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4.9 Turbulent Flow — Reynolds Stress

Assume a flow ¥ with a time scale T. Let 7 denote a time scale 7 << T'. We can then
write for each component of the velocity

u; = U; + u; (1)
where by definition

It immediately follows that
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Substitute Eq. (1) into continuity and average over 7, i.e., take ()
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Substitute Eq. (1) into the momentum equations and take ( )
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and thus we finally obtain
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Reynolds averaged N-S equation: | — + 14, — = —— [TU — pulu/
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4.10 Turbulent Boundary Layer Over a Smooth Flat Plate

We have already seen that the function of the friction coefficient C¢(R,, ) differs for laminar
and turbulent flows. In this paragraph we will discuss the case of a turbulent boundary
layer.

Following a procedure similar to that for flow past a body of general geometry, we will
use an approximate velocity profile, obtain the P-Flow solution and eventually substitute
everything into von Karman’s momentum integral equation. The velocity profiles used in
practice are either empirical ((1/7)" power) or semi-empirical (logarithmic) laws.
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4.10.1 (1/7)" Power Velocity Profile Law
Let the velocity profile be determined by the following empirical law
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where 0 = §(z) is to be determined.

From equation (2) we can obtain directly d*and 6
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However, we need to use an additional empirical law to determine the skin friction.
From Blasius’ law of friction for pipes we obtain an expression for 7,
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4.10.2

From P-Flow for flow past a flat plate we have U(x) = Uy = const, and dp/dx =0

Substituting 6%, 0, 7,, U, into von Karman’s moment equation
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This is a 1°t order ODE for 4. One BC is required. We assume that the the flow is
tripped at x = 0, i.e., at © = 0 the flow is already turbulent. Further on, we assume
that the turbulent boundary layer starts at = 0, i.e., §(0) = 0. It follows that

U,x
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Compare:

Laminar Boundary Layer Turbulent Boundary Layer (1/7*" power law)
§(z) o< /T § (x) oc 2%/°
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Once the profile has been determined we can evaluate the friction drag

D =0.036 (pU?) BL R,'/®

Thus, the friction coefficient for turbulent (tripped and/or R., > 5 x 10°) flow over
a flat plate is

D
Cy =

=1 =0073R

Logarithmic Velocity Profile Law

If the velocity profile is determined by the semi-empirical logarithmic velocity pro-
file law, following an approach similar to that for the 1/7"" power law, we obtain
Schoenherr’s formula for the friction coefficient

0.242
= logy (ReL Cf)
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4.10.3 Summary of Boundary Layer Over a Flat Plate

Laminar BL (Blasius)

Turbulent BL (1/7" power law)
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For 7,, the cross-over is at R, ~ 3.4 x 103, i.e.,

(7o)laminar > (TO)turbulent for R, < 3.4 x 10°
(7o) laminar ~ (TO)turbulent for R, ~ 3.4 x 10°
(Tollaminar < (To)turbulent for Re, > 3.4 X 10°

Therefore, for most prototype scales:

(Cf )turbulent > (Cf )laminar

(To)turbulent = (7o) laminar
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