Marine Hydrodynamics Homework #1(a) Solutions

Question 1: Tensor Notation

1.
AiBiiC; = A;(Bi1+ Baa + Bs3) Cj
= (B11 + Ba2 + Bss) A;C;
e
= (Bi1+ B+ Bs3) | AC;
L AsCj
[ A1C; A0y A1Ch
= (Bi1+ B+ Bs3) | A2C1 ACy AxCs
| 4300 A3Cy AsCh
0 0 O
= 0 0 O
0 0 O
2.
A;iC;0;jBrm = A;CiBrm
By B2 Bis
= (A1C1 4+ A3Cy + AsC3) | Bar Bas Bog
B31 B3z Bass
0 2 =2
= 43| -3 1 -1
6 —3 -1
0 86 —86
= —129 43 —43
258 —129 —43
3.
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4. Begin by expanding the alternating tensor, keeping only the nonzero com-
ponents.

e1nAiCrBr;
einAiCrBy = ¢ 211 AiCrBr;
€31 AiCrBri

The ;1 tensor only has six permutations which are nonzero. Keeping
those combinations yields:

€123A4;C2B3; + £1324,C3Ba;
=4 €2314;C3B1; + €2134,C1 Bs;
€3124;C1Ba; + €321 4;Co By

Now summing over the dummy index produces the result:

C5 (A1B31 + A2B3zg + A3Bss) — C3 (A1Ba1 + A2 Bas + A3Ba3)
C3 (A1B11 + AsBia + A3By3) — C1 (A1Bs1 + AsBsa + A3Bs3)
C1 (A1Ba1 + A2 Bas + A3Ba3) — Co (A1 Bi1 + AsBia + A3Bi3)

53
= —15
-1

Question 2: Taylor Series
The Taylor Series is defined as:

f(z) = f(0+ Az) = f(0) + Az f( )|a:_ + Ax 2df( )

lo=o + H.O.T.
f0) = €O sin(O)—O
1/(0) 22 sin(0) + 2® cos(O) 1
70) = 320 S1n(0)+4e ) cos(0) = 4

f(040.1) =0+ (0.1) + 1/2(0.1)*(4) = 0.12
Question 3: Supplemental Problems

1. (a)

V¢ = [32°y*z — 2xsin (2%)] i+ {2x3yz + ﬂ 7+ [x3y2 + i] k

This is a vector



(b)

2 2
qu’) =V -V¢p= 6acy2z — 2sin (xQ) — 422 cos (x2) 4+ 223y — - =
Y z

This is a scalar
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This is a scalar

(d)

This is a tensor
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This is a vector
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Start with the volume integral first.

ﬁ.ﬁzi[32_1_2y2}+2[z2—1—2m2]+2[a:2+y2+z2]:2z

Ox Jy 0z

This domain is easiest to integrate in spherical cordinates where in general:

| tamav = [ ’ / ; / 7 g0, 00)% sin() db dodp

and the spatial coordinates can be transformed by:

x = psin(¢)cos(6)
y = psin(@)sin(9)
2 = peos(9)

R T 27
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Now compare against the surface integral. Need to define the unit vector

on the sides of the hemisphere. The general way of doing this is by finding
two tangent vectors, calculating the cross product, and then normalizing
it such that it has a mansuetude of one. For a sphere, it is easier to define
a vector starting at the origin and going to the surface of the hemisphere
of radius one. This is by definition, a unit vector to the surface.

= sin(¢) cos(0)i + sin(¢)sin(0)] + cos(d)k
The unit vector on the top surface of the hemisphere is n = k

i 2
F'nSides = p

FDgiges = p° [sin(¢) (cos(¢)2 - 25111)(;5)2) (sin(6) — cos(0)) + cos(qﬁ)]

Calculate fluxes:
/ f -hdA = / F_: . ﬁTopdA + / ﬁ NSidesdA
S STop Ssides

2m
= / / pdpd0

e ] , n(0) (cos(0)? — 25in)0)?) (sn0) — con(0)) + cos()] 2 dpl

1/2rR* — 7R*
= —1/27R*

/ﬁ.(vXF)dszfﬁ-df
S C

Starting with the surface integral:

. Cé6:

6Xﬁ = %(F?’vy_FQ,Z)_j(F&??_FLZ)_‘_I%(FQJ_FLZI)
= —Alz+y)

The unit vector for the circle is

=k
/Sﬁ- (Vx F)dS = / / [cos(8) + sin(0)] pdpdd
0

Now evaluating the line integral

x = Rcos(6) dx = —Rsin(0)
{ y = Rsin(0) dy = Rcos(0)

F-di = — [142R*sin(0)*] Rsin(f) — [1 — 2R* cos(6)*] R cos(6)
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4. C10:

Use Leibniz Integral Rule which states that:

ar (" oF db da
— = —d F(bt)— — F(a,t)—
dt /a(t) gr T EO G~ Fla g
where
F(z,t) = sin(z) cos(2t)
a(t) =4t
b(t)=t+5

Starting with the first integral:
F, = —2sin(x) sin(2¢)
which produces

b(t) b(t)
/ —2sin(x)sin(2t)de = -2 sin(2t)/ sin(x)dx
a(t) a(t)

2sin(2t) [cos(x)]F”
= 2sin(2t) [cos(t + 5) — cos(4t)]

Now combining with the boundary terms:

%Ef) = 2sin(2t) [cos(t + 5) — cos(4t)] + cos(2t) [sin(t + 5) — 4 sin(4t)]



