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Intheselecturenoteswegiveanaccessibleintroductiontothespectral
theoryofrandommatrices.WeconsiderGaussianOrthogonalEnsemble
asthemainsubjecttopresentandprovethesemicircle(orWigner)law.
Thisisthefundamentalstatementinthespectraltheoryoflargerandom
matrices.

Wedealinframeworksoftheresolventandmomentsapproachesand
givetwoproofsofthesemicirclelaw.Thenweformulatethetheoremsthat
canberegardedasgeneralizationsandimprovementsofthisstatement.In
particular,weshowtherelevanceofthesetwotechniquesinthestudies
oflocalpropertiesoftheeigenvaluedistributioninsideandoutsideofthe
limitingspectra.

Wetrynottooverloadthesenoteswithtechnicaldetails;ourmaintask
istomakethereaderfamiliarwithkeypointsofthereasonings.Therefore
wedonotpresentthecompleteproofsoftheimprovementsoftheWigner
semicirclelaw.





      

Lecture0

Introduction.
Motivationsand
Generalities

RandomMatricesandtheirUse.Randommatricesareinextensiveuse
invariousfieldsoftheoreticalphysics(inparticular,inmodelsofdisordered
solidstateandchaoticsystems,statisticalmechanics,quantumfieldtheory).
Themathematicalcontentsofrandommatricesisrichandprovidesstruc-
turesoffairlygeneraltype(forexample,seethebook-lengthreview[22]).
Graphtheory,classicalcompactgroups,orthogonalpolynomials,integral
equations,non-commutativeprobabilitytheory,combinatoricsareenriched
duetothestudiesofrandommatrixproperties.Wereferthereadertore-
centpapersandreviews,forexample[9,20,24,29],togetacquaintedwith
referencestorecentresultsandvariousapplicationsofrandommatrices.

Whatisimportantthatunder“randommatrices”wemeanherematrices
whoseentriesareofthesameorderofmagnitude.Oneoftheexamplesis
givenbyrandommatrices

(0.1)AN(x,y)=a(x,y),x,y=1,...,N

withindependentidenticallydistributedrandomvariablesa(x,y).

Thefamilyofrandommatricesisvastandincorporatesdifferentensem-
bleswhoseprobabilitydistributionischosenaccordingtothemodeltobe
described.
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Togetsomeexamples,onecancanconsidersuchrepresentativesof(0.1)
asthesetUNofallunitarymatricesUN.ThecompactgroupUNsupplied
withtheHaarmeasurebecomestheprobabilityspace.

Anotherexampleofextensivelystudiedfamilyofensemblesisgivenby
randomHermitianN×NmatricesMNwhoseprobabilitydistributionPN
isinvariantunderunitarytransformationsofCN.Inparticular,onecan
considerPNwiththedensity

(0.2)p(MN)=Z−1
Nexp{−NTrV(MN)},

whereZNisthenormalizationconstantandV(t)isafunctionfromasuitable
class.

InthelasttwoexamplesthematricesUNandMNhaveentriesthat
arestronglycorrelatedbetweenthemselves.Nevertheless,fortheseclasses
thereexistexplicitformofthejointprobabilitydistributionofeigenvalues
ofthesematrices(see,e.g.,[22]).Thisallowsonetogetintodeepdetailsin
theirstudy.

Ourgoals.Inpresentlectureswewouldliketopresentthetoolsthatcanbe
usedwhentheexplicitformoftheeigenvaluedistributionofmatrices(0.1)
isunknown.Forexample,thistakesplacewhen{a(x,y)}areindependent
arbitrarilydistributedrandomvariables.Thisfamilyofrandommatrices
wasthefirstunderconsideration(see[30])andthesemicirclelawwasfirst
establishedforitinthelimitN→∞.Itconcernsthelimitingdistributionof
eigenvaluesthatisgiven,broadlyspeaking,byarathermassive(comparing
withN)partofthewholecollectionofeigenvalues.Thisasymptoticregime
isknownastheglobalone.

Moredetailedpropertiesofthespectrum(inotherwords,thosethatare
determinedbymorelocalregimesthanthatgivenbythesemicirclelaw)
havenotbeenstudiedinthiscaseofarbitrarilydistributed{a(x,y)}.

Ouraimistopresenthereseveralresultsonthedistributionofeigen-
valuesofANinthelimitN→∞.Wedescribetwomaintechniquesto
provethesemicirclelaw.Theyarebasedontheclassicalresolventand
themomentapproachesofthespectraltheoryofoperators.Intheglobal
asymptoticregimethesetwoapproachesareequivalent.

However,theiruseinlocalregimesisnomoreclassicalandrequirees-
sentialmodifications.Wedevelopnecessarymodificationsandshowthat
thesetwoapproacharecomplementaryinthestudiesoftheinnerandouter
partsofthelimitingspectra(i.e.,thesupportofthesemicircledistribution),
respectively.

OrganizationoftheseLectureNotes.Togivemoreclearaccounton
ourideas,weconsidertheensembleofgaussianrandommatricesasourmain
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subject.Namely,weconsiderthecaseofrealsymmetricrandommatrices
withindependententriesthathavejointGaussiandistribution;theensemble
wearebasedonisknownastheGaussianOrthogonalEnsembleofrandom
matrices(GOE).TogetherwithitsHermitiananalogueabbreviatedbyGUE,
thesetwoensemblesrepresenttheprincipalsubjectofrandommatrixtheory.
Theyarethemostdeeplystudiedandtheyaretheeasiesttoverifyoneor
anotherconjectureabouttherandommatrixproperties.

Weprovethesemicirclelawbyusingthemomentandtheresolventap-
proachesinlectures1and2,respectively.Thenweturntoimprovementsof
thesemicirclelawinsideofthelimitingspectrumandoutsideofit.Lectures
3and4aredevotedtotheseconsiderations.

Wegiveabriefaccountonresultsthataresimilartothesemicirclelaw
butarederivedforotherensemblesofrandommatrices.

Althoughourmainattentioninthisadditionisdevotedtorandomma-
triceswithindependententries,weformulateanaloguesofseveralstatements
validalsointhecaseofGaussiancorrelatedrandomvariables.

Acknowledgements.Theselecturenotesrepresentamendedandenlarged
versionofthenotespreparedfortheMSRIProgram”RandomMatrixMod-
elsandTheirApplications”(Spring-Summer1999).Theauthorsaregrate-
fultoA.Its,P.Bleher,andH.Widomandotherorganizersfortheirkind
invitationtoparticipatetheworkshopsandforfinancialsupport.





          

Lecture1

GOEandthe
SemicircleLaw

Inthislectureweprovethesemicirclelawforrandomsymmetricmatrices
ANwhoseentriesarejointlyindependent(exceptingthesymmetry)real
randomvariables.Thisstatementconcernstheeigenvaluedistributionof
theensemble{AN}inthelimitN→∞.

Weconsiderrealsymmetricmatricesinordertosimplifycomputations.
ThesameresultisvalidforHermitianrandommatrices.Alsoforsimplicity,
westartwiththecasewhentheentriesofANhavejointGaussiandistribu-
tion.

Ouraimistodescribetwogeneralapproachesoftheproofintheshortest
andsimplestwaythatmakestheideasclear.Thatiswhywearerelated
inthislectureonlywiththeGaussianensemble{AN}.Generalizationsof
{AN}andtheirpropertieswillbeconsideredfurtheron.

DefinitionofGOE.Thus,weconsideranN×Nmatrixwithentries

AN(x,y)=a(x,y),1≤x≤y≤N

thatisrealandsymmetric

AN(x,y)=AN(y,x).

Weassumethatanycollection{a(x,y)}1≤x≤y≤Nisafamilyofrandomvari-
ableswhosejointdistributionistheoneofGaussianindependentrandom
variables.

7



           

81.GOEandtheSemicircleLaw

Wealsoassumea(x,y),x<ytobeidenticallydistributed.Thesame
concernsrandomvariablesa(x,x).Moreprecisely,wewritethat

(1.1)Ea(x,y)=0,Ea(x,y)
2

=

{
v2,ifx6=y;

2v2,ifx=y,

whereEdenotesthemathematicalexpectationwithrespecttothemeasure
generatedbythefamily{a(x,y),x≤y}Nx,y=1.Infact,onecandetermine

allrandomvariablesa(x,y),x,y∈Nonthesameprobabilityspace.Inthis
caseEalsodenotescorrespondingmathematicalexpectation.

Onecanrewritethelastconditionof(1.1)intheform

(1.2)Ea(x,y)a(s,t)=v
2
(δxsδyt+δxtδys),

whereδistheKroneckerδ-symbol:

δxy=

{
1,ifx=y,

0,ifx6=y.

