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Building blocks of the universe
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- Four fundamental interactions:
= Electromagnetism
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= Strong
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The strong interaction

- Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)

« Fundamental parameters of QCD:
= gauge coupling: g

=
= quark masses: My, Mq, My, . .. e o

- Two exciting properties of QCD:
= color confinement

= asymptotic freedom

« Strong coupling “constant”:

2 G7(Q7%)
as(Q7) = ppe
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The strong interaction

« Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)
« Fundamental parameters of QCD:
= gauge coupling: g

=
= quark masses: My, Mq, My, . .. e o

- Two exciting properties of QCD:

' 0.35 ——— T
= color confinement 3 T decay (N’LO) H-
- W low Q2 cont. O\I3LO) e
- ) DIS jets (NLO) H— ]
= asymptotic freedom 037 Heavy Quarkonia (NLO)
[ e"e” jets/shapes (NNLO+res) F*— ]
. . & pp/pp (jets NLO) =+ 4
[D. Gross, F. Wilczek; D. Politzer (1973)] &8 0.25 | EW precision fit (N>LOy-— 7]
pp (top, NNLO) = :
T o2f
3 [
0.15 -
« Strong coupling “constant”: -
-9 2 0.1 i
2y 9 Q%) [
OzS(Q ) = — =y (Mz%) =0.1179 = 0.0010
47-‘- 005- L 1l L L1l 1 a1l
1 10 100 1000

Q[GeV]
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Non-perturbative treatment of QCD

R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys.
20, 367 (1948)]

K. Wilson, "Confinement of quarks”
Phys. Rev.D. 10 (8): 2445—-245 (1974)]

(1) Path Integral quantization (U, t)|z) = /da:l (" |U, t1)|z1) (x1|U(t1,1)]2)

(2) Continuation to Euclidean time

(3) Lattice regularization + -
77
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Non-perturbative treatment of QCD

R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys.
20, 367 (1948)]

(1) Path Integral quantization
(2) Continuation to Euclidean time

(3) Lattice regularization
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K. Wilson, "Confinement of quarks”
Phys. Rev.D. 10 (8): 2445—-245 (1974)]
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Non-perturbative treatment of QCD

R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys.
20, 367 (1948)]

(1) Path Integral quantization
(2) Continuation to Euclidean time

(3) Lattice regularization
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Non-perturbative treatment of QCD

R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys.

20, 367 (1948)]

K. Wilson, "Confinement of quarks”
Phys. Rev.D. 10 (8): 2445—-245 (1974)]

(1) Path Integral quantization
(2) Continuation to Euclidean time

(3) Lattice regularization

1 _
E _ E ; Aaa 5 3 &
£QCD = % F/iLI/F/iLI/ + . - wf { Y ((9M + ’LAMT ) + m ¢ } wf \ Ql:!arks | / |
—u.d,s,... . > > \ > > )
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Non-perturbative treatment of QCD

R. P. Feynman, “Space-Time Approach to Non-
Relativistic Quantum Mechanics” Rev. Mod. Phys.
20, 367 (1948)]

K. Wilson, "Confinement of quarks”
Phys. Rev.D. 10 (8): 2445—-245 (1974)]

(1) Path Integral quantization
. . . . —_— CLASSICAL STATISTICAL MECHANICS
(2) Continuation to Euclidean time

(3) Lattice regularization
7 = / DU Dip Dip e~ Saco

FaY FaY FaY FaY I)

Quarks [/
1 > ! > !
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Physics
(Theory&EXxperiment)

C

fund enta || ttic mir | ttic

Computational Methods _ Machines
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Development of Lattice QCD

