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Today’s Topics 
 1. Responses of LTI systems to Fourier series inputs 
 2. B-747 Autopilot flight testing 
 
Take Away 

The response of a LTI system to a periodic input is a 
Fourier series output with the same harmonics but 
with coefficients determined by the LTI system 
frequency response.  Fourier series are useful for 
identifying system dynamics. 
 

Required Reading 
  

O&W-3.8 (continuous time signals only) 
 
 



 
In our first lecture we discussed the input/output 
relationships of LTI systems.  In particular, recall that if  
x(t) is the complex exponential input to a LTI system and 
y(t) is its output 
    

                  
then the output is obtained by the familiar convolution 
integral 

           



Now, the exponential of the difference can be written as a 
product, so        

 
The integral on the right is called the transfer function 
 

 
 
and the output is the product of the transfer function times 
the complex exponential input. 
 

        
           
In general the variable s is a complex number with a real 
and an imaginary part.   
 

   
            



When the real part of s is confined to zero then H(s) is 
referred to as the frequency response of the system.  Recall 
that the real part of s indicates the transient behavior of a 
system.  Setting the real part of s to zero eliminates 
transient behavior, while the remaining imaginary part of s 
retains steady state behavior.  In particular, if the system is 
stable then the implication is that the system has been 
operating long enough so that all initial transients are gone 
(i.e., 

! 

t"#).  We are interested is this regime of system 
behavior so the frequency response of a system is 
 

       
           
Now suppose that the input to the LTI system is a periodic 
signal x(t) with a Fourier series representation 
 

        
 
Each term in this input is a periodic complex exponential.  
The exponent of each term has a zero real part and its 
imaginary part is a harmonic frequency 

! 

k"
0
.  Also, the 

output is the input multiplied by the frequency response.  
However, by superposition, the output is the sum of each of 
the input terms, multiplied by the frequency response at the 
harmonic frequency of that term.  



 

     
       
We can draw the following diagram. 

 
In effect the Fourier series representation of the output is 
produced by modifying each coefficient of the input 
Fourier series.  Each such modification is produced by 
multiplying the coefficient by the system frequency 
response, evaluated at the associated frequency harmonic.  
Thus each of the input harmonics is preserved in the output, 
but the magnitude and phase of that signal component are 
altered by the frequency response at that harmonic.  The 
following figure illustrates this process 



 
Note that each term in the output series is represented by a 
sinusoidal input, at one of the harmonics, times the system 
frequency response evaluated at that harmonic times the 
associated Fourier coefficient for x(t).  Thus if x(t) and y(t) 
have Fourier representations. 

      
Then the Fourier coefficients for x(t) and y(t)are related as 

      
           



In any real world situation the series’ would be truncated.  
Assuming that the input and output have valid Fourier 
series representations, then the series representations of the 
input and output will converge to the actual input and 
output as the number of terms in the series goes to infinity.  
Alternatively, in any real world application, we can make 
truncated series representations of the input and output 
approach the actual signals as closely as we want by 
including enough terms in the truncated series.  
 
Example 
The response of the Boeing 747 aircraft and altitude hold 
autopilot are reasonably approximated as a simple first 
order system.  In particular, suppose the 747 is cruising 
straight and level at Mach 0.8 and 20,000 ft. altitude, at a 
gross weight of 637,000 lb.   Typically, in such a situation, 
the altitude autopilot is engaged and holding the vehicle at 
the commanded altitude of 20,000 ft. with great precision, 
(i.e., tolerances of less than + 20 ft.).   
 
 
 
 
 
 
 
 
 
 
 
 



Now suppose the pilot input is a step command of 100 ft., 
requiring the autopilot to bring the aircraft to straight and 
level cruise at 20,100 ft.  The response will be very much 
like the following  
 

 
which is the step response of a first order system with a 
time constant of 9.0 seconds.  Hence we can reasonably 
model the 747 aircraft and autopilot as a first order system 
with 9.0 second time constant.  Its impulse response will be 
 
 

     
   
 
 
          



and its frequency response can be derived as follows  
 

Commonly, in the development or upgrade of avionics, the 
aircraft is flight tested to be sure that the development or 
upgrade meets specifications.  In particular, an upgrade of 
the 747 autopilot would include extensive flight testing 
before delivery to a customer. 
 
The flight test often subjects the aircraft and avionics to 
some repeated input command for an extended period of 
time.  During the test, onboard instruments take extensive 
data for subsequent post flight analysis, to assure that the 
system is operating as desired.   
 
 
 
 
 
 



One typical kind of repeated input is the square wave.  For 
example, suppose our Boeing 747, with altitude hold 
autopilot, is subjected to such a test, where the input is a 
square wave of height  +50 feet, with a period of 100 
seconds.   

