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Unified Engineering I1

Problem S17 Solution (Signals and Systems)

Spring 2005

Problem Statement: Consider the quadrature modulation/demodulation system shown
below. The purpose of the system is to transmit two signals, z1(¢) and x3(t), over the same
frequency band simultaneously. z1(t) and z2(t) are bandlimited signals, with bandwidth
W. That is, their Fourier transforms X;(f) and Xs(f) satisfy

X1(f) =0,

Xa(f) =0,

If|>wW

If| >W

The bandwidth is much less than the modulation frequency, fo. The lowpass filters shown
in the diagram are ideal, with transfer function

L

wn={;

lfl<W
|fl >W

Find the Fourier transforms of the signals x3(t), x4(t), x5(t), x6(t), x7(t), xs(t), and xg(t)
in terms of X (f) and Xa(f).

X3(t)

X1(t)

cos(2rtf )

sin(2rt )

Xo(1)

X4(1)

Solution: Define

The FTs are

X5(t)

Low Pass Filter

— Xg(1)

2 cos(2rtt)

2 sin(2rt )

Low Pass Filter

L Xg(t)

w1 (t) = cos(2m fot)
wa(t) = sin(27 fot)
ws(t) = 2 cos(27 fot)
wy(t) = 2 sin(27 fot)

Walf) = 507 — fo) + 30(7 + fo)

Walf) = Z26(F — fo) + L6(F + fo)

Ws(f)
Wu(f)

5(f = fo) +6(f + fo)
—J6(f = fo) +36(f + fo)



Therefore,

X3(f) = Xa(f) = Wa(f)
1

= §X1(f—f0)+%X1(f+f0)

Xa(f) = Xao(f) * Wa(f)

= X(f ~ fo) + 27 + o)

X5(f) = Xs(f) + Xa(f)
= SX0(F — o) 5 Xa(F + fo) + L Xa(f — fo) + L3 + fo)

Xe(f) = Xs5(f) * Wa(f)
= X5(f = fo) + X5(f + fo)

= SX0(f ~ 260) + 3 Xa(f) + 5Ll — 2fo) + L 3a()

F X)L Xa(] +200) + 2 Xaf) + L X(f +200)

=X1(f) + %Xl(f —2fo) + %Xl(f +2fo)

+ S Xa(f — 260 + 2 Xa(f +26)

X7(f) = X5(f) = Wu(f)
—JjXs5(f — fo) + 3 Xs(f + fo)

= XU = 260) 45X = 5l 20+ el
+ LX)+ XS 4200 + 5 Xah) — 5 Xalf +260)

1 1
= Xo(f) — §X2(f —2fo) - §X2(f +2fo)
+ S X(f = 2f0) + 5 X (f +2f0)
Low-pass filtering x¢(t) and z7(t) eliminates all but the low-freqiency terms, so that

Xs(f) = Xa(f)
Xo(f) = Xa(f)
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Do problem 8.26 from Openheim and Willksy, Signals and Systems, reprinted below:

8.26. In Section 8.2.2, we discussed the use of an envelope detector for asynchronous
demodulation of an AM signal of the form y(t) = [x(f) + A]cos(w.t + 0.). An
alternative demodulation system, which also does not require phase synchroniza-
tion, but does require frequency synchronization, is shown in block diagram form
in Figure P8.26. The lowpass filters both have a cutoff frequency of w... The signal
y(#) = [x(1) + A]cos(w .t + 6.), with 8. constant but unknown. The signal x(t) is
band limited with X(jw) = 0, |w| > wy, and with wy < w.. As we required for
the use of the envelope detector, x(t) + A > 0 for all z.

Show that the system in Figure P8.26 can be used to recover x(¢) from y(f)
without knowledge of the modulator phase 6.

cosw.t
/L Lowpass
X - ! -1 Squarer
O/ filter 4

\
Square
y(t)—e <+>—> oot 10
A

».| Lowpass

N\
?X/ > filter > Squarer

sinw.t

Figure P8.26

To begin, label the signals as shown below

cosact - W,

¢
é > Lo;,ﬁtp;ss 1 Squarer 3

Y, Ya
y(t) ——e <+>—> S?:;'e e 1(t)
A
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From the problem statement,
y(t) = [z(t) + A] cos (2m fot + 6,)
Define

z(t)==x(t)+ A
w(t) = cos (2mfet + 6,)

The factor w(t) can be expanded as
w(t) = cos (27 fot + 0.) = cos B, cos 2 fot — sin b, sin 27 f.t
The Fourier transform of w(t) is then given by
W(f) = Flcos (2m f.t + 6.)]
Z%ww[(f,m+5ﬁ+ﬁﬂ st (58 (f — f) +3( + fo)

:%(COSGCJrjsmO) (f—fo)+ (cos@ —jsind.) o (f + fe)
The Fourier transform of z(t) = z(t) + A is given by
Z(f) = Flz(t)] = X(f) + Ad(f)

Z(f) is bandlimited, because X (f) is, and of course the impulse function is bandlimited.
So the FT of y(t) is given by the convolution

Y(w)=Z(f)*W(f)
= % [(cos .+ jsinb.) Z(f — fe) + (cosO. — jsinb.) Z(f + f.)]

