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Uni�ed Engineering I Fall 2006

Problem S7 (Signals and Systems) SOLUTION

1. Redraw the circuit with the Thevinin model for the battery:

–


+
vL

iL

–


+

V

Ri

Since this is a single loop circuit, the current iL �ows through each element,
inobvious direction. Applying KVL to the loop yields

RiiL + vL − V = 0

Therefore,
vL = V −RiiL

2. The power dissipated across the load is

PL = iLvL

= iL (V −RiiL)

= iLV −Rii
2
L

3. To maximize the power across the load, treat above expression as function of
iL, take �rst derivative with respect to iL, and set to zero:

0 =
dPL

diL
= V − 2RiiL

Solving for iL, we have that

iL =
V

2Ri

The corresponding voltage is

vL = V −RiiL

=
V

2



4. For a battery voltage V = 12 volts, and internal resistance Ri = 0.01 Ω,

PL = iLvL =
V

2Ri

V

2
=

V 2

4Ri

= 3600 W = 4.83 HP

This seems reasonable to me at least. A 4 or 5 HP engine (like a lawn mower
engine) would certainly be powerful enough to turn over a car engine.

5. If vL = V/2, and iL = V/2Ri, then the load resistance is

RL =
vL

iL
= Ri

That is, to maximize power, the load impedance should be the same as the out-
put impedance of the driving circuit. This is the impedance matching condition.
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Problem S8 (Signals and Systems) SOLUTION

1. Using the constitutive law for capacitors and inductors, derive the equivalent
capacitance and inductance for the following series and parallel con�gurations:

(a)

C1

C2

For each capacitor, the current is i = C dv/dt. Therefore, the total current
is

i = i1 + i2 = C1
dv

dt
+ C2

dv

dt
= (C1 + C2)

dv

dt

Therefore, the equivalent capacitance is C = C1 + C2.

(b)

C1 C2

For each capacitor, i/C = dv/dt. Therefore,

dv

dt
=

dv1

dt
+

dv2

dt
=

i

C1

+
i

C2

So
1

C
=

1

C1

+
1

C2

or

C =
C1C2

C1 + C2

(c)

L1 L2



For each inductor, v = L di/dt. In the series connection, the current
through the two inductors is the same. Therefore,

v = v1 + v2 = L1
di

dt
+ L2

di

dt
= (L1 + L2)

di

dt

Therefore,

L = L1 + L2

(d)

L1

L2

For each inductor, di/dt = v/L. Therefore,

di

dt
=

d

dt
(i1 + i2) =

v

L1

+
v

L2

Therefore,
1

L
=

1

L1

+
1

L2

or

L =
L1L2

L1 + L2

2. Find a set of di�erential equations that describe the dynamics of the circuit
below, using the node method. Label the nodes as shown:

R1 C5

C2

C3

R4
e1 e3

e2

We can wrtie the node equations �by inspection�:

C2
de1

dt
+ G1e1 − C2

de2

dt
= 0

−C2
de1

dt
+ C2

de2

dt
+ C3

de2

dt
+ G4e2 −G4e3 = 0

−G4e2 + C5
de3

dt
+ G4e3 = 0



Using the component values

R1 = 1 Ω, C2 = 0.2 F, C3 = 0.2 F, R4 = 4 Ω, C5 = 0.5 F

we have that

0.2
de1

dt
+ e1 − 0.2

de2

dt
= 0

−0.2
de1

dt
+ 0.4

de2

dt
+ 0.25e2 − 0.25e3 = 0

−0.25e2 + 0.5
de3

dt
+ 0.25e3 = 0
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