The spatial frequency domain
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Recall: plane wave propagation

X

path delay increases
linearly with x
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plane of observation




Spatial frequency < angle of propagation?

X

electric field

of observation
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Spatial frequency < angle of propagation?

: plane of observation
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Spatial frequency < angle of propagation?

The cross-section of the optical field with the optical axis
1s a sinusoid of the form

sin @

E, exp(z’27r X+ ¢OJ

i.e. 1t looks like

sin @

E,exp(i2rux+¢,) where u=

is called the spatial frequency
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2D sinusoids

corresp. phasor
E, cos[27r(ux vy )] E, exp[i272'(ux + vy)]
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2D sinusoids

corresp. phasor
E, cos[27r(ux + vy)] E, exp[i 27z(ux + vy)]
+ )y
x
min
max
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2D sinusoids

corresp. phasor
E, cos[27r(ux vy )] E, exp[i272'(ux + vy)]
y
1/u
1/v R

X
\ min
max
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2D sinusoids

corresp. phasor
E, cos[27r(ux + vy)] E, exp[i 27z(ux + vy)]

tany =

AN=——
u +v A

>—A<|§

3]
NS
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Spatial (2D) Fourier Transforms
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The 2D Fourier integral

(aka inverse Fourier transform)

glx,y)= j G(u,v) e7) dydy

7 N\

superposition sinusoids

complex weight,
expresses relative amplitude
(magnitude & phase)
of superposed sinusoids
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The 2D Fourier transform

The complex weight coefficients G(u,v),
aka Fourier transform of g(x,y)
are calculated from the integral

G(M,V) — j g(x,y) e—i27z(ux+vy) dxdy
(1D so we can draw it easily ...) g(x) Re[e?m]

Y x
Re[G(uH:J AT o
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2D Fourier transform pairs

TABLE 2.1
Transform pairs for some functions separable in
rectangular coordinates.

Function Transform

exp[—m(a* 2 + by =

I SR f")l
|ab LXPE -ﬂ(u; T
/1

1 .
rect{ax) rect(by) b sinc( fx/a) sinc( fy/b)
an.

Alax) A(by) e
ab|
1

|ab|

sinc”( fy/a) sinc’( fy/b)

8(ax, by)

expljm(ax + by)] 8(fx —al2, fy — b2)
ab 1 1

sgn(ax) sgn(by) — =
ab| jwfx jm fy

> , ) I ~ o £ 7
comb(ax) comb(by) =5 comb( fy/a) comb( fy/b) (from Goodman,
A : yo i [ Introduction to
C-l[![jﬂ'm‘ L Loyl I(IB' S0 ';W(-{J? £ h{ ) Fourier Optl.CS,
page 14)
1 y

exp[—(alx| + b|¥])]
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Space and spatial frequency
representations

SPACE DOMAIN

G(M,V)ZJ. g(x’y) e—i27z(ux+vy) dxdy

2D Fourier transform

SPATIAL FREQUENCY
DOMAIN
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g(xy)

g(x,y)zj G(u,v) e ) qudy

2D Fourier integral
aka
inverse 2D Fourier transform

G(u,v)




Periodic Grating /1: vertical

Periodic Grating /2: tilted




Superposition: multiple gratings

Frequenc
Space quency
) (Fourier)
domain .
domain
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Superpositions:
spatial frequency representation
.
g gé %g‘ a’ IXH - 41 !
gg ; 1 Frequency
Space i
. (Fourier)
domain .
domain
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Superpositions:
spatial frequency representation

512

05

256

b

E
c £
= £
>
-256 ;*
-512 — 0.
512 -256 0 256 512 205  -025 -128e-006 025 05
x(mm) u(mm'w)
space domain spatial frequency domain
glx.y) Glu.v)=3{g(x.»)}
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Fourier transform properties /1

* Fourier transforms and the delta function

S{o(r.y)i=1
Slexpliz{uyx +voy )l =5 -1, Jo(v—v,)

* Linearity of Fourier transforms

if 3{g,(x. »)j=G,(u,v)and Jig, (x. )} = G, (u.v)
then S{alg1 (x, y)+ a,g, (x, y)} = a,G, (u, v)+ a,G, (u, v)
for any pair of complex numbers a,, a,.
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Fourier transform properties /2

Let Sig(x,»)}=G(u,v)

«  Shift theorem (space —> frequency)
S{g(x — Xy, V=V, )} = G(u, v)exp[— l'27r(ux0 +vy, )]
«  Shift theorem (frequency —> space)
S{g(x, y)exp[i27z(ux0 +Vvy, )]} = G(u —Uy, V=V, )

* Scaling theorem
Slg(av,by)l = G(ﬁ,zj

‘ab‘ a b
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Modulation in the frequency domain:
the shift theorem

F

(Fourier)

domain .
domain
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Size of object vs frequency content:

the scaling theorem

Space .
) (Fourier)
domain .
domain
.
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Fourier transform properties /3

Let S{f(x,y)} = F(u,v) and S{h(x,y)} = H(u,v)
Let glx,y)=[ f(x\))-hlx—x',y =) dx'dy’

» Convolution theorem (space — frequency)

{gle,y) = Flu,v)-H(u,v)

Let O(u,v)= JF(u', V)-H(u—u',v—v')du'dy’
» Convolution theorem (frequency — space)

Ou,v)= 31/ (x, ) h(x,y)}
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Fourier transform properties /4

Let 3{f(x,y)} = F(u,v) and S{h(x, y)} = H(u,v)
Let g(x,y)= jf(x’,y’). h(x'—x,y'—y)dx'dy’
+ Correlation theorem (space — frequency)
gl y)i=Fluv)-H ()
Let O(u,v)= jF(u', V) H(u' —u,v —v)du'dy’

+ Correlation theorem (frequency — space)

Ofu,v)= 3/ (x,y)- 1" (x,»)}
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Spatial frequency representation

.