Given(1.2),itisconvenienttowritethedistributionof{AN}inacompact
form:

(1.3)P(AN)=
1

ZN
exp
{
−

1

4v2TrA
2
N

}
,

whereZNisthenormalizationconstant:

ZN=

∫
exp
{
−

1

4v2TrA
2
N

}∏

1≤x≤y≤N
da(x,y).

Indeed,onecaneasilyobservethat

P(AN)=
1

ZN

∏

1≤x<y≤N
exp
{
−

1

2v2a(x,y)
2}∏

1≤x≤N
exp
{
−

1

4v2a(x,x)
2}

=
1

ZN
exp

{
−

1

4v2

(
2

∑

1≤x<y≤N
a(x,y)

2
+

∑

1≤x=y≤N
a(x,y)

2)}

(a(x,y)=a(y,x))

=
1

ZN
exp

{
−

1

4v2

N∑

x,y=1

a(x,y)
2

}

=
1

ZN
exp
{
−

1

4v2TrA
2
N

}

whichis(1.3).

Definition(1.3)showsthatthedistributionP(AN)isinvariantunder
theorthogonaltransformationsofRN.Thereforetheensembledescribedis
knownastheGaussianOrthogonalEnsemble(GOE)ofrandommatrices.
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Seethebook[22]forthehistoryandbasicresultsoneigenvaluedistribution
ofthisandotherensemblesofrandommatrices.Theintroductoryarticle
[31]isrecommendedforthosewhoareinterestedincombinatoricsofmatrix
integrals.

Eigenvaluedistributionfunction.Theeigenvaluedistributionofreal
symmetric(orcomplexhermitian)N×NmatrixHNisdescribedbythe
function

(1.4)σ(λ;HN)=
1

N
#
{
λ

(N)
j≤λ

}
,

where

λ
(N)
1≤···≤λ

(N)
N

aretheeigenvaluesofHN.Thisfunctioniscalledthenormalizedeigenvalue
countingfunction(NCF)ofthematrixHN.Itisclearlyastep-likefunction
increasingfrom0to1.

Inmathematicalliterature,onecanmeetalsothetermempiricaleigen-
valuedistributionfunction.Thistermseemssomewhatmisleading(because
weconsiderσdeterminedforamatrixANbutnotforthesumoverN
samples).InournoteswekeepthetermNCFcommonforthespectral
theory.

GivenarandommatrixAN,thecorrespondingfunctionσ(λ;AN)is
random.ThesemicirclelawfirstprovedbyWigner[30]statesthatthe
NCFofthematrix

AN(x,y)=
1
√
N

AN(x,y)

weaklyconvergesinaverageasN→∞toanonrandomdistribution:

(1.5a)lim
N→∞

σ(λ;AN)=σW(λ),

whosedensityisgivenby

(1.5b)σ′
W(λ)≡ρW(λ)=

{√
4v2−λ2,if|λ|≤2v,

0,if|λ|>2v.

Weakconvergenceinaveragemeansherethatforanynon-randomfunction
φ(λ)∈C∞0(R),

Elim
N→∞

∫

R
φ(λ)dσ(λ;AN)=

∫

R
φ(λ)dσW(λ).

Asitwasmentionedabove,wewillprovethisstatementtwicebytwo
differentapproaches.
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ÊMomentrelationsapproach.Wedescribefirstthemethodusedby
Wignerintheproofofthesemicirclelaw(see[30]and[7,26]forthesource
andforimprovementsofthemethod,respectively).Hereoneisinterested
intheasymptoticbehaviorofthemoments

M
(N)
j=E

∫

R
λ
j

dσN(λ)

ofthemeasure

dσN(λ)≡dσ(λ;AN).

Letusnotethatduetothedefinition(1.4)oftheNCF,wesimplyhavethat

M
(N)
j=E

1

N
TrA

j
N≡E

〈
A
j
N

〉
,

wherewedenotethenormalizedtraceofamatrixANbyanglebrackets:

〈AN〉≡
1

N
TrAN.

Basingoncomputationsthataresomewhatdifferentfromtheoriginal
techniquebyWigner,wewillderivetherelations

(1.6a)lim
N→∞

M
(N)
j=mj=

{
tkv2k,ifj=2k,

0,ifj=2k+1,

wheretk,k∈Naregivenbytherecurrencerelations

t0=1

tk=

k−1 ∑

j=0

tk−1−jtj.
(1.6b)

Thenwewillshowthat(1.6)isequivalentto(1.5).

ËResolventapproach.AnothermethodtostudythelimitingNCFis
relatedtotheresolventGN(z)=(AN−z)−1.Itisnothardtoseethatits
normalizedtraceissimplytheStieltjestransformofσN(λ):

gN(z)≡
1

N
TrGN(z)=

∫

R

dσN(λ)

λ−z
.

Intheseterms,convergence(1.5)meansthatforallz∈C±=C\R,

(1.7a)lim
N→∞

EgN(z)=fW(z),

wherefW(z)istheStieltjestransformofσW(λ);

(1.7b)fW(z)=

∫

R

dσW(λ)

λ−z
.
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WewillderiveshortlythatfW(z)satisfiestheequation

(1.8)fW(z)=
1

−z−v2fW(z)
.

(1.8)isequivalentto(1.6b).Thiscanbeeasilyderivedfromthedefinition
(1.7b)offW(z)asStieltjestransformthatimpliestherelation

fW(z)=
1

−z
∞∑

k=0

tkv2k

zk.

ThepropositiontoconsidergN(z),thatisthegeneratingfunctionofthemo-

mentsM
(N)
j,insteadofthemomentsbythemselvesisduetoV.Marchenko

andL.Pasturwhoderived(1.8)asaby-productoftheirmoregeneralre-
sults[21].Theresolventapproachinrandommatrixtheorywasfurther
developedbyA.KhorunzhyandL.Pastur(seeforexample[17]and[18]).

Thecrucialstephereistoconsiderthemoments

P
(N)
l=E[gN(z)]

l
,l≥1

thatareshowntosatisfyaninfinitesystemofrelationsresemblingthesystem
ofequationsforcorrelationfunctionsofstatisticalmechanics.Theidea
towritesuchequationsforrandommatricesdatesbacktoF.Berezin[1].

Broadlyspeaking,BerezinshowedthatthemomentsP
(N)
lfactorizetothe

powersoffW(z).Thisfactleadstostatementslike(1.7).

Recentlyitwasshownthatforconvergence(1.7)itissufficienttocon-
siderthetwofirstrelationsfromthisinfinitehierarchy.Thisleadstoa
rathershortproofofthesemicirclelaw.

Derivationofthemomentrelations.Westartwiththemomentap-
proachtoderiverelations(1.6b).Gaussianrandomvariablesarerather
convenienttodealwith.Oneofthereasonsisthatifonehasacentered
Gaussianrandomvariableγ,then

(1.9)Eγφ(γ)=Eγ
2

Eφ′(γ)

forallnon-randomfunctionsφsuchthattheintegralsin(1.9)exist.Inthe
moregeneralcaseofavector~γ=(γ1,...,γm)ofGaussianrandomvariables
withzeroaverageonehas

(1.10)Eγjφ(~γ)=
m∑

l=1

EγjγlE
∂φ(~γ)

∂γl
.

Asthesimplestapplication,onecaneasilyderivefrom(1.9)that

Eγ
2k

=Eγ×γ
2k−1

=v
k
2(2k−1)!!,

wherev2=Eγ
2
.
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Letusnowconsiderthemoments

(1.11)M
(N)
2k=N−1

N∑

x,y=1

EA
2k−1
N(x,y)AN(y,x).

Using(1.10),wecanwritethat

EA
2k−1
N(x,y)AN(y,x)

=
N∑

s,t=1

EAN(y,x)AN(s,t)E
∂A

2k−1
N(x,y)

∂AN(s,t)
. (1.12)

Itisobviousthat

∂A
2k−1
N(x,y)

∂AN(s,t)
=

2k−2 ∑

l=0

A
2k−2−l
N(x,s)A

l
N(t,y).

Using(1.2)andsubstitutingtheserelationsintotheright-handsideof(1.12),
weobtainthat

EA
2k−1
N(x,y)AN(y,x)

=
v2

N

2k−2 ∑

l=0

E
[
A

2k−2−l
N(x,x)A

l
N(y,y)+A

2k−2−l
N(x,y)A

l
N(x,y)

]
.

Regardingthesumoveryin(1.11)andtakingintoaccountthesymmetry
conditionAN(x,y)=AN(y,x),wecanwritethat

N∑

y=1

2k−2 ∑

l=0

A
2k−2−l
N(x,y)A

l
N(x,y)=(2k−1)A

2k−2
N(x,x).

