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Unified Engineering 1 Fall 2006

Problem S3 (Signals and Systems) SOLUTION

7 o
+ —_
+ +
v, t N I B
7 () e) ANN— €3 8
_ AAS )
+ +
R3 Rg

1. To begin, we must label each of the elements of the circuit with a polarity (+/— signs)
in order to be able to speak about the element voltages. Note that this labeling is
arbitrary, so you may get an answer with different signs. I have labeled the elements
as above. I have also assigned a ground node, labeled the one known node (V7), and
labeled the remaining three nodes e; , eq, and e3. Using the node method, the node
equations are then, in order,

(G1 4+ G2+ Gs)eq — Gae — Gsez = I3
—Gaer + (G2 + G3 + Gy)ea —Gye3 =0
— Gsep — Gues + (G4 + G5+ Ggles =0

Plugging in values, using G = 1/R, we have (leaving out the units)

361 — €9 — €3 = 3
—e1 + 1.4166e3 —0.166e3 =0
—e; —0.166e9 + 1.4166e3 = 0

Solve using a calculator or Matlab or row reduction, we have that

4

e1 = 70v~5.7143v
2

ey = 37\/%4.5714\/
2

e5 = 37\/@4.5714\/



The element voltages are then found by differencing node potentials:

5
’U1=V7—€1=—?V
8
’U2:€1—€2:§V
32
’U3:€2—O:7
’U4=€2—63=0V
8
Vs = €1 — €3 = =
5 1 3 7
32
1)6:63—0:7‘/
vy =5V
40
'1)8:0—61:—7‘/

The currents are found from the constitutive relations:

o _ 5
YR T
. () 8
-2 _2A
TR, 7
3 V3 8
:7:7A
BT Ry 7
B (o 0
:7:7A
“T R, T
. Vs 8
— 5 _2A
BT R T 7
;o v 10
6T Ry T
ig = Ig = 3 A

To find i7, we must apply KCL at the V7 node, which implies that i7 +¢; = 0, so that

i7 =5/TA.

. The net power is

S i (2.2 88,882 8.8,
e\t T TT 7

n=1

which is zero by direct calculation.



Unified Engineering 1 Fall 2006
Problem S4 (Signals and Systems)

In this problem, you will consider a bit more Tellegen’s Theorem, introduced in Problem
S3.

1. Make up a set of voltages and currents that satisfy KVL and KCL. For example,
leaving out units, take

V1 = —2, Vo = —1, v3 = 5, Vg4 = —4, V5 = —5, Ve = 9, V7 = 2, vg = —4
=1, dp=—1, ig=-2, ig=1, is=-2, dg=—1, ir=—1, ig=—4
Then
8
> invn =0
n=1

as 1t should be.

2. For any circuit with N nodes, label the nodes n = 1,2,... N. Define the current
flowing through a circuit element from node m to node n to be i,,,, and the voltage
across the element to be v,,,. Then the total power of the circuit is

1 N N
m=1n=1

The factor of % appears in the sum because the power of each element appears twice,
SINCe tmp = —nm, and Vmp = —Upm. Since KVL holds, we can define node potentials,
€1,e2,...en. The element voltages are then given by

Umn = €m — €n

Then the sum becomes

1 N N.
P = EZszn(em—en)

m=1n=1
N N N N
1 . 1
= 5 § § tyn€m — 3 E E Imn€n
m=1n=1 m=1n=1

The sums can be grouped as

P = §Zem (Z%nn) _52671 <Zlmn>
m=1 n=1 n=1 m=1

The first term in parentheses is the sum of the currents flowing out of node m, which
is zero by KCL. The second term in parentheses is the sum of the currents flowing into
node n, which is also zero by KCL. Hence,

P=0
for any circuit which satisfies KCL and KVL.
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