Unified Engineering 11 Spring 2007

Problem S8 Solution (Signals and Systems)

te=® t>0
L og(t) = { _

0, t<0

Therefore,

(o.¢]
G’(s):/ te” e St dt
0

o 1 oo
+ / e~ et d¢
i—o STtaljo

Integrate by parts to obtain

G(s) _ _S j_ ae—(a+s)t

If Re[s] > —a, then the first term evaulates to 0; otherwise, it is undefined.

integral is just the LT of e~ g (t). Therefore,

1 o
G(s) = / e Mest dt
0

s+a
1
== m, RG[S] > —a
t2em  t>0
Q‘Q(t)_{o, t<0
Integrate by parts twice to obtain
2
G(s) = Grap Re[s] > —a
n,—at >
3. g(t) = { f) € i - 8 , Where n is a positive integer.
In general,
n!
G(s) = T ay Re[s] > —a
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We can use impedance methods to solve for Y (s) in terms of U(s). Label ground and
FE4 as shown. Then KCL at Fy yields

Cs(Ey — 0) + (Cs%—]l%) (Br—U)=0

1 1
<2CS+R> FE| = <C$+R> U

Since we are finding the step response,

Simplifying, we have

Plugging in numbers, we have

(0.25 + 0.5)E1(s) = (0.1 + 0.5) %

Solving for E7, we have

By (s) = LS HO05 055 +25
BT 025+ 05)s  s(s+2.5)

The region of convergence must be Re[s| > 0, since the step response is causal, and
the pole at s = 0 is the rightmost pole. Using partial fraction expansions,
1 0.5

O

Therefore, gs(t) = y(t) = e1(t) is the inverse transform of E1(t), so
y(t)=(1- 0.58_2'5t) o(t)

The step response is plotted below:



o
@®
T

step response, gs(t)
o
(22}
T

0.4f ‘

o |

Normal differential equation methods are difficult to apply, because we cannot apply
the normal initial condition that e;(0) = 0. This is because the chain of capacitors
running from the voltage source to ground causes there to be an impulse of current at
time ¢ = 0, and the voltages across the capacitors change instantaneously at ¢ = 0. It
is possible to use differential equation methods, we just have to be more careful about
the initial conditions. However, Laplace methods are easier.



u(t)j() ; Ry —‘— CH y(t)

Again, use impedance methods, using the node labelling above. Then the node equa-
tions are

(015+G1)E1 — ClSEQ IGlU
—Ci1sEy + [(C1+C2)s+ GalE2 =0

where G = 1/R. We can use Cramer’s rule to solve for Ej:

018 + Gl GlU(S) ‘

—018 0
Ba(s) = Cis+ Gy —C1s
' —Cis  (C1+ C)s + Ga
GlCls

= U
C10382% + (G1C1 + G1Cy + G2C1) s + G1Go ()

Since we are finding the step response,

Plugging in numbers, we have

0.1s 1 5/3

T 0.0652+0.355+0.255 s+ 5.8333s + 4.1666

In order to find y(t), we must expand Y(s) in a partial fraction expansion. To do so,
we must factor the denominator, using either numerical techniques or the quadratic
formula. The result is

Y(S) = EQ(S)

5% +5.8333s 4 4.1666 = (s + 5)(s + 0.8333)
We can use the coverup method to factor Y'(s), so that

5/3 —0.4 0.4

Yis) = _ _
() = 5505 +08333) 515 5108333

The region of convergence must be Re[s] > —0.8333, since the step response is causal,
and the r.o.c. is to the right of the right-most pole. Therefore, the step response is
given by the inverse transform of Y(s), so that

gs(t) = (—0.46_5t + 0.46_0'8333t) o(t)

The step response is plotted below:
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1. Because the numerator is the same order as the denominator, the partial fraction
expansion will have a constant term:

352 +3s—10
G(S):—82_4
357+ 3s—10
 (5—2)(s+2)
C
s—2+3+2

:a—|—

To find a, b, and ¢, use coverup method:

a=G(8)]—p =3
388435 —100
s+ 2 =2
352435 —10
c= 2= =1
s—2 s=—9
So
G(s) =3+ 2 1! Re[s] > 2
%)= s—2 s+2 e

