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• Four fundamental interactions:

➡ Electromagnetism 

➡ Weak 

➡ Strong 

➡ Gravity

[Planck CMB Data (2013 and 2015)]
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• Four fundamental interactions:

➡ Electromagnetism 

➡ Weak 

➡ Strong 

➡ Gravity
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Standard Model
of Particle Physics

Building blocks of the universe

See lectures in this school: 
[Ronald Garcia Ruiz, Week1, Mon-Tue] 
[Maria Piarulli, Week1, Mon-Wed] 

[Planck CMB Data (2013 and 2015)]
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The strong interaction

• Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)

• Fundamental parameters of QCD:

➡ gauge coupling:  

➡ quark masses:  

• Two exciting properties of QCD: 

➡ color confinement   

➡ asymptotic freedom  

• Strong coupling “constant”: 

mu,md,ms, . . .
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The strong interaction

• Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)

• Fundamental parameters of QCD:

➡ gauge coupling:  

➡ quark masses:  

• Two exciting properties of QCD: 

➡ color confinement   

➡ asymptotic freedom  

• Strong coupling “constant”: 

mu,md,ms, . . .
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36 9. Quantum Chromodynamics

world average, we first combine six pre-averages, excluding the lattice result, using a ‰
2 averaging

method. This gives
–s(M2

Z) = 0.1176 ± 0.0011 , (without lattice) . (9.24)

This result is fully compatible with the lattice pre-average Eq. (9.23) and has a comparable error.
In order to be conservative, we combine these two numbers using an unweighted average and take
as an uncertainty the average between these two uncertainties. This gives our final world average
value

–s(M2
Z) = 0.1179 ± 0.0010 . (9.25)
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Figure 9.5: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

This world average value is in very good agreement with the last version of this Review, which
was –s(M2

Z
) = 0.1181 ± 0.0011, with only a slightly lower central value and decreased overall
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(2) Continuation to Euclidean time 

(3) Lattice regularization 
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Non-perturbative treatment of QCD

(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 

[R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys. 
20, 367 (1948)]

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]

hx0|U(t0, t)|xi =

Z
Dx e

i
~S[x]

Z
Dx = lim

✏!0

r
m

2⇡i~✏

N�1 Z
dx1

Z
dx2 . . .

Z
dxN�1

<latexit sha1_base64="vsohALO08R2752iyTv08fTNdm+s="></latexit><latexit sha1_base64="vsohALO08R2752iyTv08fTNdm+s="></latexit><latexit sha1_base64="vsohALO08R2752iyTv08fTNdm+s="></latexit><latexit sha1_base64="vsohALO08R2752iyTv08fTNdm+s="></latexit>

Z =

Z
Dx e�

1
~SE [x]

SE [x] =

Z
dt

⇥m
2
(@tx)

2 + V (x)
⇤
= lim

a!0

X

i

a
⇥m
2

�xi+1 � xi

a

�2
+ V (xi)

⇤

Z
Dx = lim

a!0

r
m

2⇡i~a

N Z
dx1

Z
dx2 . . .

Z
dxN

<latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="lrpP3+lXXeptAYh1yhw3BHynXuk="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

✏ �! �i a
<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>
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Non-perturbative treatment of QCD

(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 

Quarks

a {
Gluon

[R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys. 
20, 367 (1948)]

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]
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Non-perturbative treatment of QCD

(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 

SE
QCD =

Z
d4x LE

QCD
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[R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys. 
20, 367 (1948)]

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]
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Non-perturbative treatment of QCD

[R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys. 
20, 367 (1948)]

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]
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CLASSICAL STATISTICAL MECHANICS
(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 
Z =

Z
DU D D e�SE

QCD
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Uµ(x) = eiagAµ(x)
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µe ! µe scattering in fixed target experiment

? The setup is designed to measure e and µ angles with the highest accuracy
• Modular apparatus: each module has ' 1 cm Beryllium target and 3/4 Silicon

strips (state-of-art) detectors (hit resolution ' 10 µm)
• ' 60 modules (distributed target)
• acceptance: ✓e  45 mrad (i.e. Ee � 0.5 GeV), ✓µ  5 mrad.