208

148

€ 7=
-2 £
= 3
152
-302 ARl . ‘ -
302 -182 -2 148 298 4 05 0 05 1
Xl u(um)
space domain Fourier domain
3 sinusoids (aka spatial frequency domain)

MIT 2.71/2.710 Optics
10/31/05 wk9-a-26

13



298

Spatial filtering

148

yium)
N

-152

-302

-302 -152 -2 148 298

*(um)

space domain
2 sinusoids (1 removed)
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v(pm'1)

T -05 0 05 1
ugum’)
Fourier domain
(aka spatial frequency domain)

512

Spatial frequency representation

256 1]

y{mmm)
o

-256 {1

-256 0 256 512
x(mmy)

space domain

g(x,y)
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m1)

v{m

05 -026 -128e006 025 05
u(mm’w)
Fourier domain
(aka spatial frequency domain)

G(u,v)=3{g(x,y)}
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Spatial filtering (low—pass)

removed high-frequency content

512 05 \

250 0.25
3 =

E 0O £ -1.28e-006
> ~—
>

-256 -0.25

-51 -05

512 -256 0 286 512 05 025 -128e-006 025 05
x(mm) u(mm'w)
space domain Fourier domain

(aka spatial frequency domain)
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Spatial filtering (band—pass)

removed high- and low-frequency content

-612 -256 0 256 512 05 -0.25 -1.28e-006 0.25 05

x(mmy) u(mm’ 1 )
space domain Fourier domain

(aka spatial frequency domain)
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Qriginal nested Ls

0.005

10/31/05 wk9-a-31

0.005

Example: optical lithography

001

g 0 o
-0.005 0005
-0.01 0.01
-0.01 -0.005 0 0.005 001 -0.01 0005 _'J . 0005 ow
x{mm) mm)
original pattern mild
(“nested L’s”) low-pass filtering
Notice:
(i) blurring at the edges
ii) ringin
MIT 2.71/2.710 Optics (@) gmne

Example: optical lithography

Qriginal nested Ls

o0

0.008 0,005

y(mm)
o

0.005 0005

0.01 0005 L] 0005 oo

x(mm)

original pattern
(“nested L’s”)

severe
low-pass filtering

(1) blurring at the edges

i1) ringin,
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2D linear shift invariant systems

input output
convolution with impulse response

gi(x.y) 8o(x”

2.(r, )= [ & (r, ) (x = x, ' = ) dxdy

y7)

-

LSI

Fourier
transform
uoysues)

multiplication with transfer function

=
- JOLINO,J JSIDAUTL
3 Lo I

QD
—~
=

<
~

Q
)

—

G, (u,v)=G,(u,v) H(u,v)
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2D linear shift invariant systems

.......................................................................................... 5.
[l
5 | E | g
o= [¢]
3 |2 LSI & =
e | 8§ =
= 2 |.E

pesssnssnalusanssEsEEEEEEEEEEEsEEEEEEEEEESEESEEEEEsEEEEEEEsEsEsEsssesnssnasnsnesnannannnnnafinnpsnnnnnnr

I

multiplication with transfer function
Gi(u,v) G, (u,v)
G, (u, v) =G, (u, v) H(u, v)
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2D linear shift invariant systems

gi(x’y) go(x’ay’)
2, ")= [ & (r, y) hx' = x, ' = y) dedy

| Ay, Hwv)
are 2D F.T. pair

Gi(u,v) — Go(u,v)
Go(u,v) =G, (u,v)H(u,v)
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Sampling space and frequency

ox :pixel size Su  frequency
resolution
umax
space .
. -field siz spatial
domain Ax :field size
Nyquist 1 1 [frequency
yquis u = Su=—1 .
relationships: mE 5 2Ax domain
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The Space—Bandwidth Product

Nyquist relationships:
. . 1
from space — spatial frequency domain: Upge = =
20x
from spatial frequency — space domain: Aar_ 1
' 2 28
% = 222“ =N : 1D Space-Bandwidth Product (SBP)

aka number of pixels in the space domain

2D SBP ~ N2
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SBP: example

512

256

bl

y{mmm)
o
m

v{m

-256

512 . s 05
B2 - 205  -025 -128e-006 025 05
u(mm’w)
space domain Fourier domain
=1 Ax=1024 (aka spatial frequency domain)
MIT 2.71/2.710 Optics u_. =0.5 ou=1/1024=9.765625x10""
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