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Unified Engineering 11 Spring 2007

Problem S6 (Signals and Systems) SOLUTION

1. For the signal u(t) shown below, and g(t) = u(—t), find the convolution

y(t) = g(t) * u(t)

using the flip and slide method.

Y

Solution. For each time ¢, draw g(¢ — 7), u(7), and the product g(t — 7)u(r). The
value of y(t) is just the area under the curve of g(t — 7)u(7). I wrote a little Matlab
script to automate this:

% Define implicit function

u = 0(t) (t>=-5)-2%(t>=-2)+2*(t>=-1)-(t>=0);
g = @(t) u(-t);

dt = 0.01;

tau = -12+dt/2:dt:12;

n=0;

for t = -5:5

n = nt+l;
figure(n);

subplot(311)
plot(tau,g(t-tau))
axis([-11,11,-1.5,1.5])
xlabel(’time, t’)
ylabel (’g(t-\tau) ’)
subplot (312)
plot(tau,u(tau))
axis([-11,11,-1.5,1.5])
xlabel(’time, t?)
ylabel(Pu(\tau)’)
subplot(313)
plot(tau,g(t-tau) .*u(tau))
axis([-11,11,-1.5,1.5])



xlabel(’time, t?’)
ylabel (’g(t-\tau)u(\tau)’)

drawnow
print -depsc [’figure’ num2str(n) ’.eps’]

% the convolution integral

area = sum(g(t-tau) .*u(tau))*dt;
disp(sprintf (CCy(%d) = %f’,t,area))

end

The result is printed below; the plots follow.

y(-5) = 0.000000
y(-4) = 1.000000
y(-3) = 0.000000
y(-2) = 1.000000
y(-1) = 0.000000
y(0) = 5.000000
y(1) = 0.000000
y(2) = 1.000000
y(3) = 0.000000
y(4) = 1.000000
y(5) = 0.000000



g(t-1)

u(T)

g(t-1)u(t)

g(t-1)

u(T)

g(t-1)u(t)

-10

time, T

10

-10

time, 1

10

-10

10

-10

time, T

10

-10

time, 1

10

-10

time, T

10




10

-10

time, T

10

-10

time, 1

(Yn(2-1)6

10

-10

10

-10

time, T

10

-10

time, 1

(Un(-16

10

-10

time, T



g(t-1)

u(m)

g(t-1)u(t)

g(t-1)

u(T)

g(t-1)u(t)

-10 -8 -6 -4 -2 0 10
time, T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, T
t=0
T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, 1
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10

time, T




g(t-1)

u(m)

g(t-1)u(t)

g(t-1)

u(T)

g(t-1)u(t)

-10 -8 -6 -4 -2 0 2 10
time, T
1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 10
time, 1
1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 10
time, T
t=2
T
1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 10
time, T
1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 10
time, T
-10 -8 -6 -4 -2 0 2 10

time, T




g(t-1)

u(T)

g(t-1)u(t)

g(t-1)

u(T)

g(t-1)u(t)

-10 -8 -6 -4 -2 0 10
time, T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, 1
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, T
t=4
T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, 1
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10
time, T
T
1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 10

time, T




T
1 i
=
L0
>
_l - -
1 1 1 1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
time, T
1+ i
‘g/ 0
_l - -
1 1 1 1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
time, 1
1+ |
=
=1
’I'-—‘ 0
5
_1 — .
1 1 1 1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
time, T

Because v and g are piecewise cosntant, y will be pirecwise linear and continuous.
Therefore, y(t) is as shown below:

y(®




2. Using the results of part (1) and the LTI properties of the system G, what is the
convolution

y(t) = g(t) xut = T)

Solution. Time invariance implies that the solution is just the solution of part (1)
shifted to the right by 7.

3. What feature of y(¢) would you use to identify the time 7'7

Solution. For the unshifted y(t), the peak of the function is quite pronounced at
t = 0. For the shifted function, the peak will be quite pronounced at ¢t = T'. therefore,
we whould use the peak of the signal y(t) to indicate the time delay T

4. Can you explain why the right impulse response for G is a signal that has the same
shape as u(t), but time reversed?

Solution. To make g(t — 7) and u(7) line up exactly when ¢ = 0, we must have
therefroe that g(—7) = w(7). This ensures that the highest peak in the convolution
will occur when ¢ =0 (or t = T in the time-shifted case).



Unified Engineering II Spring 2007

Problem S7 Solution (Signals and Systems)

1. The convolution is given by

1) = g(0) () = [ " gt — ryu(r) dr

— 00

Note that u(7) is nonzero only for —3 < 7 <0, and g(t — 7) is nonzero only for 0 <t —7 < 3,
that is, for —3 + ¢t < 7 < t. So there are four distinct regimes:

For cases (a) and (d), there is no overlap between g(t — 7) and u(7), so y(t) = 0. For case (b),
the overlap is for —3 <7 <t. So

o = [ " gt — ryu(r) dr

= / sin(—2n(t — 7)) sin(277) dr
-3

At this point, we have to do a little trig:

sin(—27(t — 7)) sin(277) = sin(2w(r —t)) sin(277)
= [sin(277) cos(27t) — cos(27T) sin(27t)] sin(277)
= cos(2nt)sin?(277) — sin(2nt) cos(2m7) sin(277)
1 — cos(4nT) sin(4m)

= cos(2nt) 5

— sin(27t)
So the integral is given by

¢ 2t ¢ 2mt t sin(2mt
y(t) = / LS(Qﬁ ) dr — / 7cos(27r ) cos(4rT) dr — / SIH(QW ) sin(4n7) dr
-3 -3

-3
t . ¢
_ 005(227#) (t+3) — cos(27t) sin(4r7) sin(27t) cos(4n7)
T=—3 T=-—3
2mt 2nt in(27t
= %(t +3)— cos(2mt) sin(4rt) + sin(2mt) [cos(4mt) — 1]
T T

(As often happens with problems involving trig functions, there are other equivalent expres-
sions.) For case (c), the region of integration is —3+¢ < 7 < 0. So

0 0 0 .
y(t) = / M dr — / M cos(4nT)dr — / sin(2nt) sin(4r7) dr

34t 2 —3+t 3+t
0 . 0
ot 2t 2rt
— M(g —t) — cos(2mt) sin(47T) + sin(2nt) cos(4n7)
9 4t 8T T=—341t
ot 2t in(27t
_ W(g —t) + cos(2mt) sin(4mt) — sin(2rt) [cos(4mt) — 1]

2. y(t) is plotted below.



[
Time, t(seconds)

. The maximum value of y(t — T) occurs at time 7. So I would use this center peak to identify
the delay time T'.

. The adjacent peaks are nearly as tall as the center peak, so if noise were added to the signal,
the tallest peak might not be the center peak, so we might use the wrong peak to determine
the delay time.

. The chirp signal of Problem S6 produces an ambiguity function with only one prominent peak.
Therefore, the addition of noise should not make it difficult to accurately determine the delay
time.
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