Expected angular resolution 0.02 mrad

//
� �

e

ECAL
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Si Si Si

C.M. Carloni Calame (INFN, Pavia) MUonE 8 / 26

C⇤ b.c.s via orbifolding
Carmona, D’Elia, Di Giacomo, Lucini, Int. J. Mod. Phys. C 11, 637 (2000)
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MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3
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Development of Lattice QCD

Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)

1 

Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  
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• physical lattice size: ~6fm, spacing 0.05-0.1fm 

• 643 x 128 lattice —> 34 x 106 points 

• Operator dimensions: 107 x 107 matrices 

• Advanced computational methods are needed 

• Large computer resources: multiple TFlop years!

Quarks

a {
Gluon

Typical Lattice QCD Computation

https://www.cscs.ch/publications/photo-gallery/]

Wilson Cluster at Mainz U.

Altamira@IFCA, Santander

https://www.cscs.ch/publications/photo-gallery/
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Backstage of LGT Calculations

[bbc tyne in pictures backstage at theatre royal; image by www.bbc.co.uk]
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๏ Lecture 1:     Path Integral Quantization and scalar fields on the lattice; 
Why do we need to consider discrete space/time?

๏ Lecture 2:     QCD on the lattice; Computational methods for lattice 
field theories; Why is LQCD so comp. expensive? What are the limitations? 

๏ Lecture 3:     Lattice QCD phenomenology: selected topics (Muon g-2, 
flavor physics, machine learning, quantum computing applications and 
more) Where can we move the needle with LQCD?

Plan of the Lectures:
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Part 1: 
Path Integral Quantization and 
scalar fields on the lattice
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๏ Point Mechanics vs. Classical Field Theory

๏ Path Integral in Quantum Mechanics (real and Euclidean time)

๏ Scalar Field Theory on the lattice

๏ Analogy with Statistical Mechanics and continuum limit 

๏ Spectrum of the lattice Scalar Theory

Outline
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๏ Point Mechanics — 2nd Newton’s law:

        — mass of the classical non-relativistic point particle

 — external potential 

๏ The principle of least action: 

๏ Lagrange function:

๏ Euler-Lagrange equation:

V(x)

Classical Point Mechanics

S[x] =

Z
dt L(x, @tx)
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L(x, @tx) =
m

2
(@tx)

2 � V (x)
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m
d2x

dt2
= m @2

t x = F (x) = �dV (x)

dx
<latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit>

@t
�L

�(@tx)
� �L

�x
= 0

<latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>
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S[x] =

Z
dt L(x, @tx)

<latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit>

L(x, @tx) =
m

2
(@tx)

2 � V (x)
<latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit>

m
d2x

dt2
= m @2

t x = F (x) = �dV (x)

dx
<latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit>

@t
�L

�(@tx)
� �L

�x
= 0

<latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit>

Classical Point Mechanics

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

๏ Point Mechanics — 2nd Newton’s law:

        — mass of the classical non-relativistic point particle

 — external potential 

๏ The principle of least action: 

๏ Lagrange function:

๏ Euler-Lagrange equation:

V(x)
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๏ Generalization to systems with infinitely many d.o.f. (field values         )

๏ Classical field e. o. m. for neutral scalars — Klein-Gordon eq.:

๏ Again, the classical e. o. m obtained by minimizing the action:

๏ A simple example of interacting scalar field theory ( `     — theory` ) 

      — mass of the scalar field

      — coupling strength of its self-interaction 

Classical Field Theory

S[�] =

Z
d4x L(�, @µ�)

<latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit>

@µ@
µ� = �dV (�)

d�
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V (�) =
m2

2
�2 +

�

4!
�4

<latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit>

�4
<latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit>
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�x
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<latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="384m1FYZRujTYOhYdxbwrzdqYBE="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

�(~x)
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๏ Generalization to systems with infinitely many d.o.f. (field values         )

๏ Classical field e. o. m. for neutral scalars — Klein-Gordon eq.:

๏ Again, the classical e. o. m obtained by minimizing the action:

๏ A simple example of interacting scalar field theory ( `     — theory` ) 

      — mass of the scalar field

      — coupling strength of its self-interaction 

Classical Field Theory

S[�] =

Z
d4x L(�, @µ�)
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@µ@
µ� = �dV (�)
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V (�) =
m2
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�
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�4

<latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit>

�4
<latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit>
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<latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="384m1FYZRujTYOhYdxbwrzdqYBE="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

m
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๏ Point Mechanics vs. Classical Field Theory

Point Mechanics vs. Classical Field Theory

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

https://inspirehep.net/literature/946884
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๏ Time-dependent Schrödinger Eq. 

