






16.05 Thermal Energy Solution to Recitation #8

Problem 1
GIVEN:

ASSUMPTIONS: • Neglect potential and kinetic energy effects.

CONCEPTS: • Conservation of mass.
• First Law in Control Volume form.
• Two-phase media.

SOLUTION:

a) Applying mass conservation:
dmCV

dt
= ṁin

Integrating in time:
mCV,2 −mCV,1 = ∆min

The tank is empty at the beginning, mCV,1 = 0:

mCV,2 = ∆min

Applying First Law in Control Volume:

dUCV

dt
= ṁinhin

Integrating in time:
UCV,2 − UCV,1 = ∆minhin

Since the tank is empty at the beginning, UCV,1 = 0:

UCV,2 = ∆minhin

From mass conservation, mCV,2 = ∆min:

UCV,2 = mCV,2hin ⇒ u2 = hin

Then, the final specific internal energy is known:

u2 = hin = h(p = 10 bar, T = 300oC) = 3051.2 kJ/kg
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The final pressure is also known, p2 = 10 bar. Then, T2 can be obtained by interpolation:

p = 1 MPa, T = 400oC, u = 2957.3 kJ/kg
p = 1 MPa, T = 500oC, u = 3124.4 kJ/kg

}
T2 = 456.2oC

b) The p-v diagram is:

The T-s diagram is:

c) The process 2-3 is a constant volume heat rejection. The specific volume at point 3 is:

v3 = v2 = 0.3333 m3/kg

This specific volume is between the specific volumes of the saturated vapor and the saturated
liquid at 40oC:

vf (T = 40oC) = 0.001008 m3/kg

vg(T = 40oC) = 19.52 m3/kg

Then, the final state is under the vapor dome. The final pressure is the saturation pressure:

p3 = psat(T = 40oC) = 7.384 kPa
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d) The rejected heat can be obtained using First Law:

U3 − U2 = Q

The final specific internal energy is:

u3 = (1− x3)uf (T = 40oC) + x3ug(T = 40oC)

x3 is calculated from:

x3 =
v3 − vf (T = 40oC)

vg(T = 40oC)− vf (T = 40oC)
= 0.01702

Then:
u3 = (1− x3)uf (T = 40oC) + x3ug(T = 40oC) = 206.1 kJ/kg

where uf (T = 40oC) = 167.56 kJ/kg and ug(T = 40oC) = 2430.1 kJ/kg.

The internal energy at point 2 is:

u2 = hin = 3051.2 kJ/kg

Finally, the mass in the tank is:

mvessel =
V

v3

= 9× 10−3 kg

Then:
Q = mvessel(u3 − u2) = −25.61 kJ

This heat has negative sign because is rejected heat.
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Problem 5
GIVEN:

ASSUMPTIONS: • Steady flow.
• Neglect kinetic and potential energy effects.

CONCEPTS: • Stoichiometry.
• First Law in CV form.
• Enthalpy of formation.

SOLUTION:

The stoichiometric reaction is:

C8H18 + 12.5(O2 + 3.76N2) → 8CO2 + 9H2O + 12.5× 3.76N2

Using First Law in Control Volume form:

0 = −Q̇R − Ẇ +
∑

R

ṅRhR −
∑

P

ṅP hP

The reactants enthalpy flow is given by:
∑

R

ṅRhR = ṅf (hC8H18 + 12.5hO2 + 47hN2) = ṅfh
0

f,C8H18(l)
= −5.002 kW

The products enthalpy flow is given by:
∑

P

ṅP hP = ṅf (8hCO2 + 9hH2O + 47hN2) = −80.929 kW,

where

hCO2 = h
0

f,CO2
+ ∆hCO2|T=900 K = −393522 kJ/kmol + 28030 kJ/kmol = −365492 kJ/kmol
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hH2O = h
0

f,H2O + ∆hH2O|T=900 K = −241826 kJ/kmol + 21937 kJ/kmol = −219889 kJ/kmol

hN2 = h
0

f,N2
+ ∆hN2|T=900 K = 0 kJ/kmol + 18223 kJ/kmol = 18223 kJ/kmol

Finally:
Q̇R = −Ẇ +

∑
R

ṅRhR −
∑

P

ṅP hP = 45.93 kW
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Problem S9 (Signals and Systems) SOLUTION

