
MIT 2.05 Problem Set 5

Problem 2:
For the robot diagrammed in this Figure:
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(A) Derive the JacobianΓ, such that

dp0e

dt
=

ẋ0e

ẏ0e

ż0e

 = Γ

θ̇1

θ̇2

θ̇3


Note that thei-th column-vector of this Jacobian represents the Cartesian velocity of
the end-effectoṙp0e generated by a unit rotational velocity in jointi (θ̇i = ωi = 1).
You already know how to compute this using the vector cross-product:

dp0e

dθi
= ω̂i × ri,e,

whereri,e is the radius for the motion of the end-effectorp0e about thei-th joint axis,
andω̂i is the unit vector representing a unit-speed rotation about joint axisi in the
positive direction.

(B) Given l1 = 3, andl2 = l3 = 1, (i) describe the set of points in space that the manip-
ulator can reach (the “reachable workspace”). (ii) What geometric shape describes
the set of reachable points in Cartesian space? (iii) Which positions in the reachable
workspace can we reach with more than one angular orientation of the end-effector,
which positions with more than two orientations? (iv) What portion of the reachable
workspace is also “dextrous workspace”?Hint: think about the mechanism, don’t
write kinematic equations.
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(C) Given the same link lengths as in (B), (i) describe the configurations of the robot cor-
responding to workspace boundary singularities and workspace interior singularities.
(ii) Verify that the interior and boundary singularities cause the Jacobian to become
singular (|Γ| → 0). (iii) Describe the set of end-effector points in the workspace at
which these interior and boundary kinematic singularities occur.

(D) Given the same link lengths as in (B), and robot configurationθ1 = 0, θ2 = θ3 = π
4
,

what joint torque vectorτ = [τ1 τ2 τ3]T (τi is the joint torque about jointi) should
the robot apply to generate a force vectorf0e = [1 −1 0]T at the end-effector?

4 of 4