Thus,wederiverelation

M
(N)
2k=v

2
2k−2 ∑

l=0

E〈A
2k−2−l
N〉〈A

l
N〉+v

22k−1

N
M

(N)
2k−2.

Onecanrewritethisequalityintheform

(1.13)M
(N)
2k=v

2
2k−2 ∑

l=0

M
(N)
2k−2−lM

(N)
l+v

2
B

(N)
2k−2+v

22k−1

N
M

(N)
2k−2,

where

(1.14)B
(N)
2k−2=

2k−2 ∑

l=0

[
E〈A

2k−2−l
N〉〈A

l
N〉−E〈A

2k−2−l
N〉E〈A

l
N〉
]
.

Now,ifoneassumesthat

(1.15)B
(N)
2k−2=o(M

(N)
2k−2)asN→∞,
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andacceptthat

(1.16)M
(N)
2k+1=0,

thenonecaneasilyderive(1.6)from(1.13).

(1.16)followsimmediatelyfromtheobservationthatforanyparticular
valuesofthevariables{yi}

Ea(x,y1)···a(y2k,x)=0

astheaverageoftheproductofanoddnumberofgaussianrandomvariables.

Relation(1.15)reflectsthepropertyofselfaveragenessofthemoments

M
(N)
j.InLecture4wewillshowthatthemuchmorepowerfulestimate

(1.17)B
(N)
2k−2≤

(2k+2)2α

N2M
(N)
2k−2,α>1

holdsforallk¿N2/3asN→∞.Thiswillleadtoestimatesofthenorm
ofANandotherimportantconsequences.





             

Lecture2

ProofoftheSemicircle
Law

Nowletusturntotheproofof(1.7)forGOE.Wefollowtheschemedevel-
opedin[17,18]andmodifiedin[11].

Wewillusetwicetheresolventidentity

G−G′=−G(H−H′)G′, (2.1)

G=(H−z)−1
,G′=(H′−z)−1

,

thatistrueforhermitianmatricesHandH′ofthesamedimensionand
z∈C±.

Regarding(2.1)withH=ANandH′=0,weobtaintherelation

GN(x,x′)=ζδx,x′−ζ
N∑

y=1

GN(x,y)AN(y,x′),

whereGN=(AN−z)−1,ζ≡(−z)−1andδx,yistheKroneckerδ-symbol.
WeareinterestedintheaveragevalueofthenormalizedtracegN(z)=
N−1TrGN.Itisclearthat

(2.2)EgN(z)=ζ−ζ
1

N

∑

x,y

EGN(x,y)AN(y,x).

Nowwecanapply(1.10)tothelastaveragefrom(2.2)andobtainthe
relation

EGN(x,y)AN(y,x)=

N∑

s,t=1

EAN(y,x)AN(s,t)E
∂GN(x,y)

∂AN(s,t)
.

15



           

162.ProofoftheSemicircleLaw

Onecaneasilydeducefrom(2.1)that

(2.3)
∂GN(x,y)

∂AN(s,t)
=−GN(x,s)GN(t,y).

Indeed,itissufficienttoconsider(2.1)withH′=ANand

H(x′,y′)=AN(x′,y′)+∆δx′,sδy′,t

andtofindtheratio(G−G′)/∆inthelimit∆→0.

Rememberingdefinition(1.2)andusing(2.3),weobtainthat

(2.4)EgN(z)=ζ+ζ
v2

N2

∑

x,y

E
[
GN(x,x)GN(y,y)+GN(x,y)GN(x,y)

]
.

Onecanrewritethisrelationintheform

(2.5)EgN(z)=ζ+ζv
2

E[gN(z)]
2

+
v2

N
EΦ

(1)
N(z),

whereΦ
(1)
N(z)=〈G2

N(z)〉≡N−1TrG2
N(z).Weseethatthefirstmoment

ofgN(z)isexpressedviathesecondmomentofthisvariableaddedbythe
termsvanishinginthelimitN→∞.

Indeed,elementaryestimates

(2.6)〈G
2
N(z)〉≤

∥∥
G

2
N(z)

∥∥
≤‖GN(z)‖

2
≤

1

|Imz|
2

showthat
∣∣
∣Φ

(1)
N(z)

∣∣
∣=O(1)asN→∞.

Having(2.5),wecanproceedbytwoways.

ThefirstapproachinspiredbytheworkofBerezin[1]istoderivean

infinitesystemofrecurrencerelationsforthemomentsL
(N)
k=E[gN(z)]k,

k≥2.Thismethodhasbeendevelopedin[17,18]andextensivelyused
forvariousensemblesofrandommatricesandrandomoperators(see,for
example[14,15]).

Thesecondapproachproposedin[11]representsashortenedversionof
themethodofinfinitesystemofrelations.Looselyspeaking,itusesonly
thetwofirstrelationsandleadtoafairlyshortproofofthesemicirclelaw.
Thisshortenedversionhasbeenwidelyappliedinthestudiesofrandom
matrixeigenvaluedistribution[5,16,19,25].Thisapproachseemstobe
unavoidableinthestudiesofsmoothedeigenvaluedensityanditsfluctua-
tions[2].However,certainpassagescanappearassomewhattrickythings
inthisshortenedversion.Thus,westartwiththediscussionoftheinfinite
systemmethod.
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InfiniteSystemApproach[17,18].Onecanderiveasystemofrelations

forthemomentsL
(N)
k=E[gN(z)]ksubsequentlyapplyingtothelastfactor

inLkrelations(2.2),(1.10),and(2.3).Thenoneobtainsfork≥2

E[gN(z)]
k

=ζE[gN(z)]
k−1

+ζv
2

E[gN(z)]
k+1

+
v2

N
EΦ

(k)
N(z)+

v2

N
EΦ̃

(k)
N(z),

where

Φ
(k)
N(z)=[gN(z)]

k−1
〈G

2
N(z)〉,

Φ̃
(k)
N(z)=

k

N
[gN(z)]

k−2
〈G

3
N(z)〉.

ThusforthemomentsLkwehavetherelations

(2.7)L
(N)
k=ζδk,1+(1−δk,1)ζL

(N)
k−1+ζv

2
L

(N)
k+1+Ψ

(k)
N(z),

where,accordingtoestimates(2.6),

(2.8)
∣∣
∣Ψ

(k)
N(z)

∣∣
∣≤

v2

ηkN

(
1+

k

N

)
.

Itisnothardtoseethat(2.7)canberewritteninavectorform

(2.9)~L(N)
=~l+Tz~L(N)

+~Ψ(N)
,

where~lk=δk,1ζand

[Tz~e]k=(1−δk,1)ζek−1+v
2
ζek+1.

Nowitisnothardtoshowthat

‖Tz‖≤η+
v2

η
.

Thereforeforη>2vonehas‖TZ‖<1.Introducingtheequation

(2.10)~L′=~l+Tz~L′

thatobviouslyhasonesolution,onecaneasilydeducefrom(2.9)and(2.10)
that∥∥

∥~L(N)
−~L′∥∥

∥=O(N−1
).

Thisprovesconvergence(1.7).

ShortProofoftheSemicircleLaw[10].

Proof.DenotingEgN(z)≡fN(z)andregardingthat∑
yGN(x,y)GN(x,y)=

G2
N(x,y),wederiveourfirstmainrelation

(2.11)fN(z)=ζ+ζv
2
f

2
N(z)+ΦN(z)+ΨN(z),

where

ΦN(z)=
v2

N
E〈G

2
N(z)〉
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and

ΨN(z)=EgN(z)gN(z)−EgN(z)EgN(z).

Weseethat(2.11)hasaformcloseto(1.8)andallthatweneedistoshow
thatΦN(z)andΨN(z)vanishasN→∞.

Thefirstconditionisfulfilledforz∈C±because

(2.12)〈G
2
N(z)〉≤

∥∥
G

2
N(z)

∥∥
≤‖GN(z)‖

2
≤

1

|Imz|
2.

Thus,

(2.13)|ΦN(z)|≤
v2

Nη2,

wherewehavedenotedη:=|Imz|.
ThesecondconditionreflectstheselfaveragingpropertyofgN(z).We

aregoingtoprovebelowthat

(2.14)E|gN−EgN(z)|
2
≤

4v2

η4N2

providedη≥4v2.Then(1.7)willbeproved.

Letusintroducethecenteredrandomvariable

g◦(z)=g(z)−Eg(z)

(weomitsubscriptNwhennoconfusioncanarise).Itiseasytoseethat

Eg◦(z1)g◦(z2)=Eg◦(z1)g(z2).

