Mechanics
Physics 151

Lecture 3
L agrange’ s Equations
(Goldstein Chapter 1)

Hamilton’s Principle
(Chapter 2)



What We Did Last Time

m Discussed multi-particle systems
m Internal and external forces
m Laws of action and reaction

= |ntroduced constraints
m Generalized coordinates

= Introduced Lagrange’ s Equations
m ... and didn’t do the derivation

- Let’spick it up and start from there



Today’s Goals

= Derive Lagrange’ s Egn from Newton's Egn
m Use D’ Alembert’s principle
m Therewill be afew assumptions
= Will make them clear aswe go

= Introduce Hamilton’s Principle
m Equivalent to Lagrange’' s Equations
= Which in turn is equivaent to Newton's Equations
m Does not depend on coordinates by construction
m Derivation in the next lecture



Lagrange’s Equations [Recipe

—
N
4 (o oL o /_ Kinetic energy
— |-———=0 L(0,0,t) =T =V
dt aqj qu \_ Potential energy

Lagrangian

m ExpressL = T—Vintermsof generalized coordinates
{q,}, their time-derivatives{(}, and timet

m The potential V = V(qg, t) must exist
m |.e all forces must be conservative




Virtual Displacement

= Consider a system with constraints
m Ordinary coordinatesr; (I = 1...N)

= Generalized coordinates g; (J = 1...n)

= Imagine moving all the particles
dightly r, - r,+or, q, - q,+dq,
AN ®

(1, =1,(,0,,...,q,,1)

I =1,(%s Opsees Oy )

ry =My(4,0,,-.0,0,, 1)

Virtual displacement

= Note that or; must satisfy the constraints

3N coordinates
not independent

or :Zi q

A

| aqj

j
| &

n coordinates
Independent




D’Alembert’s Principle
HEE——

= From Newton's Equation of Motion
F=p wemp F-p =

= Part of the force F; must be due to constraints

F =F® +f,
/

“applied” force “constraint” force

= Applied forceis“known” F® =FE® (r,,r,,....,1,,...,[,1)
m Constraint force f; (usually) does no work

= Movement is perpendicular to theforce f.or, =0
= Exception: friction

= Now multiply F® +f —p. =0 by o, and sum over |



D’Alembert’s Principle

X
Z (Fi(a) - pi )5ri =0

“constraint” forceis out of the game.

Y ou can forget (a)

m Force of constraints dropped out because f.or, =0
m Called D’ Alembert’s Principle (1743)

= Now we switch fromr; to g

1stterm:ZFiZ§;' 50, =X Q &% QLZF

J J

= Unit of Q; not dways [force]
= Q g Isaways|work]

aqJ

Generalized force




D’Alembert’s Principle
HEE——

. .~ Or, . Or,
2ndterm =) p,dr, :Zpizaiéqj :Zmriio’qj
! | i 04, ] 0q,

2 2
= A bit of work can show T o, d| 9 (v}||_09 [V
aqj at aqj 2 aqj 2

d{oT | oT mv?
=2 — | =—=—d0, T=)—
,- {dt[dqjj aqj} | ~ 2

m D’Alembert’s Principle becomes

r - 3

.
2. d[a'T o1 -Q o, =0
[ \_dt 0q; ) 0q;




Lagrange’s Equations

N
T 1 | v These are free
3. S[ST]—S_T ~Q, tag =0
L9t 29, G |
m Generalized coordinates g; are Independent
d(oT | oT
-—=Q. Almost there!
dt[aqj) a9 9 -
= Assume forces are conservative F = -0V j
or,_ oV
Q, F Y —
Z Z aq, OQ,

Throw this
back In



Lagrange’s Equations

I
d( aT _B(T—V):O
dt| dq, 0q,
= Assume that V does not depend on ¢, s Z_Y:o
d;

df oL | oL
: > -—=0 L=T(q.,q.t)-V(q,t
Finally dt[aqj] % (9;.9;,t) =V(q;.1)

Donel




Assumptions We Made

HEE——
m Constraints are holonomic m)r =r(,%,..0,,t)
m We always assumethis
= Constraint forces do no work m)for =0

m Forget frictions
m Applied forcesare conservative mmF =-[1V

m Lagrange’ s Egn. itself is OK if V depends explicitly ont

= Potential V does not depend on ¢; = "’_\,’ =0

0q,
Will review the last assumption later



Example: Time-Dependent
N

= Transformation functions may depend on t
m Generalized coordinate system may move
m E.g. coordinate system fixed to the Earth

= An example

ri = ri (qj !t)

spring constant K
natural length |

mass mon arail

/;ngular velocity a




Example: Time-Dependent
N

. . X = (| +r)cosat
m Transformation functions: { ( )

y=( +r)sinat

m Kineticenergy T :g{xz +y2} :g{r2 +(I +r)2a2}

m Potential energy Vv :%r2

m K
m) L=+ (+r)’at —r°
Art (e} -

L agrange’ s Equation %{%}—g—::mr—mz(l +r) +Kr =0



Example: Time-Dependent
HEE—

i[a—lf}—a—l':mr'—rncrz(l +r) +Kr =0
dt| or | or
mi + (K —maz)( { mﬁl}

m |f K> ma?, aharmonic oscillator with = \/K - ma”
= Center of oscillation is shifted by m
m If K <ma?, moves away exponentially
m |If K=ma?, velocity is constant
= Centripetal force balances with the spring force



