :=1;
while (x < n) do
X =x +1;
a = 7;
y = 1;
while (y < n) do
y =y + 1
b =7
od
od;;
Illil- Course 16.399: “Abstract interpretation”, Thursday, April 14', 2004 — 65 — ©) P. Cousot, 2005

IT — 10 iterations within the loops
Page 1:

Script started on Mon Apr 4 12:45:41 2005
% make trace

ocamlyacc parser.mly

ocamllex lexer.mll

62 states, 3001 transitions, table size 12376 bytes

ocamlc symbol_Table.mli symbol_Table.ml variables.mli variables.ml
abstract_Syntax.ml concrete_To_Abstract_Syntax.mli
concrete_To_Abstract_Syntax.ml labels.mli labels.ml parser.mli
parser.ml lexer.ml program_To_Abstract_Syntax.mli
program_To_Abstract_Syntax.ml pretty_Print.mli pretty_Print.ml
values.mli values.ml cvalues.mli cvalues.ml env.mli env.ml cenv.mli
cenv.ml caexp.mli caexp.ml cbexp.mli cbexp.ml fixpoint.mli fixpoint.ml
ccom.mli ccom.ml main.ml

fixpoint tracing mode

1
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% ./a.out ../Examples/examplel2-1.sil

iterate 0 = { }
iterate 0 = { }
fixpoint = { }
iterate 1 = { [
iterate 0 = { }
fixpoint = {
fixpoint = {
{[n=1; x
% ~Dexit

n=1; x=1; a=_0_(1); y=_0_(i); b= _0_(1); 1%

n=1;x=1;a=_0.(@{d); y=_0_(1); b=_0_(); 11}
1; 8= _0_(1); y=_0_(1); b=_0_(1); 1%

Script done on Mon Apr 4 12:37:52 2005
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% cat ../Examples/examplel2-10.sil

% examplel2-10.sil %

n := 10;

X =1,

while (x < n) do
X :=x +1;

a = 7;

y = 1;

while (y < n) do
yi=y+1

b =7

od

od;;
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% ./a.out ../Examples/example12-10.sil

iterate 0 =

{3

iterate 0 = { }

fixpoint = { }

iterate 1 = { [n=10; x =1; a= _0_(i); y= _0_(i); b= _0_(); 1}

iterate 0 = { }

iterate 1 = { [ n = 10; x = 2; a = -819618235; y = 1; b = _0_(1); ]
[n=10; x =2; a=-361540549; y = 1; b = _0_(1); ]
[n=10; x =2; a = 625724514; y =1; b= _0_(i); 1 }

iterate 2 = { [ n = 10; x = 2; a = -819618235; y = 1; b = _0_(i); ]
[n=10; x = 2; a =-819618235; y = 2; b = -819618235; ]
[n=10; x = 2; a =-819618235; y = 2; b = -361540549; ]
[n=10; x = 2; a =-819618235; y = 2; b = 625724514; ]
[n=10; x = 2; a = -361540549; y=1; b= _0_(1); 1
[n=10; x = 2; a = -361540549; y = 2; b = -819618235; ]
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Totally ordered types in OCaml

From http://caml.inria.fr/pub/docs/manual-ocaml/libref/Set.0rderedType.html.
module type OrderedType = sig .. end
Input signature of the functor Set.Make

type t
The type of the set elements.
val compare : t -> t -> int

A total ordering function over the set elements. This is a
two-argument function f such that f el e2 is zero if the elements
el and e2 are equal, f el e2 is strictly negative if el is smaller
than €2, and f el e2 is strictly positive if el is greater than e2.
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Page 471 (showing the invariant on loop exit):

{ [n=10; x = 10; a = -819618235; y = 10; b = -819618235; ]
[n=10; x = 10; a = -819618235; y = 10; b = -361540549; ]
[n=10; x = 10; a = -819618235; y = 10; b = 625724514; ]
[n=10; x = 10; a = -361540549; y = 10; b = -819618235; ]
[n=10; x = 10; a = -361540549; y = 10; b = -361540549; ]
[n=10; x = 10; a = -361540549; y = 10; b = 625724514; ]
[n=10; x = 10; a = 625724514; y = 10; b = -819618235; ]
[n=10; x = 10; a = 625724514; y = 10; b = -361540549; ]
[n=10; x = 10; a = 625724514; y = 10; b = 625724514; ] }

