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Unified Engineering 11 Spring 2007

Problem S11 (Signals and Systems)

1. From the problem statement,

82 m/s?
won =2 X2 1077 /s

129 m/s
1 1
= = = 0.0471
‘ V2(Lo/Dy  V2-15
Therefore,
_ 1
G(s)

" 5(s2 +0.010155 + 0.0116)

The roots of the denominator are at s = 0, and

—0.01915 + v/0.010152 — 4 - 0.0116
S =
2
= —0.005075 + 0.1075j

So
1

s (s — [~0.005075 + 0.1075;]) (s — [—0.005075 — 0.1075;])

Use the coverup method to obtain the partial fraction expansion

G(s) =

Gs) = 56283 —43.142 + 2.036
s s — [—0.005075 + 0.1075,]

—43.142 — 2.036
s — [—0.005075 — 0.1075]

Taking the inverse Laplace transform (assuming that g(t) is causal), we have

g(t) =86.2830(t)
+ (_43142 + 2.036]')e(—0.005075+0.1075j)t
+ (_43142 _ 2'036j)e(—0.005075—0.1075j)t

Therefore,

g(t) = o(t) [86.283 + 2¢~ 00075 (—43.142 cos wat — 2.036 sin wyt)]
= o(t) [86.283 + (—86.284 cos wyt — 4.072 sinwgyt) e~ 000707

where wy = 0.1075 r/s. See below for the impulse response.
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2. From the problem statement,

H(s) B k:@(s)
R(s)  1+kG(s)
1
s(s2 + 2¢wps + w2)
o 1
Lk s(8? 4+ 2Cwps + w?)

k
§3 4+ 2Cwps? +w2s+ k

So the poles of the system are the roots of the denominator polynomial,
p(s) = s° + 20wns* +wis+ k=0

The roots can be found using Matlab, a programmable calculator, etc. The plot of the
roots (the “root locus”) is shown below. Note that the oscillatory poles go unstable at
a gain of only k£ = 0.000118.
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3. The roots locus for negative gains can be plotted in a similar way, as below. Note that
the real pole is unstable for all negative k.
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Unified Engineering 11 Spring 2005

Problem S12 (Signals and Systems)

1. g(t) = sin(at)o(—t). To do this problem, expand the sinusoid as complex exponentials,

so that ,
eajt _ e—ajt
t = _—

g(t) [ T

] o (—t)

Therefore, the LT is given by

0 ajt _ _—ajt
G(S) = / |:€2]€:| e_St dt

For the LT to converge, the integrand must go to zero as t goes to —oo. Therefore,
the integral converges only for Re[s] < 0. The integral is then

0 ajt _ _—ajt
G(S) :/ |:62je:| Cist dt

1 1 0 1

L I R = (majsit
27 | —s+aj —s—aj

e(aj—s)t

N

—0o0

1 1 1
2j|-s+aj —s—aj

—a
= m, RQ[S] <0

2. g(t) = e®a(—t). The LT is given by

0 0
G(s)—/ eatGStdt—/ @)t gy

—0o0 —00

For the LT to converge, the integrand must go to zero as t goes to —oo. Therefore,
the integral converges only for Re[s] < a. Then

0
G(s):/ ela=s)t gt

0
:Le(afs)t
a—s .
1
—0—
a—s
1
=— , Rels] < a
s—a

3. g(t) = te"o(—t). The LT is given by

0 0
G(s):/ te“te_Stdt:/ tela=)t gt

—0o0 —0o0



For the LT to converge, the integrand must go to zero as ¢t goes to —oo. Therefore,
the integral converges only for Re[s] < a. To find the integral, integrate by parts:

0 1 0
B / la=9)t g4
—00 a—=3S J

0
S / 0= gy

a—S J_
_ 1 (a—s)t ‘
T (a - 3)26 —00
1
= —m, Re[s] <a

4. g(t) = cos(wot) e~ for all t. The LT is given by
G(s) = / cos(wot) e~ et dt

For the LT to converge, the integrand must go to zero as t goes to —oo and oc.
Therefore, the integral converges only for —a < Re[s] < a. The integral is given by

G(s):/ cos(wot) e~ tlest dt

0 0o
= / cos(wot) e®e™ St dt  + / cos(wot) e e dt
0

—0o0
Expanding the cosine term as

ejwot _|_ e—jwot

cos(wot) = 5
yields
0 Jwot —jwot oo jwot —jwot
G(s) = / AT patest g + / AT atest gy
oo 2 0 2
0 _(jwota—s)t (—jwo+a—s)t o _(jwo—a—s)t (—jwo—a—s)t
_ / e +e a4+ / e +e gt
oo 2 0 2
1 1 . 1 1 1
2 ljwota—s —jwpta—s jwy—a—85 —jwy—a—Ss
= - + ° —a < Re[s] < a

s2—2as+a?+wi  s2+2as+a?+wd’

5. g(t) = e*o(t) — e~ta(—t). The LT of e*o(t) is given by

Pt Re[s] > 2



The LT of —e~to(—t) is given by

—1

S -1
STl Re[s] <

For the LT of g(t) to converge, both parts of the integral must converge, so the r.o.c.
is the intersection of the two r.o.c.’s above. Since the intersection is empty, there is
no LT for any value of s.
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