Next, compute the spectra of y1(¢t) and ya(t). To do so, we need the spectra of wi(t) and
wa(t):

Then

Vi(f) = W)=Y (f)
R B AR,

[(cosO. + jsinb.) Z(f —2f.) + (cosb. — jsinb.) Z(f)]
[(cosO. + jsinb.) Z(f) + (cosb. — jsinb.) Z(f + 2f.)]
030, Z(f)

[(cosb. + jsinb.) Z(f — 2f.) + (cosb. — jsinb.) Z(f + 2f.)]

2



Similarly,

Yi(f) = Wa(f) =Y (f)
1

= 5[_Jy(f_fc)+jy(f_fc)]

= L l(cosb. + jsind.) Z(f = 2f.) + (cosb. — jsine.) Z(f)]

+= [(cos 0. + jsinb.) Z(f) + (cosb. — jsinb.) Z(f + 2f.)]

— oS,

= ——=sinf. Z(f)

=N

+1 [(—jcosO.+sinb.) Z(f —2f.) + (jcosb. +sinb.) Z(f + 2f.)]

Now, when y;(t) and y4(t) are passed through the lowpass filters, the Z(f — 2f.) and
Z(f +2f.) terms are eliminated, and the Z(f) terms are passed. Therefore,

1
Ya(f) = 5 cos 0 2()
1.
Ya(f) = — sinf. Z(f)
and
1
ya(t) = 5 c08 0 =(t)
1
ys(t) = ~3 sin 0. z(t)
After passing these signals through the squarers, we have
L 9, o
ys3(t) = 78 0. z°(t)
L.
ye(t) = 1 sin? 0. 2°(t)

$y_{7}(t)$ is the sum of these, so that

yr(t) = ys(t) + yz(t)

[cos? 0. 2% (t) + sin® 0. 2%(2)]

if the positive root is always taken. But z(t) = z(t) + A is always positive, according to the
problem statement. Therefore,
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Do problem 8.8 from Openheim and Willksy, Signals and Systems, reprinted below. Note
that this system implements a type of single sideband amplitude modulation. In addition
to parts (a) and (b) below, do part (c).

8.8. Consider the modulation system shown in Figure P8.8. The input signal x(¢) has a
Fourier transform X(jw) that is zero for |w| > wy. Assuming that w. > w s, answer
the following questions:

(a) Is y(¢) guaranteed to be real if x(¢) is real?
(b) Can x(r) be recovered from y(t)?

cosw .t

X (t) y(t)

-

sinw,t Figure P8.8

>
>

(c) For a representative spectrum X (f), plot the resulting spectrum Y (f). You may
assume that the spectrum X (f) is real, but plot both the real and imaginary parts of Y(f).
Does this system in fact produce single sideband modulation?

Solution: Label the signals in the problem as below:



8.8. Consider the modulation system shown in Figure P8.8. The input signal x(¢) has a
Fourier transform X(jw) that is zero for |w| > w . Assuming that w, > wy,, answer
the following questions:

(a) Is y(?) guaranteed to be real if x(¢) is real?
(b) Can x(¢) be recovered from y(z)?

:?

W,,(£)= sinwt Figure P8.8

The Fourier transform of z(t) is given by X (f). Then the FT of x;(t) is given by

—JjX(f), 0<f<fu
Xi(f) =H(NHX(f) = +iX(f), —fu<f<0
07 ’f‘ > fM

The signal x5(t) is given by
xg(t) = w1 (t)xl(t)

where wy (t) = cos 27 f.t. The FT of w;(t) is

WA(f) = 5507 — o)+ 6(7 + o)

The FT of z5(t) is then

= 21X (F — 1)+ X+ £
_%X(f_fc)v fc < f < fc+fM
HIX(f = fo), fe—fu<f<fe

= _%X(f"i'fc)v _fc<f<_fc+fM
HEX(f+ 1), —fe—fu<f<—f
0, else

The signal x3(t) is given by



where wy(t) = sin 27 f.t. The FT of wa(t) is

The FT of z3(¢) is then

Xs3(f)