An exhaustive simulation would involve 2.147.483.648 x 2.147.483.648

cases, instead of the above 3 x 3 = 9. Note that choosing differ-
ent random values at each random assignment would ultimately
cover all machine integers whence explode combinatorially.

i
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Implementation: sets in OCaml

From http://caml.inria.fr/pub/docs/manual-ocaml/libref/Set.html:
module Set: sig .. end

Sets over ordered types implemented using balanced
binary trees, no side-effects.
module type S = sig .. end

Output signature of the functor Set.Make
module Make: functor (Ord : OrderedType) -> S with
type elt = Ord.t

Functor building an implementation of the set struc-
ture given a totally ordered type.
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Example: ordered set of machine integers

(* ordered set of machine integers *)
include Set.Make
(struct
type t = machine_int
(* order on values *)
let compare vl v2 = match v1, v2 with
| (ERROR_NAT INITIALIZATION), (ERROR_NAT INITIALIZATION) -> 0
| (ERROR_NAT INITIALIZATION), (ERROR_NAT ARITHMETIC) -> -1
| (ERROR_NAT ARITHMETIC), (ERROR_NAT INITIALIZATION) -> 1
| (ERROR_NAT ARITHMETIC), (ERROR_NAT ARITHMETIC) -> O
| (ERROR_NAT e), (NAT i) -> -1
| (NAT i), (ERROR_NAT e) -> 1
| (NAT i), (NAT j) -> if (i<j) then -1 else
if (i=j) then 0 else 1
end)
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Specification of set operations

—addesd:efsu{e}

elements {aq,..

empty =

£
elements 0 < []

def

San} = la1; ... ;an]

def @

def
— equal s1 S9 = ([31232?‘%3&])

~ filterps & {z €s|p(z)}

fo1d F 0 b &b
fold f {a1,...,an} b= f a1 (faz (...(f an b)...))
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Signatures

IPKOIIlhttp://caml.inria,fr/pub/docs/manual—ocaml/libref/type_Set.htle

module Make : val inter : t >t -> ¢t
functor (Ord : OrderedType) -> val is_empty : t -> bool
sig val iter : (elt -> unit) -> t -> unit
type elt = Ord.t val singleton : elt -> ¢t
type t val subset : t -> t -> bool
val add : elt >t -> t val union : t ->t -> t
val elements : t -> elt list end

val empty : t

val equal : t -> t -> bool

val filter : (elt -> bool) >t -> ¢t

val fold : (elt -> ’a -> ’a) ->t -> ’a -> ’a
val for_all : (elt -> bool) -> t -> bool

[TH
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. def
— 1lnter 81 S = 81 M8y
£
—is_emptysdé (s=07t:f)
—iter fO =0

- iter f {ay,..

.5 fan

Lany = fa1; fao;

— singleton e o {e}

def
— subset s1 $9 = (s1 C sp?tt:ff)

. def
— union 81 S92 = S1 U so
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Implementation: sets of values