๏ Time evolution operator 

   —  time independent Hamilton operator

๏ Transition amplitude of a non-relativistic point particle — a propagator: 

๏ Contains information about the energy spectrum of the theory.

Path Integral in Quantum Mechanics: real time (I)

i~@t | (t)i = H | (t)i
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U(t0, t) = e�
i
~H(t0�t); | (t0)i = U(t0, t) | (t)i
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๏ Propagator from x to x’ 

๏ Divide time interval into N elementary steps of size 

๏ Repeat previous procedure at all intermediate times 

๏ Take factor                            ; assume single non-relativistic point particle

๏ Insert complete set of states + BCH formula: 

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Path Integral in Quantum Mechanics: real time (II)

hx0|U(t0, t)|xi =
Z

dx1 hx0|U(t0, t1)|x1i hx1|U(t1, t)|xi
<latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit>

[t0, t]; t0 � t = N ✏
<latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit>

hx0|U(t0, t)|xi =
Z

dx1

Z
dx2 . . .

Z
dxN�1 hx0|U(t0, tN�1)|xN�1i ⇥ . . . ⇥ hx2|U(t2, t1)|x1i ⇥ hx1|U(t1, t)|xi

<latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit>

hxi+1|U(ti+1, ti)|xii
<latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit>

H =
p
2

2m
+ V (x)

<latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit>
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<latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit>
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๏            ill-defined: integrand rapidly oscillating f-on 

๏ For it to be well-defined: 

1. replace: 

2. evaluate 

3. take                limit, one gets: 

๏ Insert into original propagator: 

Path Integral in Quantum Mechanics: real time (III)

✏ �! ✏� i a; a 2 R
<latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit>
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<latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit>
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<latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit>

a ! 0
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๏ The action is continuum limit of the discretised action:

๏ Summary:

(i) Integrate over all particle positions for each intermediate time 

(ii) Amounts to integrating over all possible paths of a particle starting at     and ending at    

(iii) Each path weighted with oscillating phase 

(iv) Classical path: the smallest oscillations      largest contribution to the P.I. (           class. limit) 

๏ Note: definition of the path integral required an analytic continuation in time!

Path Integral in Quantum Mechanics: real time (IV)
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<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

~ ! 0
<latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit>

)
<latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit>
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๏ Statistical partition function:

๏  

   System at finite temperature                                                    

System propagating in purely imaginary time

๏ Repeat all the steps from the derivation in real time:

(i) Divide Euclidean time interval into N time steps:   

(ii) Insert complete set of position eigenstates

๏ The Euclidean Path Integral:

Euclidean Path Integral in Quantum Mechanics

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>
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<latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="lrpP3+lXXeptAYh1yhw3BHynXuk="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit>

Z = e��H ; � =
1

T
<latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit>

� =
i

~ (t
0 � t) =) e��H , U(t, t0)

<latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit>

T
<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

, <latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit>

� =
Na

~
<latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit>

✏ �! �i a
<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>
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๏ Lattice spacing acts as an UV cut-off:  

๏ Quantum field theories beyond tree level are plagued by UV divergencies 

๏ Defining the theory on a lattice introduces a minimum length 

Scalar fields on the lattice

⇤ ⇠ 1

a
<latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit>
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<latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit>
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⇤
<latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit>
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๏ Discretize space-time and define matter fields on the sites of the lattice: 

๏ Momentum integrals are restricted to the first Brillouin zone:

๏ Discretize the derivatives: 

Scalar field theory

x �! an = (an1, an2, an3, an4); nµ 2 Z
�(x) �! �(an)
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๏ Discretized action (bare parameters)

๏ Scalar propagator

๏ Space time symmetry:

๏ Rotation symmetry recovered in the continuum limit

Lattice action

O(4) �! H(4)
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From P.I. in Quantum Mech. to Statistical Stat. Mech.

