Unified Engineering 11 Spring 2007
Problem S17 Solution (Signals and Systems)

Problem Statement: Consider the quadrature modulation/demodulation system shown
below. The purpose of the system is to transmit two signals, 1(¢) and xo(t), over the same
frequency band simultaneously. x(t) and z2(t) are bandlimited signals, with bandwidth W.
That is, their Fourier transforms X (f) and Xo(f) satisfy

Xi(f) =0, [fl=W

Xo(f) =0, [flzW

The bandwidth is much less than the modulation frequency, fy. The lowpass filters shown
in the diagram are ideal, with transfer function

_ L i<W

Find the Fourier transforms of the signals x3(t), z4(t), x5(t), x6(t), z7(t), xs(t), and xo(t)

in terms of X;(f) and Xs(f).
Low Pass Filter —> Xg(t)
A

2 cos(2rtt)

X3(t)

X1(t)

cos(2rt )

Xs(0) 2 sin(2rt)

A 4
—)é—) Low Pass Filter — %o(t)

sin(2rt )

Xo(1)

X4(1)

Solution: Define

w1 (t) = cos(2m fot)
wa(t) = sin(27 fot)
ws(t) = 2 cos(27 fot)
wy(t) = 2 sin(27 fot)

The FTs are
Walf) = 507 — fo) + 30(7 + fo)

Walf) = Z26(F — fo) + L6(F + fo)

Ws(f) =6(f — fo) +(f + fo)
Wu(f) = —jo(f — fo) +36(f + fo)



Therefore,

X3(f) = Xa(f) = Wa(f)
1

= §X1(f—f0)+%X1(f+f0)

Xa(f) = Xao(f) * Wa(f)

= X(f ~ fo) + 27 + o)

X5(f) = Xs(f) + Xa(f)
= SX0(F — o) 5 Xa(F + fo) + L Xa(f — fo) + L3 + fo)

Xo(f) = X5(f) = Ws(f)
= X5(f — fo) + X5(f + fo)

= 2X0(f — 260) + 3 Xa(f) + 52Xl — 2fo) + L 5a()

£ XD+ 3K+ 260) + L Xalf) + L Xalf +210)

Xa1(f) + %Xl(f —2fo) + %Xl(f +2fo)

+ 2 X(f — 2f0) + S Xa(] +260)

X7(f) = Xs(f) * Wu(f)
—JX5(f = fo) + i Xs(f + fo)

= X =20+ X = 5l 20+ Xal)
+ LX) + 2X0 +20) + 3 Xalf) — 3Xa(f +20)

1 1
= Xo(f) - §X2(f —2fo) — §X2(f +2fo)
+ 5 Xi(f = 2f0) + 5X1(F +2/0)
Low-pass filtering x4 (t) and z7(t) eliminates all but the low-freqiency terms, so that

Xs(f) = Xa(f)
Xo(f) = Xa(f)
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To begin, label the signals as shown below:
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sinw t V\/ [

From the problem statement,
y(t) = [z(t) + A] cos (27 ft + 6,)

Define
2(t) = z(t)+ A
w(t) = cos(2nf.t+0,)

The factor w(t) can be expanded as

w(t) = cos (27 fot + 0.) = cos B, cos 2 fot — sin b, sin 27 f.t
The Fourier transform of w(t) is then given by
W(f) = Fleos(2mfet +0.)]
=S80 16(f — Jo) + 8 (f + ) = G sinbe [0 (7 — £+ 8 (f + fo)]

= %(C0890+jsin96)5(f*fc)+%(COSGC*jSiDQC)5(f+fC)

The Fourier transform of z(t) = z(t) + A is given by
Z(f) = Flz(0)] = X(f) + Ad(f)

Z(f) is bandlimited, because X (f) is, and of course the impulse function is bandlimited. So
the FT of y(t) is given by the convolution

Y(f) = 2(5)«W(f)
[(cos B + jsinb.) Z(f — fe) + (cosb. — jsinb.) Z(f + fe)]

N =



Next, compute the spectra of y;(¢) and y2(t). To do so, we need the spectra of w (t)
and ws(t):

Wi(f) = Flwi(t)] = 71:[608 27 fet)
= LU~ 1)+ fo)
Wall) = Flua()] = Flsn2es
= L0 )+ 30+ fo)
Then
() = WY
= YUY )
= Tl(cosO + jsin0) Z(7 — 2f.) + (cosO, — jsind) Z(1)
47 [(c0s B + sin6e) Z(f) + (cosb — jsin0) Z(f + 2]
= %cosﬁcZ(f)
47 [(cos e +75in 0) Z(F — 2 + (cos b — jsin ) Z(f +21,)]
Similarly,

