
 



 



 



Unified Engineering II Spring 2007

Problem S15 (Signals and Systems) SOLUTION

Find the Fourier transforms of the following signals:

1.
g(t) = δ(t− T )

Solution: Simply perform the FT to obtain

G(jω) =
∫ ∞

−∞
δ(t− T )e−jωt dt = e−jωT

where we have used the sifting property of the FT to find the result.

2.

g(t) =

{
1, |t| ≤ T

0, |t| > T

Solution: Perform the FT integral to obtain

G(jω) =
∫ ∞

−∞
g(t)e−jωt dt

=
∫ T

−T
e−jωt dt

=
ejωT − e−jωT

jω

= 2
sin(ωT )

ω
= 2T sinc(ωT )

3.
g(t) =

1
t2 + T 2

Solution: We want to find

F [g(t)] = G(jω) = f(ω)

From duality, we know that

F [f(t)] = 2πg(−ω) = 2π
1

ω2 + T 2

Find the inverse FT:

f(t) = F−1

[
2π

1
ω2 + T 2

]
= L−1

[
2π

1
−s2 + T 2

]
where we have used ω = s/j. Do a partial fraction expansion:

2π
1

−s2 + T 2
=

−2π

(s + T )(s− T )

=
π

T

1
s + T

+
π

T

1
s− T

1



To take the inverse LT, note that since we are dealing with FTs, we must assume that
the ROC includes the imaginary axis, so that the ROC is

−T < Re(s) < T

and the inverse LT is

f(t) =
π

T
e−tT σ(t) +

π

T
etT σ(−t) =

π

T
e−|tT |

Finally, we need f(ω), not f(t), so that

G(jω) = f(ω) =
π

T
e−|ωT |

4.
g(t) =

sinπt/T

πt/T

Solution: We want to find

F [g(t)] = G(jω) = f(ω)

From duality, we know that

F [f(t)] = 2πg(−ω) =
sinπω/T

πω/T
= 2πsinc(πω/T )

Find the inverse FT:
f(t) = F−1 [2πsinc(πω/T )]

We can use the results of part (2) to obtain

f(t) =

{
T, |t| ≤ π/T

0, |t| > π/T

Finally, exchange ω for t to obtain

G(jω) = f(ω) =

{
T, |ω| ≤ π/T

0, |ω| > π/T

That this is indeed the correct transform can be confirmed by taking the inverse
transform of G(jω).

5. Find the inverse transform of

G(jω) =
(

sinωT

ωT

)2

Solution: Note that

F−1

[
sinωT

ωT

]
= f(t) =

{
1/2T, |t| ≤ T

0, |t| > T

2



from part (2). Therefore,

g(t) = F−1[G(jω] = f(t) ∗ f(t)

The convolution can be performed graphically or symbolically to obtain

g(t) =


1

4T 2 (t + 2T ) , −2T < t ≤ 0
1

4T 2 (−t + 2T ) , 0 < t ≤ 2T

0, otherwise

The result can be confirmed by taking the direct FT of g(t).
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Unified Engineering II Spring 2007

Problem S16 (Signals and Systems) SOLUTION

1. Define

ga(t) = ejω0te−a|t| =

{
ejω0te−at, t > 0
ejω0teat, t < 0

The FT of ga(t) is

Ga(jω) =
1

jω − jω0 + a
− 1

jω − jω0 − a

Clearing the fraction, we have that

Ga(jω) =
−2a

(jω − jω0 + a)(jω − jω0 − a)
=

2a

(ω − ω0)2 + a2

Note that Ga(jω) is real, so we need worry only about the real part. Also, note that
in the limit as a → 0, Ga(jω) is zero everywhere, except at ω = ω0, where it goes to
infinity. So G(jω) looks like an impulse at ω = ω0. Its area is given by

A =
∫ ∞

−∞

2a

(ω − ω0)2 + a2
dω

This integral may be evaluated by making the change of variables u = ω − ω0. Then
du = dω, and

A =
∫ ∞

−∞

2a

u2 + a2
du = 2 tan−1

(u

a

)∣∣∣∞
−∞

= 2
(

π

2
− −π

2

)
= 2π

Therefore,
G(jω) = 2πδ(ω − ω0)

2. The FT of a cosine is given by

F [cos ω0t] = F
[
ejω0t + e−jω0t

2

]
= π[δ(ω − ω0) + δ(ω + ω0)]

The FT of a sine is given by

F [sinω0t] = F
[
ejω0t − e−jω0t

2j

]
= π[−jδ(ω − ω0) + jδ(ω + ω0)]
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(M12.2)    MEMORANDUM

TO:  Company of interest
FROM:  Paul A. Lagace
Re:  Device to measure torque

The preliminary design of a circular rod to measure torque has been evaluated as per
your request.  The objective is to maximize the sensitivity of the measuring capability of
the rod provided by a pointer at the far end of the rod calibrated to a linear angular
scale.  The rod is clamped at one end and the torque is applied through a gear, at the
center of the shaft, connected by a chain.  The rod has a circular cross-section.  These
considerations yield the following physical set-up for the shaft:

                           
The equation to determine the twist at the tip of the rod is:

ftip =  TL / 2GJ
and was derived through the approach documented in the accompanying Appendix.
The parameters are the applied torque, T, the total rod length, L, the material shear
modulus, G, and the polar moment of inertia of the cross-section, J.  The torque is
applied and you have indicated the length is constrained.  Thus, in order to maximize
the sensitivity of the arrangement, one must maximize the twist measured for a given
torque and this implies minimizing the shear modulus of the material, G, and the polar
moment of inertia of the cross-section, J.

We would need more information and design constraints from your company to be
better able to recommend a material to be used.  We expect that you will use a typical
isotropic material, such as a metal, for your application.  The shear modulus is directly
related to the longitudinal modulus, E, and inversely related to the Poisson’s ratio.
Poisson’s ratio is equal to 0.3 for most materials, so we recommend you minimize the
value of the longitudinal modulus, E, within your other constraints.  In working to
minimize the polar moment of inertia of the cross-section, J, we note that a hollow tube,
as opposed to one with a solid cross section, produces a lower value of this parameter.
For a hollow tube, the value of the parameter is directly related to the fourth power of
the outer radius minus the fourth power of the inner radius.  Thus, within other
considerations, the cross-section should have a wall as thin as possible, and with the
smallest outer radius possible.

In summary, the recommendations for the rod are as follows:
•  Given more design constraints by your company, we will be able to better

downselect material for the rod
•  The rod should be as long as possible.
•  The cross-section of the rod should be hollow, designed to have walls as thin

as possible, and with as small a radius as possible.
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