Slightmodificationof(2.2)readsas

Eg◦(ẑ)g(z)=−ζ
1

N

∑

x,y

Eg◦(ẑ)G(x,y)AN(x,y).

Thefirsttermoftheright-handsidevanishesbecauseEg◦=0.

Usingoncemore(1.10),onecanwritethat

Eg◦(ẑ)G(x,y)AN(x,y)=

N∑

s,t=1

EAN(y,x)AN(s,t)

×
{

Eg◦(ẑ)
∂GN(x,y)

∂AN(s,t)
+EGN(x,y)

∂g◦(ẑ)
∂AN(s,t)

}
.

Thefirstderivativeinthecurlybracketsisalreadycomputed.Thesecond
gives

∂g◦(ẑ)

∂AN(s,t)
=

∂g(ẑ)

∂AN(s,t)
=−

1

N

N∑

u=1

G(u,s)G(t,u)=−
1

N
Ĝ

2
(t,s),

whereĜ≡GN(ẑ).
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Aftersomesimplemanipulations,wederiveoursecondmainrelation

Eg◦(ẑ)g(z)=ζv
2

Eg◦(ẑ)g(z)g(z) (2.15)

+ζ
v2

N
Eg◦(ẑ)

〈
G

2〉
+ζ

2v2

N2E
〈
Ĝ

2
G
〉
.

Allthatweneednowistheidentity

Eg◦(ẑ)g(z)g(z)=Eg◦(ẑ)g(z)Eg(z)+Eg◦(ẑ)g◦(z)g(z)

andthefactthatg(z̄)=g(z).

Regarding(2.15)withẑ=z̄,wederivethat

E|g◦(z)|
2
≡Eg◦(ẑ)g(z)

≤|ζ|v
2

Eg◦(ẑ)g(z)|Eg(z)|+|ζ|v
2

Eg◦(ẑ)g◦(z)|g(z)|

+|ζ|v2

N
E|g◦(ẑ)|

∣∣〈
G

2〉∣∣
+

2|ζ|v2

N2E
∣∣
∣
〈
Ĝ

2
G
〉∣∣
∣. (2.16)

Usingestimatessimilarto(2.12),weobtainthat

(2.17)E|g◦(z)|
2
≤2v

2
η−1

E|g◦(z)|
2

+
v2

Nη3

[
E|g◦(z)|

2]1/2
+

2v2

N2η4.

Thisimplies(2.14).Thesemicirclelaw(1.7)isprovedforGOE.¤

Letusmakeseveralimportantremarkshere.

Remark.Thefirstobservationisthattheestimate(2.6)indicatesfairly
fastdecreasingofthevarianceoftherandomvariable

(2.9)gN(z)=
1

N

N∑

x=1

GN(x,x;z)

asN→∞.Itfollowsfrom(2.6)andtheBorel-CantellilemmathatgN(z)
convergestoanon-randomlimit(actually,fW(z))withprobability1.Let
usstressthatintheclassicalprobabilitytheorythevarianceofthesumof
independentrandomvariablesSN=(ξ1+···+ξN)N−1thatisanalogous
to(2.17)isoftheorderN−1.Thedifferenceisthatin(2.17)wehavea
sumofdependentrandomvariablesGN(x,x;z).Letusnotethat(2.13)is
aconsequenceofthemorepowerfulstatementthatthecenteredrandom
variable

γN(z)=TrGN(z)−ETrGN(z)

convergesindistributiontoagaussianrandomvariableasN→∞.We
discussthispropertyinmoredetailsinLecture4.

Remark.Thenextremarkisrelatedtotheobservationthatestimates
(2.13)and(2.14)showthatin(2.11)termsΦN(z)andΨN(z)vanishnot
onlyforη>η0butalsoforzwithimaginarypartvanishingatthesametime
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asNincreases.Thisimpliesseriousconsequencesconcerningthesmoothed
eigenvaluedensityoflargerandommatrices.Inparticular,onecantraceout
theproofofaversionofthefamousuniversalityconjectureforlocalprop-
ertiesofrandommatrixspectra.WeaddressthistopicsalsoinLecture4.

Nowletusdiscussgeneralizationofthesemicirclelawtothecaseof
randommatriceswitharbitrarydistributedrandomentriesa(x,y).

ThefirstensemblegeneralizingGOEistheWignerensembleofrandom
realsymmetricmatrices

WN(x,y)=
1
√
N
w(x,y),x,y=1,...,N

whoseentriesarejointlyindependentrandomvariablessatisfyingconditions
(1.1).Wedonotassumetheprobabilitydistributionfunctions

P(x,y)(ξ)=Prob{w(x,y)≤ξ}
arethesameandhaveaspecialform.Infact,onecanconsiderhere

themoregeneralcasewhenthedistributionsP
(N)
(x,y)canbedependenton

N.Inthiscaseitshouldbepointedoutthatthesetofrandomvariables
{wN(x,y)}1≤x≤y≤Nisdeterminedonthesameprobabilityspace.

Tocompletepreparations,letusintroducenotationsforthemomentsof
wN(x,y)

V
(N)
j(x,y)=

∫∞

−∞
ξ
j

dPN(x,y).

Theorem2.1.Letusconsidertheensemble

(2.18)HN=hN+WN,

wherehNisasequenceofnon-randommatricessuchthatthereexiststhe
limit

µ(λ)=lim
N→∞

σ(λ;hN).

LetP
(N)
(x,y)satisfytheLindebergcondition

(2.19)lim
N→∞

1

N2

N∑

x,y=1

∫

τ
√
N
ξ

2
dP

(N)
(x,y)(ξ)=0∀τ>0.

ThentheStieltjestransform

g
(1)
N(z)=

∫∞

−∞

dσ(λ;HN)

λ−z
convergesinprobabilityasN→∞toanonrandomfunctionfh(z)that
satisfiestheequation

(2.20)fh(z)=

∫∞

−∞

dµ(λ)

λ−z−v2fh(z)
.



           

2.ProofoftheSemicircleLaw21

Thisstatementissomewhatmoregeneralthanthetheoremprovedby
Pastur[23].HeconsideredHNwithadiagonalnon-randomparthNand
theconditionsimposedonPNwereabitrestrictivethan(2.18)butalso
closetotheLindebergconditions.

AnothergeneralizationofGOEisgivenbytherealsymmetricmatrices
ΓN

(2.21)ΓN(x,y)=
1
√
N
γ(x,y),

whererandomvariablesγ(x,y),x≤yhavejointGaussiandistributionwith
zeroaverageandcovariance

Eγ(x,y)γ(s,t)=V(x,s)V(y,t)+V(x,t)V(y,s),

whereVisasymmetricandnon-negativelydefinedmatrix.

Theorem2.2.[3]Letthematrices

VN(x,y)=

{
V(x,y),ifx≤Nandy≤N,
0,otherwise

bebounded

(2.22)‖VN‖≤v
andsatisfycondition

lim
N→∞

σ(λ;VN)=ν(λ).

ThentheStieltjestransform

g
(2)
N=

∫∞

−∞
dσ(λ;ΓN)λ−z

convergeswithprobability1toanonrandomfunctionf2(z)givenby

f2(z)=

∫v

0

dν(λ)

−z−λφ(z)

andφ(z)satisfiestheequation

(2.23)φ(z)=

∫v

0

λdν(λ)

−z−λφ(z)
.





          

Lecture3

SmoothedEigenvalue
Density

Inthespectraltheoryofrandommatrices,theuniversalityconjecturecan
beregardedasthemostchallengingproblem.Itconcernsthelocalspectral
characteristicsoflargerandommatrices.

Inpaper[11]wedevelopedanapproachtostudytheasymptoticregime
thatcanbecalledsemi-local,ormesoscopic.Thesubjectunderconsidera-
tionistheeigenvaluedistributionfunctionsmoothedovertheintervals∆N

ofthelength1¿|∆N|¿N,N→∞.Inpapers[2,4]weprovedlimiting
theoremsthatreflecttheuniversalitypropertyofthesmoothedeigenvalue
densityoflargerandommatrices.

Inthislecturewepresenttheoremsofpapers[11]and[2]anddescribe
brieflytheschemeoftheirproofs.

ItisnothardtoseethattheStieltjestransformfN(z)withImz=ε>0
effectsthecontroloftheeigenvaluesthataresituatedinthevicinityofthe
interval(λ−ε,λ+ε).ItbecomesclearifoneconsiderImfN(λ+iε)asa
smoothingofthemeasuredσN(λ):

ImfN(λ+iε)=

∫ε

(λ−µ)2+ε2dσN(µ)≡
∫
ϕε,λ(µ)dσN(µ).