Ya(f) = Walf) =Y (f)
_ % =3V (f = f) + 3V (f = fo)]

= Tj [(cos O + jsinb.) Z(f —2fc) + (cosO. — jsinb.) Z(f)]

—|—% [(cosb. + jsinb.) Z(f) + (cosO. — jsinb.) Z(f + 2fc)]
_ —%sinGCZ(f)
—i—i [(—jcosb.+sinb.) Z(f —2fc.) + (jcosO. +sinb.) Z(f + 2f.)]

Now, when y;(t) and y4(t) are passed through the lowpass filters, the Z(f — 2f.) and
Z(f +2f.) terms are eliminated, and the Z(f) terms are passed. Therefore,

Yao(f) = %COSQCZ(f)
YVi(f) = —%sinHCZ(f)
and
1
yao(t) = icosﬁcz(t)
ys(t) = —%sin@cz(t)

2



After passing these signals through the squarers, we have

ys(t) = i cos® 6, 2%(t)
1
ye(t) = 1 sin? 0., 22 (t)

y7(t) is the sum of these, so that

yr(t) = ys(t) +yz(t)
1
1 [cos? 0. 2%(t) + sin 0, 22 (1)]

1

122@

Finally, r(¢) is obtained by passing taking the square root of y7(t), so that

r(t) = V22(1)/4

if the positive root is always taken. But z(t) = z(t) + A is always positive, according to the
problem statement. Therefore,

x(t)=2r(t)— A
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Label the signals in the problem as below:

8.8. Consider the modulation system shown in Figure P8.8. The input signal x(¢) has a
Fourier transform X(jw) that is zero for |w| > wj,. Assuming that w. > wy,, answer
the following questions:

(a) Is y(z) guaranteed to be real if x(¢) is real?
(b) Can x(¢) be recovered from y(z)?

Wl(t): cosw,t

:ﬁX}

W,,(£)= sinoct Figure P8.8

The Fourier transform of z(t) is given by X (f). Then the FT of x() is given by

=i X(f), 0<f</fu
Xo(f) =H(f)X(f) = +iX(f), —fu<f<0
0, |f1> fu
The signal x(t) is given by
zo(t) = wi(t)z1(t)
where wy (t) = cos 2 f.t. The FT of wy(t) is

WA(f) = 15(F — 1)+ (7 + )]



The FT of x9(t) is then

Xo(f) = ( * Wi(f)

|
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The signal x3(t) is given by

fe<f<Jfet[u
fe—=Tu <f</[e
—fe<[f<—fct+ fu
—Je—fu<[f<—fe

else

w3(t) = wa(t)z(?)

where wy(t) = sin 27 f.t. The FT of wy(t) is

Wa(f) =
The FT of x3(t) is then
X3(f) =

2

I

+

=)

r

Finally, the FT of y(t) is given by

Y(f) = Xo(f) + X3(f)
(_.]X<f_fc)7
Oa
=10,
+iX(f + fo),
\O’
(_]X(f_f(:),
= HiX(f + fo),
Oa

\

First, y(¢) is guaranteed to be real if z(t), because if z(t) real, X (f) has conjugate
symmetry, and then Y'(f) has conjugate symmetry, which implies y(t) real.

Lds( = 1) 16+ 1)

Je<[<[fet[u
fe—fu<f</fe
—fe<[f<—fet fu
—fe—fu<[f<—fe

else

fe<f<[fet[u
Je—Tu < f </
—fe<f<—fet+ fu
—fe—fu < f<—f
else

fo< | < fot fu
—fo—fu < f<—fo

else



Second, x(t) can be recovered from y(t) as follows. If y(¢) is modulated by 2 sin 27 f.t,
the resulting signal is z(t) = 2y(t) sin 27 f.t, which has FT

Z(f) ==Y (f = fo) + Y (f + fo)

(

—X(f=2f), 2fe<f<2fc+ fu
+X(f), —fu < f<0

= ¢ +X(f), 0<f<fum
—X(f+2f0), —2fe—fu <[ <=2f
W else

If z(t) is then passed through a lowpass filter, with cutoff at f = +fy;, then the
resulting signal is identical to z(t).
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