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Problem 1.  For the position operator x  and the momentum operator p  (corresponding 

to i
x
∂−
∂

), show that x p i[ , ] = . 

 
Solution: 
 
For any function ( )f x , we have 
 
[ , ] ( ) ( ) ( )x p f x xpf x pxf x= −  

                ( )( ) ( )x f x xf x
x x
∂ ∂= −
∂ ∂

 

                ( )( ) ( ) ( )i x f x i x f x i f x
x x
∂ ∂= − + +
∂ ∂

 

                ( )i f x=  
⇒ 

[ , ]x p i= . 
 
Problem 2. Verify the following equalities: 
(a) a a†[ , ] 1=  
(b) a a a a†[ , ] =  
(c) a a a a† † †[ , ] = −  
(d) H a a†( 1/2)ω= +  
where 

a x ip1 ( )
2

ω
ω

= +  

and 

H p x2 2 21( )
2

ω= + . 

Solution: 
 

(a) †[ , ]a a x ip x ip1 [ , ]
2

ω ω
ω

= + −  

                 ( )x x p p i x p i p x21 [ , ] [ , ] [ , ] [ , ]
2

ω ω ω
ω

= + − +  



                 ( )i i i i1 ( ) ( )
2

ω ω
ω

= − + −  

                 = 1 . 
 
(b)  a a a aa a a aa† † †[ , ] = −  
                   † †( )aa a a a= −  
                   †= [ , ]a a a  
                   a= . 
 
(c)  † † † † †[ , ] ( )a a a a a a aa= −  
                    †a= − . 
 

(d)  a a†( 1/2)ω + x ip x ip1 1( )( )
2 2

ω ω ω
ω

 = − + +  
 

                                ( )x p i x p2 2 2 [ , ] /2ω ω ω= + + +  

                                p x2 2 21( )
2

ω= +  

                                H= . 
 
Problem 3.  For 1ω= = , verify a 0 0= , where 
 

xe x dx
2 /20 −= ∫ . 

 
Solution: 

2 /210 ( )
2

xa x ip e x dxω
ω

−= + ∫  

        ( )2 2/2 /21 ( )
2

x xxe i i e x dx
x

ω
ω

− −∂= + −
∂∫  

        
( )

2 /21
2

xxe x dxω
ω

−= −∫  

        
0=  

 
Problem 4.  Verify  

a n n n 1= −  
and 

a n n n† 1 1= + +  
where 

nan
n

†( ) 0
!

= . 

Also, show that n  is an eigenstate of H with energy (eigenvalue) n( 1/2)ω + .  
 
Solution: 



 
†a n

†
† ( ) 0

!

naa
n

=  

          
† 1( )1 0
( 1)!

nan
n

+
= +

+
 

          1 1n n= + + . 
 

a n
†( ) 0
!

naa
n

=  

        
† 1

† ( ) 0
!

naaa
n

−
=  

        
† 1

† 1 ( )(1 ) 0
( 1)!

naa a
n n

−
= +

−
 

        †( 1 1 )/n a a n n= − + −  
 
but, by induction, we have 
 
† †1 1 2 ( 1) 1a a n n a n n n− = − − = − −  

⇒ 
          a n n n 1= − . 
Similarly, 
         †( 1/2)H n a a nω= +  
                   ( 1/2)n nω= + . 

 
Problem 5.  Show that C D C H D H[ , ] [ , ] [ , ] 0= = = , where  
 

ZC a a†( /2)ω σ= + , 
†( ) ( /2)

Z
D a aκ σ σ ω σ− += + − ∆ , 

and 
H C D( /2)ω= + + . 

 
(Remember that X Yi( )/2σ σ σ± = ± , or equivalently 0 1σ+ =  and 1 0σ− = .) 
 
Solution: 
 
We have 
 
 †[ , ] 0

Z
a a σ =  

( 0 0 1 1 ) 0 1 0 1
Z

σ σ σ+ += − = =  
0 1 ( 0 0 1 1 ) 0 1

Z
σ σ σ+ += − = − = −  



1 0 ( 0 0 1 1 ) 1 0
Z

σ σ σ− −= − = =  
( 0 0 1 1 ) 1 0 1 0

Z
σ σ σ− −= − = − = −  

⇒ 
 

† †[ , ] [ ( /2), ( ) ( /2) ]Z ZC D a a a aω σ κ σ σ ω σ− += + + − ∆  

          † † † †[ , ] [ , ] [ , ] [ , ]
2 2Z Za a a a a a a aωκ ωκωκ σ ωκ σ σ σ σ σ− −+ += ⊗ + ⊗ + ⊗ + ⊗  

          † †a a a aωκ σ ωκ σ ωκ σ ωκ σ− −+ += ⊗ − ⊗ − ⊗ + ⊗  
          0= . 
 

( )[ , ] [ , ( /2)] [ , ] [ , ] [ , /2] 0C H C C D C C C D C Iω ω= + + = + + = . 

( )[ , ] [ , ( /2)] [ , ] [ , ] [ , /2] 0D H D C D D C D D D Iω ω= + + = + + = . 
 
Problem 6.  Find the cluster state for a square. In other words, find the state ψ  such 
that 

A B D B C A C D B D A C
X Z Z X Z Z X Z Z X Z Zσ σ σ ψ σ σ σ ψ σ σ σ ψ σ σ σ ψ ψ= = = =  

 
where the super indices A, B, C, and D are associated with the vertices of the square. 
 
Solution: 
 
A general eigenstate ψ  with eigenvalue 1 for A B D

X Z Zσ σ σ  is as follows: 
 

1 20 0 0 0 1 0
A B C D A B C D

ψ α α= + + + +  

          3 41 0 1 1 1 1
A B C D A B C D

α α+ + + +  

          5 60 0 1 0 1 1
A B C D A B C D

α α− + − +  

          7 81 0 0 1 1 0
A B C D A B C D

α α− + −  
 
where 8 2

1
1kk

α
=

=∑ . In order to satisfy the second equation stated in the problem, we 
have 
 

1 21 0 0 1 1 0A B C
Z X Z A B C D A B C D

σ σ σ ψ α α= − − − +  

                       3 40 0 1 0 1 1
A B C D A B C D

α α− − − +  

                       5 61 0 1 1 1 1
A B C D A B C D

α α+ − + +  

                       7 80 0 0 0 1 0
A B C D A B C D

α α+ − +  

                   ψ=  
⇒ 

51 7 3 2 8 4 6, , ,α α α α α α α α= = = − = − . 



Similarly, by applying the other two operators we get: 
 

51 2 3 4 6 7 8α α α α α α α α= = = = = − = = − , 
 
which after normalization results in the following cluster state: 
 

1 0 0
2 A B C D

ψ = + + 1 1 1
2 A B C D
+ + +  

           1 0 1
2 A B C D
+ − − 1 1 0

2 A B C D
+ − − . 