Intheseterms,thelimitingtransitionN→∞forrandomvariable
fN(λ+iε)withgivenpositiveεcanberegardedastheglobalspectral
characteristics,i.e.asthevariablerelatedwithO(N)eigenvaluesofAN.

23
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Indeed,thevariable

σ(λ+ε;AN)−σ(λ−ε;AN),

|λ|<2v

isalsoglobalbecauseitinvolvesO(N)eigenvaluesofAN.

Ifoneisinterestedinmoredetaileddescriptionofthelimitingeigenvalue
distributionofAN,itisnaturaltostudythelimitoffN(λ+iεN),where
εN→0atthesametimeasNinfinitelyincreases.Wecallthevariable

ξN(λ):=ImfN(λ+iεN)

thesmoothedorregularizedeigenvaluedensity.

Inthesestudies,onecanseparatetworegimesthatarefairlydifferent.
TheasymptoticregimethatcorrespondtothecaseofεN=O(N−1)is
knownasthelocalone.Theregimeintermediatebetweentheglobaland
localonescanbedescribedasεN=N−αwith0<α<1.Accordingtothe
theoreticalphysicsterminology,itcanbecalledthemesoscopicregime.

Inthislecturewearegoingtodiscusstheproofandseveralconsequences
ofthefollowingstatements.

Theorem3.1([11]).ConsidertheGOEANandtheresolventGN(z)=
(AN−z)−1.Thenconvergenceinaverage

(3.1)lim
N→∞

E
1

N
TrGN(λ+iN−α)=−

λ

2v2+i

√
4v2−λ2

2v2

holdsprovided0<α<1and|λ|<2v.

LetuslookoncemoreattheschemepresentedinLecture2.Itisclear
thatitdoesnotworkdirectlybecauseonedoesnothaveanymoreestimates
ofthetype(2.5).Thentherelation(2.8)cannotbereducedtoinequality

(2.9)thatgivestheestimateofthevarianceE|g◦|2byitselfmultipliedby
E|g|isoutofuse.Asaconsequence,onecannotderive(2.7)from(2.9).
ThereforetheproofofTheorem3.1requiresessentialmodificationsofthe
approach.

Todothis,wehavetopassbackfromtheshortschemedescribedin
Lecture2totheinfinitesystemofrelationsinspiredbytheideaofBerezin.
Letusexplainnowhowithastobemodified.

Theestimate(2.6)anditsconsequence(2.8)allowsonetoconsideronly
firstk≤k0relationsfromtheinfinitesystem(2.7).Thematteristhatthe
infinitesystemofrelations(2.7)anditsfinitecounterpartarerelatedviathe
termLk0.Ifoneconsideranewsystemofk0relationsoftheform(2.7)but
withthetermLk0+1removedintherelationnumberk0,thiswillchangea
littlethefirstcomponentsofthesolutionofthisequationwithrespectto
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thefirstseveralmomentsL
(N)
k.Thisisduetoaprioriestimate|Lk|≤η−k.

Thetruncatedsystemofk0relationsisclosedandcanbesolveduniquely.
ThisprocedureisinfactequivalenttothatonedescribedinLecture2in
thelongscheme.

SchemeoftheproofofTheorem3.1.Thefirstprincipalmodification
oftheschemeofLecture2isthatweconsiderthepartof(2.7)withk≥
k0>1andrewriteitintheform

(3.2)v
2
L

(N)
k+1=Lk−1−zLk−Ψ

(k)
N.

Tosimplifythedescriptionoftheproof,letusassumethatRez=0.Then
underconditionsofTheorem3.1relation(3.2)willhavetheform

(3.3)L
(N)
k+1=

1

v2Lk−1−
i

v2NαLk−Ψ
(k)
N.

SinceImz=N−α,wecannotusetheabsoluteestimatesasitisdonein
Lecture2(seeestimate(2.8)).Oneshouldusetheestimateswithrespect
toLk.

Looselyspeaking,thetermΨ
(k)
NcanbeestimatedbyN−γL(N)

kwithsome
γ>0(tomakepossiblethisestimate,wewillneedoursecondprincipal
modification).

UsingthefactthatLkentersintorelation(3.3)withfactorN−γ,one
canreduceitbysubsequentsubstitutionstotheform

(3.4)L
(N)
k+1=

1

v2Lk−1+

k∑

l=1

(i

v2Nγ

)l
Lk−l+1+Ψ̂

(k)
N(z).

Inequality(2.6)showsthatL1≤Nα,butitenters(3.4)withthefactor
N−kγ.Thisallowsustoneglectthetermsthatincreaseprovidedk>k0,
wherek0issufficientlylarge.

ThetermΨ
(k)
NinvolvesthefactorsEgk

N(N)andcannotbedirectlyesti-

matedintermsofL
(N)
k.Todothis,wepassfromcomplexvariablesgN(z)to

therealvariablesξ=λgN(λ+iN−α)≥0andµ=RegN(λ+iN−α).This
isthesecondmodificationofthegeneralscheme.Itseemstobeatrivial
one,butthisisnotcompletelyright.

ThematteristhatconsiderationofthemomentsEgk
Nleadstothene-

cessityofconsiderationofthefamilyofmomentsEξpµq.Thosewithlarge
numberofqaredifficulttoestimate.Fortunately,wewillneedthefamily
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ofthreetypesofmoments

W
(N)
k=Eξ

k
N,

V
(N)
k=EµNξ

k
N,

U
(N)
k=Eµ

2
Nξ

k
N.

Thisfamilyisclosedandsatisfiesourconditions.

ProofofTheorem3.1.Letusintroducethematrices

Bλ=N
α
(AN−λI),B=N

α
AN,

and

P=
1

1+B2
λ

,Qλ=
Bλ

1+B2
λ

.

Then

ξN(λ)=Pλ
α
,µ=Qλ

α
,

whereforwedenotedforN-dimensionalmatrixHN

HN
α

=N
α−1

TrHN.

Itisnothardtoderivethat

∂P(x,y)

∂B(s,t)
=−P(x,s)Q(t,y)−P(x,t)Q(s,y)−Q(x,s)P(t,y)−Q(x,t)P(s,y)

and

∂Q(x,y)

∂B(s,t)
=P(x,s)P(t,y)+P(x,t)P(s,y)−Q(x,s)Q(t,y)−Q(x,t)Q(s,y)

Theserelationsrepresent(2.3)rewrittenforrealandimaginarypartssepa-
rately.

Usingtheserelationsandtheformula(1.10)andregardingtheidentity

Pλ=I−PλB
2
λ

=I+λN
α
Qλ−QλB,

onecanderivethesystemofrelations

Wk+1=
1

v2Wk−1+
1

v2Vk−1+Uk−1+Γ
(N)
1(k), (3.5a)

Vk+1=−
λ

2v2Wk+1+
1

2v2NαVk+Γ
(N)
2(k), (3.5b)

and

Uk+1=−
λ

2v2Vk+1+
1

2v2NαUk+Γ
(N)
3(k), (3.5c)
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where

Γ
(N)
1(k)=

v2

N1−αEξ
k−1

(P2
λ

α
+Q2

λ

α
)
4v2(k−1)

N2−2αEξ
k−2

PλQ2
λ

α
, (3.5)

Γ
(N)
2(k)=−

2v2

N1−αEξ
k
PλQλ

α
−

4v2k

N2−2αEξ
k−1

P2
λQλ

α
, (3.6)

Γ
(N)
3(k)=−

2v2

N1−αEµξ
k
PλQλ

α
−

2v2

N1−αEξ
k
(P3

λ

α
−P2

λQλ
α
). (3.7)

Itiseasytoseethat

∣∣
∣Γ

(N)
1(k)

∣∣
∣≤

8(k−1)

N2−2αWk−1+
2

N1−αWk+
1

NαWk,

andΓ
(N)
2(k)andΓ

(N)
3(k)canbeestimatedsimilarly.Thisestimatelooks

appropriateexceptingthefactthatwehaveintheright-handsidetheterm
Wk−1.ToensurethatWk−1canbeestimatedviaWk,weprovethefollowing
simplestatement.

Lemma3.2.UnderconditionsofTheorem3.1

Eξ
2
≥

1

2

4v2−λ2

4v4≡
πρ(λ)

2

forlargeenoughN.

Proof.Letconsider(3.5a)withk=1;

Eξ
2

=v−2
+λv−2

Eµ+Eµ
2

+Γ
(N)
1(1),

where∣∣
∣Γ

(N)
1(1)

∣∣
∣≤3N−χEξwithχ=min{α;1−α}.