30 (x cvalues.ml *)
31 open Values
1 (x cvalues.mli *) 32 (% ordered set of machine integers *)
2 open Values 33 include Set.Make
3 (x set of machine integers *) 34 (struct
4 type elt = machine_int 35 type t = machine_int
5 and t 36 (* order on values *)
6 val add : elt >t -> t 37 let compare vl v2 = match vl, v2 with
7 wval singleton : elt -> t 38 | (ERROR_NAT INITTALIZATION), (ERROR_NAT INITIALIZATION) -> 0
8 wval fold : (elt -> ’a -> ’a) ->t -> ’a -> ’a 39 | (ERROR_NAT INITIALIZATION), (ERROR_NAT ARITHMETIC) -> -1
9 wval iter : (elt -> unit) -> t -> unit 40 | (ERROR_NAT ARITHMETIC), (ERROR_NAT INITIALIZATION) -> 1
10 val bot : unit -> ¢t 41 | (ERROR_NAT ARITHMETIC), (ERROR_NAT ARITHMETIC) -> O
11 wval isbotempty : unit -> bool 42 | (ERROR_NAT e), (NAT i) -> -1
12 wval initerr : unit -> t 43 | (NAT i), (ERROR_NAT e) -> 1
13 wval top : unit -> ’a 44 | (NAT i), (NAT j) -> if (i<j) then -1 else if (i=j) then O else 1
14 wval join : t >t >t 45 end)
15 val meet : t ->t -> t 46 (x infimum *)
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16 wval leq : t -> t -> bool 47 let bot () = empty
17 val eq : t -> t -> bool 48 (* bottom is emptyset? *)
18 wval in_errors : t -> bool 49 let isbotempty () = true
19 wval print : t -> unit 50 (* uninitialization *)
20 (* forward collecting semantics of arithmetic expressions *) 51 1let initerr () = singleton (ERROR_NAT INITIALIZATION)
21 wval f_NAT : string -> t 52  (* supremum *)
22 wval f_RANDOM : unit -> t 53 exception ErrorCvalues of string
23 wval f_UMINUS : t -> t 54 1let top () = raise (ErrorCvalues "top not implemented")
24 wval f_UPLUS : t -> t 55 (* least upper bound *)
25 val £ PLUS : t ->t -> ¢t 56 let join = union
26 wval £ MINUS : t ->t ->t 57 (* greatest lower bound *)
27 wval £_TIMES : t >t > ¢t 58 let meet = inter
28 wval £ DIV : t >t >t 59 (* approximation ordering *)
29 wval £ MOD : t >t >t 60 let leq = subset
61 (x equality *)
62 let eq = equal
63 (x included in errors? *)
64 let in_errors v =
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65 let iserror i = match 1 with 101 image machine_unary_plus a

66 | (ERROR_NAT e) -> true 102 1let f_PLUS al a2 = set_bin machine_binary_plus al a2
67 | (NAT j) -> false 103 let f_MINUS al a2 = set_bin machine_binary_minus al a2
68 in for_all iserror v 104 let f_TIMES al a2 = set_bin machine_binary_times al a2
69 (* printing *) 105 let f_DIV al a2 = set_bin machine_binary_div al a2

70 let print v = 106 1let f_MOD al a2 = set_bin machine_binary_mod al a2

71 let printelement e =

72 print_machine_int e;

73 print_string " "

74 in

75 print_string "{ ";

76 iter printelement v;

77 print_string " }"

78 (x image u s = { u(x) | x in s } *)

79 let image u s =

80 let f e s’ = add (u e) s’ in

81 fold f s empty

82 (* set_bin b sl s2 = { b(x,y) | x in s1 /\ y in s2 } %)
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83 let set_bin b s1 s2 = Implementation: sets of environments
84 let £ a2 s =
85 let g al s = add (b al a2) s
86 in fold g sl empty 107 (* cenv.mli *)

87 in 108 open Abstract_Syntax
38 fold f s2 empty 109 open Cvalues

89 (x forward collecting semantics of arithmetic expressions *) 110 open Env

90 let f_NAT s = 111  (* set of environments *)
91 singleton (machine_int_of_string s) 112 type elt = Env.env

92 let rl = (machine_unary_random ()) 113 and t

93 let r2 = (machine_unary_random ()) 114 (+ infimum *)

94 let r3 = (machine_unary_random ()) 115 wval bot : unit -> t

95 let f_RANDOM () — 116 (* check for infimum *)
96 (* should be the set of all possible values! *) 117 val is_bot : t -> bool
97 add r1 (add r2 (singleton r3)) 118 (* uninitialization *)
98 let f UMINUS a = 119 wval initerr : unit -> t
99 image machine_unary_minus a 120 (* supremum *)

100 let f_UPLUS a = 121 wval top unit -> ’a
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122 (% copy *)

123 wval copy : t -> t

124 (* least upper bound *)

125 wval join : t >t >t

126 (* greatest lower bound *)

127 val meet : t ->t -> ¢

128 (% approximation ordering *)

129 wval leq : t -> t -> bool

130 (% equality *)

131 val eq : t -> t -> bool

132 (% printing *)

133 wval print : t -> unit

138 (x r(X) ={eX | X in r} %)

135 val get : t -> variable -> Cvalues.t

136 (* r[X <- i] = {e[X <-i] | e in r } %)