1975 1980 1985 1990 1995 2000 2005 2010 2020

1973 QCD I I I I

1974 lattice QCD
Physics
1st spec calcula
Hamber-Parisi
Weingarten
R 0.8fm 1.6fm 3.0fm 2.4fm
Lattice size L 4358 163x32 643x118 243548
: Nf=0 quenched
Algorithms 6.0fm
643x128
= Nf=2 u,d
NE-=s#sen Nf=2+1 u,d,s I
quarks :
4t generation 5th generation
2nd generation 3" glgrr;eratlon 10Tfops 10Pfops
I : 1 flops OpsS LY Y - T -
MaChlneS 1st fg;}grastlon s P APE100 ZZIZ'IZ:.I:'ZIII‘:MIZIII."L K comouter = . S
e B SRR\ ] ] ] &
P et - |!“%mgg, g === <.
I QCDPAX | | ! il o = - e
Tl e ||| - T BlueGene/Q

B f‘ PACS-CS
[Credit: A. Ukawa, HPC Summer School (2013)<@=
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Typical Lattice QCD Computation

e physical lattice size: ~6fm, spacing 0.05-0.1fm
>

* 643 x 128 lattice —> 34 x 108 points Altamira@IFCA, Santander

e Operator dimensions: 107 x 107 matrices
e Advanced computational methods are needed

e Large computer resources: multiple TFlop years!

Wilson Cluster at Mainz U.
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https://www.cscs.ch/publications/photo-gallery/

Backstage of LGT Calculations
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Plan of the Lectures:

e Lecture 1: Path Integral Quantization and scalar fields on the lattice;

e Lecture 2: QCD on the lattice; Computational methods for lattice
field theories;

e Lecture 3: Lattice QCD phenomenology: selected topics (Muon g-2,
flavor physics, machine learning, guantum computing applications and
more)
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Part 1:
Path Integral Quantization and
scalar fields on the lattice
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Outline

e Point Mechanics vs. Classical Field Theory

e Path Integral in Quantum Mechanics (real and Euclidean time)
e Scalar Field Theory on the lattice

e Analogy with Statistical Mechanics and continuum limit

e Spectrum of the lattice Scalar Theory
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Classical Point Mechanics

e Point Mechanics — 2nd Newton’s law:

d*z ) dV (x)
m s =mo;x = F(x) =— o

M — mass of the classical non-relativistic point particle

V(x) — external potential

e The principle of least action:

Slx| = /dt L(x,0:x)
e Lagrange function:
L(x,0,) = %(&51‘)2 —V(x)

e Euler-Lagrange equation:

5L 6L

8’55(&5@«) R

0
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Classical Point Mechanics

e Point Mechanics — 2nd Newton’s law:

d?x

dV (x) <
B 20 — —
m—s m Ofx = F(x) "

M — mass of the classical non-relativistic point particle

V(x) — external potential

e The principle of least action:

Slx| = /dt L(x,0:x)
e Lagrange function:
L(x,0,) = %(&53:)2 —V(x)

e Euler-Lagrange equation:

5L 6L

Oy 0

5(dyx) oz

NNPSS 2022, MIT, Boston
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Classical Field Theory

o Generalization to systems with infinitely many d.o.f. (field values ¢(¥))

dV(¢)

o Classical field e. 0. m. for neutral scalars — Klein-Gordon eq.: 0,0"¢p = ————

dg

e Again, the classical e. 0. m obtained by minimizing the action:

S[¢] = / 'z £(6,0,0)

5L 6L

aﬂa(aua;) R

0

e A simple example of interacting scalar field theory ( ‘§b4 — theory)

2 A
V(o) = %¢2 T Z&

7Tl — mass of the scalar field

)\ — coupling strength of its self-interaction
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Classical Field Theory

o Generalization to systems with infinitely many d.o.f. (field values ¢(¥))

dV(¢)
d¢

<

o Classical field e. 0. m. for neutral scalars — Klein-Gordon eq.: 9,0"¢ = —

e Again, the classical e. 0. m obtained by minimizing the action:

S[¢] = / 'z £(6,0,0)

Z
6(0,x) dw

9, 0

e A simple example of interacting scalar field theory ( ‘§b4 — theory)