Waf) = 3 [-300F — £o) + 46(F + 1)

OIS, D=, DO, DO,

+ +

=

Finally, the FT of y(¢) is given by

Y(f) = Xa(/f)

(f)
—JjX(f = fo),
0,
0,
+iX(f + fe),

L0,

+iX(f + fe)s
0,

fe<[f<[fetfu
Je—fu<f<[e
—fe<f<—fe+t[um
—fe—fu<f<—fe

else

fe<[f<fetfm
fe—fu<f<fe
—fe<[f<—fet+ fmu
—fe—fu<f<—fe

else
fc<f<fc+fM
_fc_fM<f<_fc

else

First, y(t) is guaranteed to be real if x(t) is real, because if x(t) real, X (f) has conjugate
symmetry, and then Y (f) has conjugate symmetry, which implies y(¢) real. Second, x(t)
can be recovered from y(t) as follows. If y(¢) is modulated by 2 sin 27 f.t, the resulting signal
is z(t) = 2y(t) sin 27 f.t, which has FT

Z(f) = =Y (f = fo) + 3V (f + fo)
(—X(f —2fc), 2fe<[f<2fct fu
+X(f), - <f<0
=q +X(f), 0< f<fu
~X(f+2f), —2fc— fu <[f<-2f
0, else

If z(t) is then passed through a lowpass filter, with cutoff at f = +fas, then the resulting
signal is identical to x(t).
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More Flow Diagramming would follow

There are many ways in which to model
the flow of data through a program. The
short example above Is one way.

The important thing to understand is that
even though code may be in hundreds of
different packages and procedures, these
are just ways of dividing the code into
smaller understandable segments. If you
took all the files from one program, it
would be possible to make one large data
flow diagram.



package My_Test Package is
(i) My _Integer : Integer := 1;

procedure My_Integer_Increment;
procedure My_Integer_Double_Increment;

procedure Manipulate_Integer(
current_integer_value : out integer);

end My_Test_Package;

package body My Test Package is

procedure My_Integer_Increment is
begin
(A) My_Integer := My_Integer + 1;
end My_Integer_Increment;

procedure My_Integer_Double_Increment is
begin

(B) My_lInteger := My_Integer + 2;
end My_Integer_Double_Increment;

procedure Manipulate_Integer(
Current_Integer_Value : out Integer) is
begin
(C) if My_Integer mod 2 =0 then

(D) Current_Integer_Value := My_Integer.

else

(E) Current_Integer_Value := My_Integer+1,;
end if;
end Manipulate_Integer;

end My_Test_Package;

1. with My_Test Package;

2

3. with Ada.Text_lo;

4,

5. procedure Demo_Data_Flow is

6. Counter : Integer :=1,

7. My_Test_Integer : Integer,

8.

9. begin

10. forlin1..5 loop

11. if mod 2 = 0 then

12. My Test Package.My_Integer_Increment;

13. else

14. My Test Package.My_Integer Double_Increment;
15. end if;

16. end loop;

17.

18. loop

19. exit when Counter > 10;

20. My _test_Package.Manipulate_Integer(My_Test_Integ
21. if My_Test_Integer mod 2 = 0 then

22. Counter := Counter +2;

23. My Test Package.My_Integer_Increment;

24. else

25. Counter := Counter +1;

26. My Test Package.My_Integer Double_Increment;
27. end if;

28. Ada.Text_lo.Put("My Test Integer Value is");

29. Ada.Text_lo.Put(Integer'image(My_Test_Integer));
30. Ada.Text_|O.New_Line;

31. Ada.Text_lo.Put(Integer'iImage(Counter));

32. Ada.Text_lo.New_Line;

33. end loop;

34. Ada.Text lo.Put_Line("Exited Loop");

35. end Demo_Data_Flow;




Defs on the following lines o All defs, some use

1. def My _Integer 1,20

6. def Counter 14,20
12, (A). def My _Integer 26,20
14, (B). def My _Integer 22.19

20 (D or E). def My _Test_Integer 20.29
22. def Counter ’
23, (A). def My _ Integer

25. def Counter

26, (B). def My _Integer

Uses on the following lines

12, (A). C-use My _Integer

14, (B). C-use My _Integer

19. P-use Counter

20. P-use My _Integer

21. P-use My _Test_Integer and
C-use My Test_Integer (D or E)

22. C-use Counter
23, (A). C-Use My _Integer

25. C-use of Counter
26, (B). C-use My _Integer

29. C-use My _Test _Integer
31. C-use Counter

12,20
23,20
6,19

25,19
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