137 val set_elem : t -> variable -> Values.machine_int -> t
138 (* r[X <- v] ={elX <-1i] | e inr /\ i in v} *)
139 wval set : t -> variable -> Cvalues.t -> t
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162 (* cenv.ml *)

153 open Variables

154 open Values

155 open Cvalues

156 open Env

157 (* order on values *)

158 1let compare_values vl v2 = match vl, v2 with

159 | (ERROR_NAT INITIALIZATION), (ERROR_NAT INITIALIZATION) -> 0

160 | (ERROR_NAT INITIALIZATION), (ERROR_NAT ARITHMETIC) -> -1

161 | (ERROR_NAT ARITHMETIC), (ERROR_NAT INITIALIZATION) -> 1
|
|
|

162 (ERROR_NAT ARITHMETIC), (ERROR_NAT ARITHMETIC) -> 0

163 (ERROR_NAT e), (NAT i) -> -1

164 (NAT i), (ERROR_NAT e) -> 1

165 | (NAT 1), (NAT j) -> if (i<j) then -1 else if (i=j) then 0 else 1

166 (* ordered set of environments *)
167 exception Found of int
168 include Set.Make

THd
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140 (% collecting semantics of assignment

141 (* f_ASSIGN x f r = {elx <- il | einr /\ i in f({e}) cap I }
142 val f_ASSIGN : variable -> (t -> Cvalues.t) -> t -> t

143 (% collecting semantics of boolean expressions

144 (xfEQfgr=

145 (*  {e in r | exists vl in f({e}) cap I: exists v2 in g({e}) cap
146 (x I:vl=v2}%

147 wval f_EQ : (t -> Cvalues.t) -> (t -> Cvalues.t) >t >t

148 (x f_LTfgr =
149 (x {e in R | exists vl in f({e}) cap I: exists v2 in g({e}) cap
150  (x I: vi<v2}

151 wval f_LT : (t -> Cvalues.t) -> (t -> Cvalues.t) ->t -> t
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*)
*)

*)
%)
*)
*)

*)
*)
*)

169 (struct

170 type t = env

171 (* order on environments *)

172 let compare rl r2 =

173 try

174 for i = 0 to ((number_of_variables ()) - 1) do
175 let ¢ = compare_values (get r1l i) (get r2 i) in
176 if ¢ != 0 then raise (Found c)

177 done;

178 0

179 with Found ¢ -> ¢

180 end)

181 (* infimum *)

182 1let bot () = empty

183 (* check for infimum *)

184 let is_bot = is_empty

185 (* uninitialization *)

186 1let initerr () = singleton (Env.initerr ())
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187 (* supremum *) 223  let assign e s =
188 exception ErrorCenv of string 224 let a 18’ =
189 1let top () = raise (ErrorCenv "top not implemented") 225 match i with
190 (x copy *) 226 | ERROR_NAT _ -> s’
191 1let copy s = s (¥ implementation without side-effects *) 227 | NAT _ -> add (let e’ = (Env.copy e) in (Env.set e’ x i; e’)) s’
192 (* least upper bound *) 228 in Cvalues.fold a (f (singleton e)) s
193 1let join = union 229 1in fold assign r empty
194 (x greatest lower bound *) 230 (xcmpcfgr= *)
195 1let meet = inter 231 (* {e in r | exists vl in f({e}) cap I: exists v2 in g({e}) *)
196 (% approximation ordering *) 232 (% cap I: vl c v2 } *)
197 let leq = subset 233 (x val cmp : (elt -> elt -> Values.machine_bool) -> (t -> t) *)
198 (% equality *) 234 (% > (> 1) >t >t *)
199 1let eq = equal 235 exception Found
200 (x printing *) 236 let cmpc f gr =
201 let print r = 237 let isFound i j =
202 print_string "{ "; 238 match (c i j) with
203 let pe e = (print_string "[ ";print_env e;print_string "] ") in 239 | ERROR_BOOL _ -> ()
204 iter pe r; 240 | BOOLEAN false -> ()
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205 print_string "}" 241 | BOOLEAN true -> raise Found
206 (x r(X) = {eX) | e in r} *) 242 in let ok e =
207 (% val get : t -> variable -> Cvalues.t *) 243 let s1 = (f (singleton e)) and s2 = (g (singleton e))
208 let get r x = 244 in (try
209 let f e s = Cvalues.add (Env.get e x) s in 245 let tests2 j =
210 fold f r (Cvalues.bot ()) 246 (let testsl i = isFound i j in Cvalues.iter testsl sl)
211 (x r[X <- i] = {e[X <-i] | edinr } *) 247 in Cvalues.iter tests2 s2;
212 (* val set_elem : t -> variable -> Values.machine_int -> t %) 248 false
213 let set_elemr x 1 = 249 with Found -> true)
214 let f e s = add (let e’ = (Env.copy e) in Env.set e’ x i; e’) s in 250 in filter ok r
215 fold f r empty 251 (x f EQfgr-= *)
216 (x r[X <- v] ={elX<-1i] | einr /\ i in v} *) 252 (x  {e in R | exists vl in f({e}) cap I: exists v2 in g({e}) *)
217 (% val set : t -> variable -> Cvalues.t -> t *) 253 (% cap I: vl = v2 } *)
218 let set r x v = 254 let £ EQ f g r = cmp machine_eq f g r
219 let £ i s = union (set_elem r x i) s in 256 (x f LT fgr = *)
220 Cvalues.fold f v empty 256 (x {e in R | exists vl in f({e}) cap I: exists v2 in g({e}) *)
221 (x f_ASSIGN x f r = {elx <- i] | einr /\ 1 in £({e}) cap I } *) 257 (% cap I: vl < v2 } %)
222 let f_ASSIGN x f r = 258 let f_ LT f g r = cmp machine_ 1t f g r
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Implementation: Forward collecting semantics
of arithmetic expressions