2 A
V(o) = %¢2 T Z&

7Tl — mass of the scalar field

)\ — coupling strength of its self-interaction
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Point Mechanics vs. Classical Field Theory

Point Mechanics Field Theory
time ¢ space-time = = (t, %)
particle coordinate x field value ¢
particle path x(t) field configuration ¢(x)
action S|x| = [dt L(x, 0,x) action S[¢| = [ d*z L(¢,D,0)
Lagrange function Lagrangian
L(z,0x) = 2(0x)* — V() L($,0,0) = £0,00"d — V()
equation of motion field equation
8t5(‘;fx) gi =0 Oy 5(gf¢) ‘Ef; =0
Newton’s equation Klein-Gordon equatlon
0w = — L) 0,0 ¢ = — T2
kinetic energy 7 m(Qyx)* kinetic energy 18uqb5’“gb
harmonic oscillator potentlal Rwir? mass term %2q52
anharmonic perturbation :l\x‘l self-interaction term %gb‘l

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

e Point Mechanics vs. Classical Field Theory
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Path Integral in Quantum Mechanics: real time (l)

e Time-dependent Schrodinger Eq.
thoy [¥(t)) = H[¥(1))

e Time evolution operator

Ut t)=e #7000ty = UF,t) |9(1))
H — time independent Hamilton operator

e Transition amplitude of a non-relativistic point particle — a propagator:

/ /
@ Ut 1)]x)
e Contains information about the energy spectrum of the theory.

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Path Integral in Quantum Mechanics: real time (ll)

e Propagator from x to X’ ¢! —
.::::’/.
(@ U, )|x) = /dajl (U t1)|x1) (x1|U(t1,1)]2) ///
—
o Divide time interval into N elementary steps of size L //
/’.'//.a
t't];, t' —t=Ne ; Y
o Repeat previous procedure at all intermediate times T ' ;

<513/‘U(t/,t)|£8> :/dl‘l/dibg /da:N_l <$,|U(t/,tN_1)’£EN_1> X ... X <$2|U(t2,t1)|$1> X <$1|U(t1,t)|£€>

o Take factor (z;+1|U(ti1,t:)|2;) ; assume single non-relativistic point particle

2

p
H = —
5 + V(x)

e Insert complete set of states + BCH formula:
1 iep?

(it 1|U(tig1,ti)|xs) = - /dp e~ zmE o #P(@it1—m) =V (@)
T

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Path Integral in Quantum Mechanics: real time (lll)

]. iep2 7 _ . Z—GV( )

® / dp ill-defined: integrand rapidly oscillating f-on

o For it to be well-defined:
1. replace: € —e—1a; a€lR
2. evaluate / dp ...

3. take g — ( limit, one gets:

(:1:7;+1]U(ti+1,ti)|azi> = \/E e%e[%(#) _V(Cﬂi)]

e Insert into original propagator:

U D)) = /Dxe%sm

N-1
, /[ m
/Daj = !1_1?(1) Sy /dwl/dazg /dajN_l

NNPSS 2022, MIT, Boston July 11 - 22, 2022




Path Integral in Quantum Mechanics: real time (IV)

ZNUE )|z) = /me%s[w]

N-—-1
/DCE‘ = lim m /d$1/d$2 /dCUN_l
e—0 \| 2mihe

@ The action is continuum limit of the discretised action:

e—0 €

Stal = [ dt [ @i ~ V(@) = lim 3 e[ () - Vi)

i
e Summary:
(i) Integrate over all particle positions for each intermediate time ¢;
(ii) Amounts to integrating over all possible paths of a particle starting at = and ending at x’
(ifi) Each path weighted with oscillating phase
(iv) Classical path: the smallest oscillations = largest contribution to the P.I. (72 — 0 class. limit)

e Note: definition of the path integral required an analytic continuation in time!