R4

R3

R5

C1

C2

e1 e3

e2

Write down the node equations, using impedances:

(C1s + C2s + G5)E1 − C2sE2 −G5E3 = 0

−C2sE1 + (C2s + G4)E2 −G4E3 = 0

−G5E1 −G4E2 + (G3 + G4 + G5)E3 = 0

Using the component values

C1 = 1 F, C2 = 2 F, R3 = 2 Ω, R4 = 1 Ω, R5 = 1 Ω

we have that  3s + 1 −2s −1
−2s 2s + 1 −1
−1 −1 2.5

 E1

E2

E3

 = M(s)E

In order to have a non-trivial solution, must have that

det[M(s)] = 5s2 + 3.5s + 0.5

The roots are

s1 = −1

2
, s2 = −1

5

Solve for the characteristics vectors. De�ne

M1 = M(s1) =

 −0.5 1 −1
1 0 −1
−1 −1 2.5





Row reduction yields

M ′
1 =

 1 −2 2
0 1 −1.5
0 0 0


Therefore, a characteristic vector is

E1 =

 1
1.5
1


Similarly, de�ne

M2 = M(s2) =

 0.4 0.4 −1
0.4 0.6 −1
−1 −1 2.5


Row reduction yields

M ′
1 =

 1 1 −2.5
0 1 0
0 0 0


Therefore, a characteristic vector is

E2 =

 2.5
0
1


The general solution is

e(t) = a

 1
1.5
1

 e−0.5t + b

 2.5
0
1

 e−0.2t

The initial conditions are that

e1(0) = 3 V = a + 2.5b

e2(0) = 6 V = 1.5a

Solving for a and b,

a = 4

b = −0.4

The node voltages as a function of time are therefore

e1(t) =
(
4e−0.5t − 1e−0.2t

)
V

e2(t) =
(
6e−0.5t

)
V

e3(t) =
(
4e−0.5t − 0.4e−0.2t

)
V
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Problem S10 (Signals and Systems) SOLUTION

L2

R5

L1R3R4 ia icib

Label the loop currents as above. Using impedances, we can write the loop equa-
tions (KVL) as

(L2s + R4)Ia − L2sIb = 0

−L2sIa + (L2s + R3 + R5)Ib −R3Ic = 0

−R3Ib + (L1s + R3)Ic = 0

Plug in the component values

L1 = 1 H, L2 = 1 H, R3 = 1 Ω, R4 = 1 Ω, R5 = 0.5 Ω

Then  s + 1 −s 0
−s s + 1.5 −1
0 −1 s + 1

 Ia

Ib

Ic

 = M(s)I = 0

Non-trivial solutions exist when

det[M(s)] = 0 = 2.5s2 + 3s + 0.5

Therefore, the characteristic values are

s1 = −1

s2 = −0.2

Next, solve for the charactersitic values. De�ne

M1 = M(s1) =

 0 1 0
1 0.5 −1
0 −1 0


Row reduce to obtain

M ′
1 =

 1 0.5 −1
0 1 0
0 0 0





Therefore, a characteristic vector is

I1 =

 1
0
1


Similarly, de�ne

M2 = M(s2) =

 0.8 0.2 0
0.2 1.3 −1
0 −1 0.8


Row reduce to obtain

M ′
2 =

 1 −0.25 0
0 1 −0.8
0 0 0


Therefore, a characteristic vector is

I2 =

 −0.2
0.8
1


So, the general solution is

i(t) = a

 1
0
1

 e−t + b

 −0.2
0.8
1

 e−0.2t

Apply the initial conditions

i1(0) = 10 A = ic(0) = a + b

i2(0) = 0 A = ia(0)− ib(0) = a− b

Solving for a and b yields
a = b = 5 A

Therefore,

i1(t) =
(
5e−t + 5e−0.2t

)
A

i2(t) =
(
5e−t − 5e−0.2t

)
A
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Problem S11 (Signals and Systems) SOLUTION