259 (% caexp.mli *)

260 open Abstract_Syntax

261 open Cvalues

262 open Cenv

263 (x evaluation of arithmetic operations *)
264 val c_aexp : aexp -> Cenv.t -> Cvalues.t
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Implementation: Forward collecting semantics
of boolean expressions

279  (* cbexp.mli *)

280 open Abstract_Syntax

281 open Cvalues

282 open Cenv

283 (* evaluation of boolean operations *)
284 wval c_bexp : bexp -> Cenv.t -> Cenv.t

THd
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265 (x caexp.ml *)

266 open Abstract_Syntax

267 (* evaluation of arithmetic operations *)
268 1let rec c_aexp a r = match a with

269 | (Abstract_Syntax.NAT i) -> (Cvalues.f_NAT i)

270 | (VAR v) -> (Cenv.get r v)

271 | RANDOM -> Cvalues.f_RANDOM ()

272 | (UPLUS al) -> (Cvalues.f_UPLUS (c_aexp al 1))

273 | (UMINUS al) -> (Cvalues.f_UMINUS (c_aexp al r))

274 | (PLUS (al, a2)) -> (Cvalues.f_PLUS (c_aexp al r) (c_aexp a2 r))
275 | (MINUS (al, a2)) -> (Cvalues.f_MINUS (c_aexp al r) (c_aexp a2 r))
276 | (TIMES (al, a2)) -> (Cvalues.f_TIMES (c_aexp al r) (c_aexp a2 r))
277 | (DIV (al, a2)) -> (Cvalues.f_DIV (c_aexp al r) (c_aexp a2 r))
278 | (MOD (al, a2)) -> (Cvalues.f_MOD (c_aexp al r) (c_aexp a2 r))
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285 (* cbexp.ml *)

286 open Abstract_Syntax

287 open Cvalues

288 open Cenv

289 open Caexp

290 (x evaluation of boolean operations *)
291 let rec c_bexp b r =

292 match b with

293 | TRUE > r

294 | FALSE -> (Cenv.bot ())

295 | (EQ (al, a2)) -> f_EQ (c_aexp al) (c_aexp a2) r

296 | (LT (al, a2)) -> f_LT (c_aexp al) (c_aexp a2) r

297 | (AND (b1, b2)) -> Cenv.meet (c_bexp bl r) (c_bexp b2 r)
298 | (OR (b1, b2)) -> Cenv.join (c_bexp bl r) (c_bexp b2 r)

We have made an oversimplification in the last alternative ignoring the case when b1 holds

and b2 yields an error.
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Implementation: fixpoints