Note on Arbitrarity
N
m Lagrangian is not unique for a given system
m |f aLagrangian L describes a system
dF(q,t)

L'=L+ works as well for any function F

= One can prove

d a(dFj a(dFj_ . drFr _oF ., OF
; - =0 using =—q+—
dt\ ogq\ dt og\ dt d oJqg ot




Assumptions We Made

HEE——
m Constraints are holonomic m)r =r (9,90,
m We always assumethis
= Constraint forces do no work m)for =0

m Forget frictions
m Applied forcesare conservative mmF =-[1V

m Lagrange’ s Egn. itself is OK if V depends explicitly ont

= Potential V does not depend on ¢; = "’_\,’ =0

0q,
Let’sreview the last assumption



Velocity-Dependent Potential

HEE—
= Weassumed Q, S an gv 0 sothat
qu 9 / Thishad to be O

d(oT | aT _ - a(T-V)| o(T-V) _

dt | oq, aqj < dt 0q, 0q,

m We could do the same if we had

U dfau v Seneaized,
== + : U:U(q,q,t) Oor veloCity
J dq, dt{ oq; > dependent
“potential”

= L=T(q;.¢;1)-U(;.4,1)




EM Force on Particle

N
m Lorentz force on acharged particle
X Velocity-dependent.
F=dE+(v>B)] Can'tfind ausua
m E and B fields are given by potential V
_ 0A _ .
E=-Op —  B=x A <= Pyscsish

m Forceisv-dependent > Need a v-dependent potential

U=0gp-gA [ works | check )

= Lagrangianis L:%m\/z—qqo+qAN




Monogenic System

N
m If al forcesin asystem are derived from a generalized
potential, U ol (A
Its called amonogenic system  Q, = —aqj e (aqj J

m Uisafunctionof g,q,t
m Lorentz force is monogenic

= A monogenic system is conservativeonly iIf U =U(q)
oU aU
oq ot
= Lagrange’s Equation works on a monogenic system

m Or 0



Hamilton’s Principle
N

= Wederived Lagrange’ s Egn from Newton's Egn using
a“differential principle”
m D’ Alembert’s principle uses infinitesimal displacements
m It'spossible to do it with an “integral principle’

Hamilton’s Principle




Configuration Space
HEE——

= Generalized coordinates q,...,q, fully describe the

system’ s configuration at any moment
= Imagine an n-dimensional space <(==

configuration
space

m Each point in this space (d,...,0,)
corresponds to one configuration of the system

m Time evolution of the system - A curvein the
configuration space

real space configuration space

- o




Action Integral
N

m A systemismovingas g, =q(t) j=1.n
= Lagrangianis L(g,q,t) = L(q(t),q(t),t)

t : : :
integrate> | = L Ldt Action, or action integral

m Action | depends on the entire path fromt; tot,
= Choice of coordinates g; does not matter
= Action isinvariant under coordinate transformation



Hamilton’s Principle
N

for the actual path

The action integral of aphysical system is stationary

AN

m Thisiseguivalent to Lagrange' s Equations

J

s Wewill provethis We will also define “ stationary”

= Three equivalent formulations

= Newton's Eqgn depends explicitly on x-y-z coordinates
m Lagrange' s Egn is same for any generalized coordinates

m Hamilton’s Principle refers to no coordinates

= Everything isin the action integral

Hamilton’ s Principle is more fundamental

probably...




Stationary

HEE—
m Consider two paths that are close to each other
m Differenceisinfinitesmal configuration space
m Stationary means that the t,

difference of the action integralsis
zero to the 1st order of oq(t)

-tS|m|Iarto first derlvatlvte: 0 q(t) +3q(t)
Jl = j L(g+J0,q+dq,t)dt —j “L(g,q,t)dt =0
t, ty tl

q(t)

= Almost same as saying “minimum”  5q(t,) = dq(t,) =0
m |t could as well be maximum



Infinitesimal Path Difference
HEE

= What's oq(t)? configuration space
m |[U'sarbitrary ... sort of t,
m [thastobezeroatt, andt,
m |[t'swell-behaving

= =

Continuous, non-singular,
continuous 1% and 2" derivatives

q(t)

Don't worry
too much

q(t) +oq(t)

= Haveto shrink it to zero
m Trick: writeit as oq(t) = an(t)
= o Isaparameter, which we'll make 2> 0
= /)(t) isan arbitrary well-behaving function 7(t,) =7(t,) =0



Hamilton - Lagrange
HEE—

m Toderive Lagrange' s Eqgns from Hamilton’s Principle
Jl = jf L(q+ Ja,q + g, t)dt - jf L(q,q,t)dt =0

m Define | (a) = j: L(q(t) +an (t),q(t) +a7 (t),t)dt

m J isthen Iim[l(a)—I(O)] ‘ (aa—lj da
a-0 a) .

= \We must show that (a—lj =0 leadsto Lagrange’ s Egns
a=0

oa

A bit of work. Will do it on Thursday




Summary
HEE—

= Derived Lagrange’ s Egn from Newton's Egn
m Using D’ Alembert’s Principle < Differential approach

= Assumptions we made:
m Constraints are holonomic - Generalized coordinates
m Forces of constraints do no work = No frictions
m Other forces are monogenic - Generalized potential

= Introduced Hamilton's Principle o - U, d (au }
= Integral approach g, dt{ 0
m Defined the action integral and “ stationary”
m Derivation in the next lecture