 
Assuming that the square wave input started a number of 
cycles in the past, say back at -300 seconds or earlier, all 
startup transients will have died off and the aircraft 
response would be periodic and look like this.  
 
 
 
 
 
 
 
 
 
 
 
 



 
However, unless the atmospheric conditions are extremely 
calm the aircraft response would not be as smooth as in this 
plot because turbulence and other disturbances would 
disturb the flight path.  An example of the kind of response 
one might expect in the presence of random wind gusts is 
the following 
 

 
 
 
 
 



In effect the random wind gusts cause random altitude 
variations of the order of about ten feet.  A long record of 
data, taken over many cycles of the square wave input, 
would allow post flight data processing to smooth out these 
effects.  
 
The test would occur over an extended length of time so 
that many periods of the input square wave could be 
included in the data.  Also, data would only be recorded 
after a number of cycles have been executed so that all 
initial transients will have died out and the system response 
is in steady state, as illustrated above.  
 
The result would be a measured and recorded history of the 
aircraft altitude change, as a function of time.  In other 
words the flight test would produce a function h(t) that is a 
recording of the response of the aircraft to the square wave 
input command, over some integer number of 100 second 
cycles. 
 
Fourier series analysis provides an effective method for 
processing flight test data to determine if the system meets 
specifications. Earlier we showed that the Fourier series 
coefficients of the output of a system are obtained by 
multiplying the Fourier series coefficients of the input by 
the system frequency response, evaluated at the harmonic 
frequency of that coefficient.   
 
 
 
 



In other words, if the output coefficients are defined as 
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b
k , 

then they are related to the input coefficients 

! 

a
k as  

      

 
Hence, the frequency response of the aircraft system can be 
inferred by dividing the output Fourier series coefficients 
by the input Fourier series coefficients 

     
The Fourier series for the input square wave can be readily 
derived in a manner identical to what we did earlier.  In this 
case the size of the square wave is +50 feet high and its 
period is 100 seconds.  Hence we have the following 
Fourier series representation for the square wave input  
 
 

  



Which yields the following Fourier sine series 
representation 

 
 
Because the average value of the square wave input to thr 
B-747 is zero the k=0 coefficient is zero.   All the other 
coefficients in this series are simply the coefficients for the 
unit square wave we derived earlier, multiplied by the 100 
ft. magnitude of the input command. 
 
What still remains is the determination of the coefficients 
for the output Fourier series y(t).  In the real flight test 
situation, data would be recorded as a digital record of 
altitude, sampled at small enough intervals (e.g., once a 
second) so that the record is an accurate representation of 
the actual flight.  For example this record would be a 
recorded history 

! 

ˆ y (t)  of the altitude change over the period 
of the test. This history could be used to perform numerical 
integrations to determine the real and imaginary parts of the 
output series. Hence, if we define 
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ˆ b 
k  as the estimated 

coefficients derived from the 

! 

ˆ y (t)  time history of the 
output, over m periods, then 
 



 
 

! 

1

mT

" 

# 
$ 

% 

& 
'  

 
so the real and imaginary parts of 

! 

ˆ b 
k
 are 

 
and its magnitude and phase are 
 

   
             
 



 
 
 
 
Similarly, the magnitude and phase of 

! 

a
k are 

     
            
Then the magnitude and angle of the frequency response of 
the Boeing 747 aircraft and autopilot, at each harmonic of 
the input square wave, could be obtained as 
 

    
   



 
 
 
 
 
          
The aircraft responses with gust disturbances, as shown 
above, were used to produce the following magnitude and 
angle results at the harmonic frequencies.  In order to 
reduce the effects of wind gusts the entire 500 second 
record, equivalent to five periods of the input square wave, 
was used in the integrations and the results were then 
divided by 500 seconds. The following table compares 
these magnitude and angle results with the magnitude and 
phase frequency responses of the first order autopilot 
system model, as described above. 
 

k  
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"#  |H|  
(dB) 

|H| 
error 
(dB) 

H angle 
(deg) 

H angle 
error (deg) 

1 0.57 -1.20 .12 -29.5 1.4 
3 1.70 -5.89 .37 -59.5 1.6 
5 2.83 -9.54 .70 -70.53 -.36 
7 3.96 -12.22 .68 -75.83 .23 
9 5.09 -14.30 .78 -78.89 .16 
11 6.22 -15.99 .90 -80.87 1.02 

 
Note that even in the presence of air turbulence, that 
produced  altitude variations of the order or 10 ft., the 
numerical integration over 5 periods of the square wave 
produced errors in the evaluation of frequency response 



magnitude of less than 1.0 dB and angle errors within 2.0 
degrees. 
 
 
 
 
For reference the magnitude and phase diagrams for the 
first order system, that we presented the first lecture, are 
shown below.  Note the magnitude and phase angle errors 
given in the table are no larger than approximately the 
width of the magnitude and phase lines in the figures. 
 
 
            
 



 