Note on the iterates: if the random choice picks 3 (may be) dif-
ferent values at each choice then f may not be monotonic. It
follows that the iteration sequence

299 (* fixpoint.mli *)
300 open Cenv _ :CO —
301 (x 1fp x ¢ f : iterative computation of the c-least fixpoint of f *) 1
302 (x c-greater than or equal to the prefixpoint x (f(x) >= x) *) -zt = f(a:") if f(a:") Z z"
303 1 1fp : t -> (t ->t -> bool) -> (t ->t) >t .
va p ( ool) ( ) . zn if f(z") = 2"
may not converge, even if z T f(z). So we compute instead
— ghtl — ngn f(:L‘k) if f(:L‘n) Z z"
which is extensive and ultimately convergent to | J,, < f(2™). The
two iterations are the same when initially z is a prefixpoint and
f is monotonic. Convergence is assumed to follow from other
considerations (otherwise the computation may not terminate
properly).
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To trace the fixpoint iterates:
304 (% fixpoint.ml *)
305 open Cenv 313 (x fixpoint.ml *)
306 (x 1fp x ¢ f : iterative computation of the c-least fixpoint of f *) 314 open Cenv
307 (x c-greater than or equal to the prefixpoint x (f(x) >= x) *) 315 (x 1fp x ¢ f : iterative computation of the c-least fixpoint of f *)
308 (x x0 = x; .; xn+l = xn U £(xn);... ; x1 where x1 ¢ x1 U £(x1) *) 316 (* c-greater than or equal to the prefixpoint x (f(x) >= x) *)
309 let rec lfp x ¢ f = 317 (x x0 = x; .; xn+l = xn U £(xn);... ; x1 where x1 ¢ x1 U £(x1) =)
310 let x> = (join x (f (copy x))) in 318 let lfp x ¢ f =
311 if (c x’ x) then x’ 319 let rec iterate n x =
312 else 1fp x’ ¢ f 320 print_string "iterate ";print_int n;print_string " = ";print x;
321 print_newline ();
322 let x’ = (join x (f (copy x))) in
323 (if (c x’ %) then (print_string "fixpoint = ";print x’;
324 print_newline ();x’)
325 else iterate (n + 1) x’)
326 in iterate 0 x
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Implementation: forward reachability 358 else if (incom 1 t) then
: : 359 (ccom t (c_bexp b r) 1)
collecting semantics of commands 260 else if (incom 1 £) then
361 (ccom f (c_bexp nb r) 1)
327 (% ccom.mli *) 362 else if (1 = 1’’) then
328 open Abstract_Syntax 363 (join (ccom t (c_bexp b r) (after t))
329 open Labels 364 (ccom £ (c_bexp nb r) (after £)))
330 open Cenv 365 else (raise (Error "IF incoherence")))
331 (* forward collecting semantics of commands *) 366 | (WHILE (1°, b, nb, c’, 1°7)) ->
332 wval ccom : com -> Cenv.t -> label -> Cenv.t 367 let £ x = join r (ccom ¢’ (c_bexp b x) (after c’))
368 in let i = 1fp (bot ()) leq f in
333 (x ccom.ml *) 369 (if (1 =1°) then i
334 open Abstract_Syntax 370 else if (incom 1 c’) then (ccom ¢’ (c_bexp b i) 1)
335 open Labels 371 else if (1 = 1’) then (c_bexp nb i)
336 open Cenv 372 else (raise (Error "WHILE incoherence")))
337 open Caexp 373 and ccomseq s r 1 = match s with
338 open Cbexp 374 | 1  -> raise (Error "empty SEQ incoherence")
339 open Fixpoint 375 | [c] ->if (incom 1 c) then (ccom ¢ r 1)
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340 (x collecting semantics of commands *) 376 else (raise (Error "SEQ incoherence"))
341 377 | h::t -> if (incom 1 h) then (ccom h r 1)

342 exception Error of string 378 else (ccomseq t (ccom h r (after h)) 1)
343 let rec ccomcr 1 = 379
344 match ¢ with

345 | (SKIP (1°, 1°°)) ->

346 if (1 = 1’) then r

347 else if (1 =1’’) then r

348 else (raise (Error "SKIP incoherence"))