Label the node potentials as shown:

R3

R2 R4

C1 L5 i5

+

–


v1

e2 e3e1

The node equations, using impedances, are

(C1s + G2)E1 −G2E2 = 0

−G2E1 + (G2 + G3 + G4)E2 −G4E3 = G2v1

−G4E2 +

(
1

L5s
+ G4

)
E3 = 0

Plugging in the component values,

C1 = 0.25 F, R2 = 4 Ω, R3 = 4 Ω, R4 = 1 Ω, L5 = 1 H

we have that

(0.25s + 0.25)E1 − 0.25E2 = 0

−0.25E1 + 1.5E2 − E3 = 0

−E2 +

(
1

s
+ 1

)
E3 = 0

or in matrix form, 0.25s + 0.25 −0.25 0
−0.25 1.5 −1

0 −1 1
s

+ 1

 E1

E2

E3

 = M(s)E = 0

Non-trivial solutions exist for

det[M(s)] =
2s2 + 7s + 5

16s
= 0

The roots are

s1 = −1

s2 = −2.5



Next, �nd the characteristic vectors. De�ne

M1 = M(s1) =

 0 −0.25 0
−0.25 1.5 −1

0 −1 0


Row reduce to obtain

M ′
1 =

 1 −6 4
0 1 0
0 0 0


A characteristic vector is then

E1 =

 −4
0
1


Similarly, de�ne

M2 = M(s2) =

 −0.375 −0.25 0
−0.25 1.5 −1

0 −1 0.6


Row reduce to obtain

M ′
2 =

 1 0.6666 0
0 1.6666 −1
0 0 0


A characteristic vector is then

E2 =

 −0.4
0.6
1


The general solution is

e(t) = a

 −4
0
1

 e−t + b

 −0.4
0.6
1

 e−2.5t

The initial conditions on the capacitor and inductor are

v1(0) = 2 V, i5(0) = 1 A

Since v1 = e1 − 0 = e1, the I.C. on the capacitor yields

−4a− 0.4b = 2

Now, the voltage across the inductor is v5 = 0 − e3 = −e3 = −ae−t − be−2.5t. Since

the impedance of the inductor is L5s, we have that the current through the inductor

is

i5(t) =
−ae−t

L5(−1)
+
−be−2.5t

L5(−2.5)
= ae−t + 0.4be−2.5t



The I.C. on the inductor implies that

a + 0.4b = 1

Solving for a and b, we have that

a = −1 V

b = 5 V

Therefore, the �nal solution is

v1(t) =
(
4e−t − 2e−2.5t

)
V

i5(t) =
(
−e−t + 2e−2.5t

)
V
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Problem S12 (Signals and Systems) SOLUTION

R3

R2 R4

C1 L5 i5

+

–


v1

e1v1 e2

Use the node voltages as labeled above. The node equations are

(G2 + G3 + G4)e1 −G4e2 = G2v1

−G4e1 + G4e2 = i5

Using the component values

C1 = 0.25 F, R2 = 4 Ω, R3 = 4 Ω, R4 = 1 Ω, L5 = 1 H

we have that

1.5e1 − e2 = 0.25v1

−e1 + e2 = i5

Solve for e1, e2 using Cramer's rule or row reduction to obtain

e1 = 0.5v1 + 2i5

e2 = 0.5v1 + 3i5

The constitutive law for the capacitor is

dv1

dt
=

1

C1

i1

Use KCL at the v1 node to obtain i1:

i1 + G2(v1 − e1) = 0

Solving for i1, and using component values,

i1 = −G2(0.5v1 − 2i5) = −0.125v1 + 0.5i5

Then
dv1

dt
=

1

C1

i1 = −0.5v1 + 2i5



The constitutive law for the inductor is

di5
dt

=
1

L5

v5

Using v5 = −e2, and the value of L5, we have that

di5
dt

= −0.5v1 − 3i5

Therefore, the dynamics matrix is

A =

[
−0.5 2
−0.5 −3

]
The eigenvalues are the roots of

det(sI − A) = 0 = s2 + 3.5s + 2.5

The eigenvalues are then s = −1,−2.5, just as in Problem S11.
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