We can take the inverse LT by simple pattern matching. The result is that

g(t) = 35(t) + (2e* + e o (t)

652 + 265 + 26
(s+1)(s+2)(s+3)

a n b n c
s+1 s+2 s+3

G(s) =

Using partial fraction expansions,

_6S2+268+26 _ 3
(s+2)(s+3) |,
652 + 265 + 26

= =2
(s+1)(s+3) |5

_632+263+26 _q
(s+1)(s+2)[__3

So
Gls) = —> 2 ! Rels] > —1

s+1 * s+ 2 * s+3’
The inverse LT is given by

(3" + 2% 4 e_?’t) o(t)



3. This one is a little tricky — there is a second order pole at s = —1. So the partial
fraction expansion is

452 +11s+ 9 a b c

) = T2 12) s+1  GrIE  si2

We can find b and ¢ by the coverup method:
B 452 4115+ 9

b =2
s+ 2 s——1
452 +11s+ 9
c= 2 T TY =3
(s+1)2 |,
So 0 3
Gs) = —

s—|—1+(3—|—1)2+s+2

To find a, subtract the second and third terms from above, to obtain

a 2 3
7:G — —
por i Al g s A
452 + 11s+ 9 2 3

T (s+1)2(s+2) (s+1)2 s+2
48P+ 115+ 9 —2(s+2) — 3(s + 1)?
N (s +1)%(s+2)
_ $243s+2
s+ 1) (s +2)
1
(s+1)

Therefore,
1 2 3

S+1+(5+1)2+s+2’

G(s) = Re[s] > —1

The inverse LT is then

g(t) = (et +2te™ " + 3e ) o(t)

4. This problem is similar to above. The partial fraction expansion is

483 +11s2+5s+2 a b c d
G(s) = =—-—+ =
(s) s2(s+1)2 5+52+8+1+(5+1)2

We can find b and d by the coverup method

b_433—|—1132+5s+2 _
(s+1)2 S0
d:483—|—11822+55—|—2 4
s
s=—1
So
G(s) 453 + 1152 + 55+ 2 a+2+ c_ . 4
S) = = — _—
s2(s +1)? s s2 s+1  (s+1)2



To find a and ¢, subtract both terms from both sides, so that
a c 2 4
Z —G(s) - = - —
s+s+1 () 2 (s+1)?
458 +11s* + 5542 2 4

s2(s+1)2 sz (s+1)2
434 11s% + 55+ 2 — 2(s + 1)? — 447
B s2(s+1)2
48 +5s7+s  s(ds+1)(s+1)
o s2(s+1)2 s2(s+1)2
4s +1 1 3

s(s+1) g+s+1

So
1 2 3 4

_s+?+s+1+(s+1)2

and
g(t) = (1+2t+3e " +4te™") o(t)

5. G(s) can be expanded as

s34 352 4+ 95 + 12
(s244)(s2+9)
7 5% + 35> +9s + 12
" (s +2/)(s —2))(s + 3j)(s — 3j)

a b c d
s+2j+s—2j+s+3j+s—3j

G(s) =

The coefficients can be found by the coverup method:

s34+ 352 +9s+ 12
a= - - - =0.5
(s —=25)(s +34)(s — 37) [ ;= oy
b— s34+ 3s24+9s+12 05

(s +27)(s+35)(s = 37) [s=yo;

s3 + 352 +9s+ 12 .
c= - - - = 0.57
(s +25)(s = 2)(s — 37) [ =3,

s34+ 352+ 95+ 12 .
d= - - - = —0.5j
(s +25)(s —25)(s + 3) |53,

Therefore

0.5 0.5 0.57 —0.57
I J J

R >0
s+2) s-2 s13j  s—3j els

G(s) =

and the inverse LT is
g(t) =0.5 (672jt A T T L je?’jt) o(t)

This can be expanded using Euler’s formula, which states that

ajt

e™" = cosat + jsinat



Applying Euler’s formula yields

g(t) = (cos 2t + sin 2t) o (t)
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