349 | (ASSIGN (1’,x,a,1’’)) ->

350 if (1 = 1°) then r

351 else if (1 = 1’’) then

352 f_ASSIGN x (c_aexp a) r

353 else (raise (Error "ASSIGN incoherence"))

354 | (SEQ (1, s, 1°7)) ->

355 (ccomseq s r 1)

356 | (IF (1’, b, nb, t, £, 177)) ->

357 (if (1 = 1’) then r
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Implementation: forward reachability 16 program To_Abstract Syntax.mli
. . 17 program_To_Abstract_Syntax.ml \
collecting interpretor 18 pretty_Print.mli \
380 (* main.ml *) 19 pretty_Print.ml \
381 open Program_To_Abstract_Syntax 20 values.mli \
382 open Labels 21 values‘ml \
383 open Pretty_Print 22 cvalueé mli \
384 open Cenv 23 cvalues.ml \
385 open Ccom 24 env.mli \
386 let _ = ' 25 env.ml \
387 let arg = if (Array.length Sys.argv) = 1 then "" 26 cenv.mli \
388 else Sys.argv.(1l) in 27 cenv.ml \
389 Random.self_init (); 28 can. mli \
390 let p = (abstract_syntax_of_program arg) in 29 caexi'ml \
391 (print (initerr ); 30 cbexp.mli \
392 pretty_print p; 31 cbexp.ml \
393 print (ccom p (initerr ()) (after p)); 32 fixpoint.mli \
394 print_newline ()) 33 fixpoint.ml \
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Implementation: makefile 54 ccom.mli |
35 ccom.ml \
36 main.ml
1 # makefile 37
2 38 .PHONY : help
3 SOURCES = \ 39 help :
4 symbol_Table.mli \ 40 Qecho ""
5 symbol_Tabletml \ 41 @echo "make help : this help"
6 var}ables.mll \ 42 Q@echo "make trace . trace fixpoint iterates"
7 variables.ml \ 43 @echo "make untrace : don’t trace fixpoint iterates"
8 abstract_Syntax.ml \ _ 44 @echo "make compile : compile"
9 concrete_To_Abstract_Syntax.mli \ 45 @echo "./a.out filename : execute"
10 concrete_To_AbstraCt_SyntaX,ml \ 46 @echo "make examples . execute the examples"
11 1labels.mli \ a7 Q@echo "make errors . execute the examples with runtime errors"
12 labels.ml \ 48 Q@echo "make clean : remove auxilairy files"
13 parser.mli \ 49 @echo ""
14 parser.ml \ 50
15 lexer.ml \ 51 .PHONY : trace preparetrace
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52 trace: preparetrace compile 88 ./a.out ../Examples/examplell.sil

53 Q@echo "fixpoint tracing mode" 89

54 preparetrace: 90 .PHONY :

55 Q@/bin/rm -f fixpoint.ml 91 clean :

56 O@ln -s fixpoint_printing_iterates.ml fixpoint.ml 92 /bin/rm -f *.cmi *.cmo *~ a.out lexer.ml parser.mli parser.ml
57

58 .PHONY : untrace prepareuntrace

59 untrace: prepareuntrace compile

60 Q@echo "no fixpoint tracing, recompile!"

61 prepareuntrace:

62 @/bin/rm -f fixpoint.ml

63 O@ln -s fixpoint_no_printing.ml fixpoint.ml

64

65 .PHONY : compile

66 compile:

67 ocamlyacc parser.mly

68 ocamllex lexer.mll

69 # ocamlc -i $(SOURCES) # to print types
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10 ocanle $ (SOURCES) Implementation: Examples
72 .PHONY : examples

73 examples : 1 Script started on Mon Apr 4 15:22:39 2005

74 ./a.out ../Examples/example00.sil 2’ make clean

75 ./a.out ../Examples/example0l.sil 3 ..

76 ./a.out ../Examples/example02.sil 4 % make untrace

77 ./a.out ../Examples/example03.sil 5 ..