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

https://inspirehep.net/literature/946884
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Quantum Field TheoriesClassical Statistical Mechanics

From Statistical Mech. to Quantum Field Theories



๏ Monte Carlo: a numerical method for estimating high-dimensional 
integrals by random sampling

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20
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⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode

10 /32 Von Monte-Carlo zur Masse des Protons
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StochastischeBestimmungvonπ

•Abschätzungs-Vorschrift:
1VerteilezufälligNPunkte
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๏ Ratio of the surface area of the circle and the square: 

➡  

๏ We can then express:

➡  

๏ If we know , we know the value of π Scircle/Ssquare

Stochastische Bestimmung von π

• Flächen-Verhältnis
Kreis zu Viereck:

AKreis
AViereck

=
πr2

4r2

• es folgt sofort

π =
4AKreis
AViereck
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• Kennt man AKreis/AViereck, kennt man π
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2r

Scircle

Ssquare
=

⇡r2

4r2

⇡ =
4Scircle

Ssquare

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20
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⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode
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๏ Throw N random points on the surface of the square 

➡   

๏ For N - large, the value of π  will be very well approximated

⇡ =
4Scircle

Ssquare
⇡ Ninside

N

A tool for Lattice Simulations: Monte Carlo methods
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๏ Calculating 1-dim integral: 

➡  

๏ Again, throw N random points on the rectangular surface:

๏ Count those under the value of the function  

๏ Then the value of the integral is obtained by:

➡

f(x)

2r

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ 〈I〉N = 2, 5× 1 Ninnen
N

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20
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I = 0.8291597

• je größer N, desto besser die Approximation
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I =

Z 1

0
f(x)dx

I ⇡ hIiN = 2.5⇥ 1⇥ Ninside

N

๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ 〈I〉N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error (midpoint rule) in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20
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N = 5, I ≈ 0.8689142

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1
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• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2
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• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2
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N = 20, I ≈ 0.83112

• je größer N, desto besser die Approximation
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๏ Ising model Hamiltonian (without external magnetic field): 

•
 nearest neighbours

๏ Generate configurations of spins with probability   ~  (importance sampling)

๏ Expectation value of the observables as averages over ensemble of spin configurations 

๏ How do we generate the ensemble  ?

H = J ∑
⟨x,y⟩

sxsy; ⟨x, y⟩ −

e− H
T

{s̄k}

Expectation values in Monte Carlo

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

k=1

O[s̄k] + O(
1p

Ncnfg
)
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๏ Numerical approach exploits the analogy:  

Euclidean QFT                              Statistical Mechanics 

๏  Path integrals are computed by importance sampling 

๏ Generate ensemble of field configurations 

๏ Expectation values                are averages over the ensemble

๏ How do we generate ensemble               with the correct probability distribution? 

Numerical Simulations

P[�i] / e�SE [�]
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{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

hO[�]i
<latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit>
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

๏ The configurations            are correlated by construction

                  — integrated autocorrelation time

๏ The error of the estimator scales as                     (Monte Carlo) 

๏ The variance of the actual observable 

                property of QFT itself, should not depend of the Markov chain.

Markov processes

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

{�0} �! {�1} �! {�2} �! · · · �! {�i} �! {�i+1} �! . . .
<latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="AxqXh9jb55JtYkjiJzL+uS0rKbk="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit>

V ar [Ō] = V ar[O]
� 2⌧O
Ncnfg

�

<latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit>

V ar [O] = h
�
O � hOi

�2i
<latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit>

1p
Ncnfg

<latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit>

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>
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QFT on the lattice: symmetries
๏ Translational Symmetry:                                                                                                       

Broken to discrete symmetry, but nicely restored in the continuum limit

๏ Rotational Symmetry:                                                                                                           
Similar to translational symmetry. Finite number of irreducible representations (quantum 
numbers) instead of spin, but correct states are obtained in the continuum limit
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In today’s lecture:

๏ We have learned/reminded ourselves how to quantize: 

➡ Quantum Mechanics 

➡ Scalar Field Theory 

๏ Mapping to Classical Statistical Mechanics  

๏ Monte Carlo Sampling of Spin Systems  Quantum Fields

๏ Monte Carlo Errors, other sources of errors

⟶

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20
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⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode
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In tomorrow’s lecture:

๏ We shall generalize this approach to Quantum Chromodynamics (QCD)

๏ We shall see how the numerical sampling is done in practice

➡ for scalar field theory

➡ for QCD

๏ Why is QCD numerically so expensive? 

๏ Practical examples
Quarks

a {
Gluon