Since|Eµ|≤
√

Eµ2,thenwecanwritethat

Eξ
2
≥
(√

Eµ2−λ

2v2

)2

+
4v2−λ2

4v4−
∣∣
∣Γ

(N)
1(1)

∣∣
∣

≥(πρ)
2
−3N−χ√

Eξ2.¤

AnimportantconsequenceofLemma3.1isthat

wk:=(Wk)
1/k
≥
πρ

2
andWk≤Wk+m

(2

πρ

)m
.

Nowwecanderivefrom(3.5b)therelation

Vk=−
λ

2v2Wk−1+Γ̃
(N)
2(k),
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where

∣∣
∣Γ̃

(N)
2(k)

∣∣
∣≤

(
1+

λ

2v2

)k−1 ∑

p=1

(1

2v2Nα

)p
Wk−1−p+

1

(2v2Nα)k−1U0

≤
1

πρv2Nα(1−[πρv2Nα]−1)
Wk−1+

Nα

(2v2Nα)k−1.

Thus,

Vk=−
λ

2v2Wk−1(1+o(1)).

Similarcomputationsleadtotherelation

Uk=−
λ

2v2Vk−1(1+o(1)).

Substitutingthesetwolastequalitiesinto(3.5a)andtreatingitinthesame
way,onecanobtaineasilythat

Wk+1=(πρ)
2
Wk−1+4N−χW

k+Γ̃
(N)
1(k).

Then,anelementaryprocedureleadstotheproofofconvergences

Eξ→πρ,

Eµ→−
λ

2v2,

Eµ
2
→

λ2

4v4.

Theorem3.1isproved.¤

Inthisstatement,themostimportantistheconvergenceofthesmoothed
densityofeigenvalues

EξN(λ)≡EImgN(λ+iN−α)→πρ(λ), (3.6)

N→∞.
Thisrelationplaysacrucialroleintheproofoftheselfaveraging(orstrong
selfaveraging)propertyoftherandomvariableξN(λ)andintheproofofthe
universalbehaviourofthecorrelationfunctionEξN(λ1)ξN(λ2)aswell.Let
usformulatethecorrespondingresults.

Theorem3.3.UnderhypothesesofTheorem3.1,

(3.7)E
∣∣
g◦(λ+iN−α)

∣∣2
=O(N

2−2α
).

Proof.Toexplaintheproofofthisstatement,letusconsiderrelation(2.15)
andassumeoncemorethatλ=0.Usingidentity

Eg◦gg=2Eg◦gEg+Eg◦g◦g◦,
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wecanrewrite(2.15)intheform

2v
2

Eg◦gEg≤
1

NαEg◦g+
1

N1−αE|g◦|+O

(1

N2−2α

)
.

Ifwehave(3.6),itisnothardtoderivefromthisinequalitytheestimate
(3.7).¤

Finally,letusformulatethetheoremaboutthefluctuationsofthesmoo-
thedeigenvaluedensityofGOE.Thisisananalogofthecentrallimittheo-
rem.

Theorem3.4.[2]UnderhypothesesofTheorem3.1,therandomvariable

γN(λ)=N
1−α[ξN(λ)−EξN(λ)]

convergesindistributionasN→∞toacenteredGaussianrandomvariable
withvariance1/4.Ifoneconsidertwopointsλ16=λ2suchthatλ1,λ2→
λ∈(−2v,2v),then

(3.8)Eξ
o
N(λ1)ξ

o
N(λ2)=−

1

N2(λ1−λ2)2(1+o(1))

inthelimitN→∞provided

(3.9)
1

Nα¿|λ1−λ2|¿1.

GeneralizationsofTheorems3.1-3.3and
universalityconjecture

Wignerrandommatrices.ItshouldbenotedthatTheorems3.1-3.3con-
sideredfor0<α<α0arevalidfortheWignerensembleofrandommatrices
(2.8)withjointlyindependentarbitrarydistributedrandomvariablesw(x,y)
havingseveralfirstmomentsfinite

E[wN(x,y)]
2k

=Vk<∞.
Inparticular,Theorem3.3holdsfork=4andα0=1/8(see[2]-II).These
resultsshowthattheuniversalityconjectureholdsforlargerandommatri-
ceswithindependententries.Theyarefarfrombeingoptimal,anditis
interestingtocheckouttheoptimalboundforα0anditsdependenceonVk.

Wishart-typerandommatrices.Letusconsidertheensembleofrandom
matrices

(3.10)Hm,N(x,y)=
1

N

m∑

µ=1

θµ(x)θµ(y),x,y=1,...,N,
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wheretherandomvariables{θµ(x)},x,µ∈NhavejointGaussiandistribu-
tionwithzeromathematicalexpectationandcovariance

E{θµ(x)θν(y)}=u
2
δxyδµν.

HereδxydenotestheKroneckerdelta-symbol.

Thisensembleintroducedinmathematicalstatisticsisknownform=N
astheWishartensemble.

Theeigenvaluedistributionof(3.10)inthelimitN,m→∞wascon-
sideredfirst[21],wheremoregeneralrandommatrixensembleswerealso
considered.

Randommatricesoftheform(3.10)areatpresentofextensiveuseinthe
statisticalmechanicsofdisorderedspinsystemsandinthemodelsofmemory
inthetheoryofneuralnetworks.ThedifferencebetweentheWignerrandom
matrices(2.8)and(3.10)isthatinthesecondcasetheentriesHm,N(x,y)
arestatisticallydependentrandomvariables.

Theorem3.5.LetGm,N(z)=(Hm,N−z)−1.Then,forN,m→∞,
m/N→c>0,therandomvariable

R
(α)
m,N(λ):=ImTrGm,N(λ+iN−α)N−1

convergeswithprobability1asN→∞tothenonrandomlimit

(3.11)π%c(λ)=
1

2λu2

√
4cu4−[λ−(1+cu2)]2

provided0<α<1andλ∈Λc,u=
(
u2(1−√c)2,u2(1+√c)2)

.

Remark.Thelimitingexpression(3.11)fortheeigenvaluedistributionwas
derivedintheglobalregimein[21].

Theorem3.6.Considerkrandomvariables,i=1,...,k,

γ
(α)
m,N(i)≡N

1−α[
R

(α)
m,N(λi)−ER

(α)
m,N(λi)

]
,

whereλi=λ+τiN−αwithgivenτi.ThenunderhypothesesofTheorem
3.5thejointdistributionofthevector(γN(1),...,γN(k))convergestothe
centeredGaussiank-dimensionaldistributionwithcovariance

(3.12)C(τi,τj)=
4−(τi−τj)2

[4+(τi−τj)2]2.

Remark.Itiseasytoseethatif|τ1−τ2|→∞,then

(3.13)C(τ1,τ2)=−(τ1−τ2)−2
(1+o(1)).

ThiscoincideswiththeaveragevalueoftheDyson’s2-pointcorrelation
functionforrealsymmetricmatricesconsideredatlargedistances|t1−t2|À
1.



    

GeneralizationsofTheorems3.1-3.3anduniversalityconjecture31

LetusnotethatthelimitingdistributionoftherandomvariablesγNand
γm,Ncoincideanddonotdependonparticularvaluesofλandα.Thisshows
thatthefluctuationsofthesmoothedeigenvaluedensityξareuniversalin
themesoscopicregime.Thus,ourresultscanberegardedasasupportofthe
universalityconjectureforlocalspectralstatisticsoflargerandommatrices.





           

Lecture4

Eigenvaluesoutsideof
thelimitingspectrum

Ourmaingoalinthissectionistodescribetheproofofestimate(1.17)and
discussitsconsequencewithrespecttothenormofrandommatrices.

Momentsandextremeeigenvalues.Firstofall,letusnotethathaving
proved(1.17)forallk≤Nβwithβ>0,weeasilyderivefrom(1.13)that
inequality

M
(N)
2k≤(1+ε)

2
v

2
k−1 ∑

j=0

M
(N)
2k−2−2jM

(N)
2j

withpositiveεalsoholdsforallk≤NβandN>N0(ε).

Regardingthenumbersm∗
2k≡m∗

2k(ε)determinedbythefollowingre-
currencerelations

m∗
2k=(1+ε)

2
v

2
k−1 ∑

j=0

m∗
2k−2−2jm∗

2j,m∗
0=1,

wethenderivethatinequality

M
(N)
2k≤m∗2k

holdsfork≤Nβ.

Nowletusfollowthereasoningthatisusualinthenormestimatesfor
randommatrices(see,forexample[7,8]).Takingintoaccountthatthe
familym∗

2k(ε),k∈Nrepresentsthemomentsofthesemicircledistribution
(1.5)withv2replacedby[(1+ε)v]2,weobtaintheestimate

m∗
2k(ε)≤[(1+ε)v]

2k
.
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Thus,wehavethat

(4.1)M
(N)
2k≤[(1+ε)v]

2k
∀k≤N

β
.