78 ./a.out ../Examples/example04.sil 6 ' make compile

79 ./a.out ../Examples/example05.sil T

80 ./a.out ../Examples/example07.sil 2 % make examples

:; PHONY : errors 10 ./a.out ../Examples/example0.sil

83 errors : 1 {Lrly

84 ./a.out ../Examples/example06.sil 12

85 ./a.out ../Examples/example08.sil 13 skip

86 ./a.out ../Examples/example09.sil 14

87 ./a.out ../Examples/examplel0.sil 15
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16 {[11% 50
17 ./a.out ../Examples/examplel.sil 51 if true then
18 {[x=_0_();1% 52 1:
19 53 x =1
20 x =1, 54 2:
21 55 else {false}
22 while (x < 100) do 56 3:
23 2: 57 x =0
24 x = (x + 1) 58 4:
25 3: 59 fi
26 od {((100 < x) | (x = 100))} 60
27 61
28 62 {[x=1;11%
29 { [ x=100;173% 63 ./a.out ../Examples/exampleb.sil
30 ./a.out ../Examples/example2.sil 64 { [x=_0_(i); 11}
31 {[x=_0.(); y=_0(@G);11% 65
32 66 if false then
33 x := (-1073741823 - 1); 67 1:
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34 68 x =1
35 y = (x-1) 69 2:
36 70 else {true}
37 71 3:
38 {72 72 x :=0
39 ./a.out ../Examples/example3.sil 73 4:
40 {[x=_0_(1); y=_0_{1);1% 74 fi
41 75
42 x :=0; 76
43 77 {[x=0;11%
44 y =1 78 ./a.out ../Examples/example7.sil
45 - 79 {[x=_0_(1);11%
46 80
47 {[x=0,y=1;11% 81 x = 1;
48 ./a.out ../Examples/example4.sil 82
49 { [ x= _0_(i); 11} 83 while ((x < 10) | (x = 10)) do
84 2:
85 x = (x +1)
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86 3: 14 x := 1073741823
87 od {(10 < x)} 15
88 16
89 17 { [ x = 1073741823; 1 }
90 {[x=11;11% 18 ./a.out ../Examples/example9.sil
91 % ~Dexit 19 {[x=_0_(1); y=_0_@{1); z=_0_(1); t=_0_(; 173}
92 20
93 Script done on Mon Apr 4 15:23:08 2005 21 x := (-536870912 * 2);
22
23 y := (536870912 * 2);
24
25 z := ((-1073741823 - 1) * 1);
26
27 t := ((-1073741823 - 1) * 1073741823)
28
29
30 {1}
31 ./a.out ../Examples/examplel0.sil
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Implementation: Examples of runtime errors 32 {[x=_0.@1;1}
than stop execution 22’; ke
35
1 Script started on Mon Apr 4 15:23:25 2005 36  if (x < (1073741823 - 1)) then
2 % make errors 37 2:
3 38 x =1
4 ./a.out ../Examples/example6.sil 39 3:
5 {[x= 0():17% 40 else {(((-1073741823 - 1) < x) | (x = (-1073741823 - 1)))}
6 41 4:
7 x = -1073741824 42 x =0
8 - 43 5:
9 44 fi
10 {3} 45
11 ./a.out ../Examples/example8.sil 46
12 {[x=_0_(;11} 47 {[x=0;11
13 - 48 ./a.out ../Examples/examplell.sil
49 {[x=_0_({1); 1%
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50
51
52
53
54
55
56
57
58
59
60
61
62
63

x = 1;
while (0 < 1073741824) do
2:
x = (x+1)
3:
od {((1073741824 < 0) | (1073741824 = 0))}
{1}
% ~Dexit
Script done on Mon Apr 4 15:23:36 2005
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— Since such extracted will probably be inefficient, one
can consider:

- The use of manually constructed static analyz-
ers to compute inductive fixpoint approximations
(which involve iterations with convergence accel-
eration)

- The use of static analyzers extracted from the cor-
rectness proof to check that the previous fixpoint
approximations are indeed inductive (which in-
volves no iteration)
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Conclusion

— We have examplified the calculational design of pro-

gram static analyzers by abstract interpretation of a
formal semantics;

— This provides a thorough understanding of the ab-

straction process allowing for the later development
of useful large scale analyzers;

— Scales up manually by small parts;

— One can hope that in the future one can extract ana-

lyzers from correctness proofs;
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THE END

My MIT web site is http://www.mit.edu/~ cousot/

The course web site is http://web.mit.edu/afs/athena.mit.edu/course/16/16.399 /www/.
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