Thisimpliestheestimatewithprobability1

(4.2)limsup
N→∞

‖AN‖≤2v(1+2ε),

wherethespectralnorm‖AN‖isdefinedasthelargestabsolutevalueofan
eigenvalueofAN.

Inequality(4.2)canbederivedfrom(4.1)usingelementarycomputa-
tions.Indeed,ifonedenotesbynN(s)thenumberofeigenvalueslying
outsideoftheinterval(−s,s)

nN(s)≡#{j|
∣∣
∣λ

(N)
j

∣∣
∣≥s},

thenonecanwritethesequenceofinequalities

M
(N)
2k≥E

∫

R\(−s,s)
≥s

2k
EnN(s)≥

s2k

N
Prob{‖AN‖≥s}.

ThenforPN(ε)≡Prob{‖AN‖≥2v(1+2ε)}wehavetheestimate

PN(ε)≤Ninf
k

M
(N)
2k

[2v(1+ε)]2k=Nexp{−N
β

log(1+ε/2)}

thatimplies(4.2).

Letusdiscusstwoaspectsoftheresultspresented.Inequality(4.2)is
validforallpositiveε.Thismeansthat(4.2)holdsforε=0andthisimplies
thatthemaximaleigenvalueofANisboundedby2vinthelimitN→∞.
¿Fromtheotherhand,thesemicirclelawstatesthatwithprobability1
thereexisteigenvaluesofANfallingintovicinityof2vinthislimit.Thus,
themaximaleigenvalue(andalsotheminimalone,duetosymmetryofthe
probabilitydistributionofAN(1.3))convergesto2v(−2v).

ThisfactisalsovalidfortheWignerensembleofrandommatricesWN

(2.17)witharbitrarydistributedentriesw(x,y)N−1/2providedthatseveral
firstmomentsEw(x,y)2parefinite(seeforexample[7,13]and[26]).

Thesecondremarkconcernsthemaximalpowerβ0in(4.1).This(criti-
cal)exponentreflectsthebehaviourofthedifferences∆lbetweentheeigen-

valuesfromthevicinityoftheextremaleigenvalueλ
(N)
max.Indeed,onecan

writethat

M
(N)
2k=

1

N

(
[λ

(N)
1]

2k
+[λ

(N)
2]

2k
+...[λ

(N)
N]

2k)

=[λ
(N)
max]

2k(
1+[1+∆

(N)
2]

2k
+...

)
N−1

.
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If2kgrowsfasterwithNthanthedifference∆
(N)
2vanishes,thenonegets

anasymptoticbehaviourofM
(N)
2kdifferentfrom(4.1).

Ourschemeshowsthat(4.1)isvalidfork¿N2/3whentheGOEis
considered.Thereforeonecanconcludethatβ0≥2/3.Theearlystudiesof
GOEwiththehelpoftheorthogonalpolynomialsapproach[6]showthat
β0=2/3.ThisconclusionisconfirmedandimprovedbyTracyandWidom
inaseriesofpapers(seeforexample[28]).Thesameconclusionfollows
fromtheworksbySinaiandSoshnikov[26]andbySoshnikov[27],where
theWignerensembleisconsidered(seealso[13]forcertaingeneralizations
of[27]).Equalityβ0=2/3meansthattheaveragedistancebetweeneigen-

valuesattheborderoftheisoftheorderN−2/3.

Schemeoftheproofof(1.17).Wefollowthetechniquedevelopedin[3]
forrandommatriceswithGaussiancorrelatedentries.Forsimplicity,we
considerindetailsonlythecaseofindependentrandomvariables.

Werewritedefinition(1.14)forB2kintheform

B
(2)
2k(N)=

∑

p1,p2≥1
p1+p2=2k

E〈A
p1

N〉◦〈Ap2

N〉◦,

whereξ◦=ξ−Eξ.ThegeneralideaistouserecurrentrelationsforB
(2)
2k

thatcanbederivedagainwiththehelpof(1.9).Theserelationsaresimilar

thosewehavegotforM
(N)
2k(1.13)andthereforeonecanexpecttoobtain

estimatesofB2kintermsofM2k.

Letusapplyidentity

Eξ◦
1ξ◦

2=Eξ◦
1ξ2,

toB
(2)
2kandrewriteitinthefollowingform

B
(2)
2k(N)=

∑

p1,p2≥1
p1+p2=2k

1

N

N∑

x,y=1

E〈A
p1

N〉◦Ap2−1
N(x,y)AN(y,x).

Nowwecanapplytothelastaverage(1.9)withγ=AN(y,x).Aftersimple
computationssimilartotheformula(1.12),weobtainequality

B
(2)
2k(N)=2v

2
k−1 ∑

j=0

B
(2)
2k−2−2j(N)M

(N)
2j+v

2
B

(3)
2k−2(N)

+v
2∑

p1,p2≥1
p1+p2=2k−2

p2

N
E〈A

p1

N〉◦〈Ap2

N〉+
v2(2k−2)2

2N2M
(N)
2k−2. (4.3)
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Hereandbelowweassumethat

(4.4)B
(m)
2k(N)=

∑

p1,...,pm≥1
p1+···+pm=2k

EL◦
p1L◦

p2···L◦pm,

wherewedenoteLp=〈A
p
N〉.

Nowletusremarkthatifregarding(4.3),wecouldforgetabouttheterm

B
(3)
2k−2,then(1.17)wouldfollowasasimpleconsequenceoftheordinary

principleofmathematicalinduction.Namely,assumingthattheestimate

(4.5)
∣∣
∣B

(m)
2j(N)

∣∣
∣≤

(2j)mτ

NmM
(N)
2j

takenwithm=2holdsforallj≤k−1andsubstitutingtheseinequal-

itiesinto(4.3)withB
(3)
2kejected,onecanderiveaftercertainamountof

computationsthat(4.5)holdsalsoforj=k.

PresenceofthetermB
(3)
2k−2makestheschemeoftheproofmorecompli-

cated,butnottoomuch.TheobservationisthatB
(2)
2kisdependsonB

(3)
2k−2,

wherevariablemhasincreasedfrom2to3,but2khasdecreasedto2k−2.
Thus,onehasjusttomodifythereasoningbasedonthemathematicalin-
ductionprinciple.

Thus,ouraimistoprove(4.5).Weproceedfrom(4.3)byderivinga

recurrentrelationforB
(m)
2k(N).Ithasasimilarform,whereB

(m)
2k(N)is

expressedintermsofB
(m)
2j(N),B

(m−1)
2j(N),B

(m+1)
2j(N)withj≤k−1.

LetusnotethatduetodefinitionofB
(m)
2k,onehasalwaysm≤2k.

Thecaseofequalitym=2kcorrespondstoonetermin(4.4)wherep1=
p2=···=pm=1.Inthiscaseestimate(4.5)canbeverifiedbydirect
computations,aswellasinthecaseofm=2k−1.

Now,theschemeoftheordinarymathematicalinduction(the“linear”
one)oftheproofof(4.5)canbereplacedbyatwo-dimensionalscheme,
whereonemovesalongthepoints(k,m)suchthatm+2k=L.Onthe
linesm=2kandm=2k−1relation(4.5)iseasytobeverified.Next,
assumingthat(4.5)holdsforall(k,m)suchthatm+2k≤L,onemoves
alongthelinem+2k=L+1fromthepointclosesttom=2ktothepoint
withm=2.Thestructureofrelations(4.3)issuchthatthisprocedure

leadstotheestimate(4.5)forB
(m)
2k(N)onthelinem+2k=L+1.¤

Nowletuscarryoutseveralkey-pointcomputationsofthisproof.Re-
garding

B
(m)
2k=

∑

pi

E[L◦
p1L◦

p2···L◦pm−1]◦Lp
m
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andapplyingtothelastfactorourusualscheme,wederiverelation

B
(m)
2k=v

2∑

pi

E[L◦
p1L◦

p2···L◦pm−1]◦
{∑

q1+q2=pm−2

LqmLqm+1+
pm−1

N
Lpm−2

}

+
v2

N

∑

pi

EL◦
p1···L◦pj−1

(2pj
N
Lpm+pj−2

)
L◦
pj+1···L◦pm−1.

Usingidentity

EX◦YZ=EXY◦Z+EXYZ◦+EXY◦Z◦−EXEY◦Z◦,

anddenoting

D
(m)
2k=

∑

p1,...,pm≥1
p1+···+pm=2k

E|L◦p1L◦
p2···L◦pm|,

wederiveinequality

D
(m)
2k≤2v

2
k−1 ∑

j=0

D
(m)
2k−2−2jM2j+v

2
D

(m+1)
2k−2

+v
2
k−1 ∑

j=0

D
(m−1)
2k−2−jD

(2)
j+

v2(2k−1)

N
D

(m)
2k−2

+
v2(2k−1)2

N2

k−1 ∑

j=0

D
(m−2)
2k−2−2jM2j+

2v2(2k−1)

N2D
(m)
2k−2.

Thisimpliesthefollowinginequality

∣∣
∣D

(m)
2k

∣∣
∣≤2v

2
k−1 ∑

j=0

∣∣
∣D

(m)
2k−2−2j

∣∣
∣M2j

+v
2
k−1 ∑

j=0

2j−1

N2

∣∣
∣D

(m−2)
2k−2−2j

∣∣
∣M2j+Ψk(N), (4.6)

whereΨk(N)containsunimportantterms.Amongthesetermsthereisthe

term
∣∣
∣D

(m+1)
2k−2

∣∣
∣thatisalsoofordersmallerthan

∣∣
∣D

(m)
2k

∣∣
∣.Thismeansthat

wecanactuallyreturnbacktotheordinarymathematicalinductionofthe
proofof(4.5).

Assumingthat(4.5)holds,wederivefrom(4.6)inequality

∣∣
∣D

(m)
2k

∣∣
∣≤2v

2
k−1 ∑

j=0

(2k−2−2j)mτ

NmM2k−2−2jM2j

+v
2
k−1 ∑

j=0

(2k−2−2j)(m−2)τ

Nm(2j−1)M2k−2−2jM2j+|Ψk(N)|. (4.7)
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Thefirstproblemisrelatedwithnumber2infrontofthefirsttermsinthe
right-handsideof(4.7).However,onecaneasilyavoiditassumingthat
τ>1/2.Thenforallm≥2thefunction(2k−2t)mτisconvexandwe
deducethat

∣∣
∣D

(m)
2k

∣∣
∣≤

{
(2k−2)

mτ
+(2k−1)

(m−2)τ+1}
X2k−2(N),

where

X2k−2(N)≡v
2
k−1 ∑

j=0

(2j−1)M2k−2−2jM2j.

Itfollowsfrom(1.13)that

|X2k−2(N)|=
∣∣
∣M2k−v

22k−1

N
M2k−2−v

2
D

(2)
2k−2

∣∣
∣

≤M2k+
2k−1

N
X2k−2(N)+

(2k−2)2τ

N2X2k−2(N).

Combiningtheseestimates,weseethattoprove(4.5),onehastodetermine
parameterτandtherelationbetweenkandNinsuchawaythat
(4.8)
(

(2k−2)
mτ

+(2k−1)
(m−2)τ+1)(

1−
2k−1

N−
(2k−2)2τ

N2

)
≤(2k)

mτ

forallm≥2andallpossiblek.

Wedividebothsidesby(2k)mτ,takem=2andobservethatthein-
equality

(
1−

1

k

)2τ
+

4k−2

(2k)2τ<1

isvalidforlargeenoughvaluesofkonlywhenτisgreaterthan1.

Infact,takingm=2,weprovidethemaximalvalueforthefirstfactor
from(4.8).Regardingitsproductwiththesecondfactor,weobtainthat
inequality(4.8)holdsonlywhen

2k

N
+

(2k−2)2τ

N2<
3

2k
.

Thisinequalityistrueunderconditionthat

k
2τ+1

<N
2
.

Thismeansthat(4.5)holdsinthelimitN→∞underconditionthat

k¿N2/3.
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Normestimates.Letuscompletethislecturewithestimatesforthenorm
ofrandommatricesΓN(2.21)withcorrelatedentries.

Theorem4.1([3]).UnderhypothesesofTheorem2.2,

limsup‖ΓN‖≤2√vν
1.

IfthematrixVissuchthat

(4.9)
1

N
TrV

r
N≤

∫∞

0
λ
r

dν(λ),r∈N,

thentheupperboundofthesupportΛofthedistribution

σV(λ)=lim
N→∞

σ(λ;ΓN)

coincideswiththeestimatefromaboveforthenorm.Thismeansthatthere
arenoeigenvaluesofΓNinthelimitN→∞outsideofΛ.

Condition(4.9)holdsforV(x,y)=u(x−y)withu(x)≥0.However,in
generalonecannotguaranteethatalleigenvaluesofΓNareinsideofΛfor
N=∞.

Toshowthis,itissufficienttoconsiderV(x,y)=w(x)with

w(x)=

{
v′,ifx=1,

v,ifx6=1

withv′>4v.Then
Λ=(−2v,2v)

but
‖ΓNe1‖→

√
vv′>2v.

Theorem4.2givessufficientconditionstoavoidthesituationwhenthere
couldbeeigenvaluesoutsideofthesupportofthelimitingeigenvaluedistri-
bution.Thisisimportantinaseriesofapplicationsofrandommatrices,in
particularinthestatisticalmechanicsofdisorderedspinsystems.





     

Bibliography

[1]F.A.Berezin,SomeremarksontheWignerdistribution,Teoret.Mat.Fiz.,17(1973)
305–318.

[2]A.BoutetdeMonvelandA.Khorunzhy,Asymptoticdistributionofsmoothedeigen-
valuedensity.I.GaussianRandomMatrices&II.WignerRandomMatrices,Random
Oper.StochasticEquations,7(1999)1–22&149–168.

[3]A.BoutetdeMonvelandA.Khorunzhy,OntheNormandEigenvalueDistribution
ofLargeRandomMatrices,Ann.Probability,27(1999)913–944.

[4]A.BoutetdeMonvelandA.Khorunzhy,Onuniversalityofsmoothedeigenvalue
densityoflargerandommatrices,J.Phys.A:Math.Gen.,32(1999)L413–L417.

[5]A.BoutetdeMonvel,A.KhorunzhyandV.Vasilchuk,Limitingeigenvaluedistribu-
tionofrandommatriceswithcorrelatedentries,MarkovProcess.RelatedFields,2,4
(1996),607–636.

[6]B.V.Bronk,Accuracyofthesemicircleapproximationforthedensityofeigenvalues
ofrandommatrices,J.MathematicalPhys.,5(1964)215–220.

[7]Z.FürediandJ.Komlós,Theeigenvaluesofrandomsymmetricmatrices,Combina-
torica,1(1981)233–241.

[8]S.Geman,Alimittheoremforthenormofrandommatrices,Ann.Probab.,8(1980)
252–261.

[9]T.Guhr,A.Müller-GroelingandH.Weidenmüller,Randommatrixtheoriesinquan-
tumphysics:commonconcepts,PhysicsReports,299(1998)189–425.

[10]A.Khorunzhy,Eigenvaluedistributionoflargerandommatriceswithcorrelateden-
tries,Mat.Fiz.Anal.Geom.,3(1996)80–101.

[11]A.Khorunzhy,OnsmootheddensityofstatesforWignerrandommatrices,Random
Oper.StochasticEquations,5,2(1997)147–162.

[12]A.Khorunzhy,Ondiluteunitaryrandommatrices,J.Phys.A:Math.Gen.,31(1998)
4773–4784.

[13]A.Khorunzhy,Sparserandommatrices:spectraledgeandstatisticsofrootedtrees,
Adv.inAppl.Probab.,33(2001)1–18.

[14]A.Khorunzhy,B.KhoruzhenkoandL.Pastur,Asymptoticpropertiesoflargerandom
matriceswithindependententries,J.Math.Phys.,37(1996)5033–5060.

41



      

42Bibliography

[15]A.Khorunzhy,B.Khoruzhenko,L.PasturandM.Shcherbina,Thelarge-nlimit
instatisticalmechanicsandthespectraltheoryofdisorderedsystems,In:Phase
TransitionsandCriticalPhenomena,Vol.15,Eds.:C.DombandJ.L.Lebowitz
(1992)73–239.

[16]A.KhorunzhyandW.Kirsch,Limitofinfinitebandwidthforproductoftworandom
matrices,RandomOper.StochasticEquations,5(1997)325–336.

[17]A.KhorunzhyandL.Pastur,Limitsofinfiniteinteractionradius,dimensionalityand
numberofcomponentsforrandomoperatorswithoff-diagonalrandomness,Comm.
Math.Phys.,153(1993)605–646.

[18]A.KhorunzhyandL.Pastur,OntheeigenvaluedistributionofthedeformedWigner
ensembleofrandommatrices,In:“Spectraloperatortheoryandrelatedtopics”,97–
127,Adv.SovietMath.,19,Ed.V.A.Marchenko,Amer.Math.Soc.,Providence,RI,
1994.

[19]A.KhorunzhyandG.J.Rodgers,OntheWignerlawindiluterandommatrices,Rep.
Math.Phys.,43(1998)297–319.
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