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Euclidean Path Integral in Quantum Mechanics

- . | . 1 | e——ia
o Statistical partition function: Z = e PH, = - t’
——————— 7
i / H / //
o B=-{t'—-t) = e MUt 7]
h —
] 4
€ el
|System at finite temperature I’ | L /X"z
ﬂ: /.'//.;
L7
t £
| System propagating in purely imaginary time |

e Repeat all the steps from the derivation in real time:

L . o . . Na
(i) Divide Euclidean time interval into N time steps: 0 = ——

h

(ii) Insert complete set of position eigenstates

e The Euclidean Path Integral:
7z = /Dx e~ 1 55(7]

Splz] = / dt [%(@@2 +V(x)] = lim a[g” (ZEE T2 4y (ay)

/szlim m /d:m/d:vg.../daj]v
a—0 2miha
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Scalar fields on the lattice

e Quantum field theories beyond tree level are plagued by UV divergencies

e Defining the theory on a lattice introduces a minimum length

matter
/@ // "\\\ V 0 \ 0 o Lattice spacing acts as an UV cut-off: A ~ E
| / ~{/VED \\/ : Z :/Dqﬁ e oEle
a{(//%u /ms H/dqé
Vv 87 o
| Slol = [ 0o (50,00 + Jmie? + L'

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Scalar field theory

e Discretize space-time and define matter fields on the sites of the lattice:

r — an = (ani,ang,ans,any); n, € Z
¢(x) — ¢(an)

e Momentum integrals are restricted to the first Brillouin zone:

/d433 — a4ZEZ

/ d*k . / d*k o /
27'(' ’ |k|<2_7r 27T o k
® Discretize the derivatives:

au¢(x) — vu¢($):

— V,o(r) =

Q| —Q |

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Lattice action

o Discretized action (bare parameters)

516 = 3 [3V,6(2) V,0(x) + sm3o(a)? + ()]

X

e Scalar propagator

o Space time symmetry: O(4) — H(4)

o Rotation symmetry recovered in the continuum limit

NNPSS 2022, MIT, Boston July 11 - 22, 2022



From P.l. in Quantum Mech. to Statistical Stat. Mech.

Quantum mechanics

Classical statistical mechanics

Euclidean time lattice

d-dimensional spatial lattice

elementary time step a

crystal lattice spacing

particle position x

classical spin variable s

particle path z(t)

spin configuration s,

path integral [ Dx

sum over configurations [], >,

Euclidean action Sg|z]

classical Hamilton function H|s]

Planck’s constant h

temperature 7'

quantum fluctuations

thermal fluctuations

kinetic energy # (=)

neighbor coupling s,5,.1

potential energy V(x;)

external field energy uBs,

weight of a path exp(—3+Sg[z])

Boltzmann factor exp(—H]|s|/T)

vacuum expectation value (O(x)) magnetization (s, )

2-point function (O(x(0))O(x(t)))

correlation function (s;s,)

energy gap Fo — Fy

. Ttion ooty 17

| continuum limit a — 0

critical behavior & — oo

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

NNPSS 2022, MIT, Boston
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From Statistical Mech. to Quantum Field Theories

Classical Statistical Mechanics Quantum Field Theories
Partit'ion 75 = Z e—PH(0) Feynman Z = f D[U] e [(-1 / &) S(U)]
function ~ Path Integral
Inverse Inverse 2
temperature p~1/T gauge coupling ~1/¢g
Correlation 2-point

<o o>~ Gchons < Tr(U(p)) TrU(p) > ~ ¢ 1"

functions

Inverse correlation

length 1/¢ Particle mass: m

2nd order >—o—9—0—a Continuum

phase o— //; limit:

transition A ma—0

§/a— © —o /% ; with m fixed

with a fixed / :
2-d spatial lattice with 4-d space-time lattice
physical lattice spacing a with unphysical cut-otf a

NNPSS 2022, MIT, Boston July 11 - 22, 2022



A tool for Lattice Simulations: Monte Carlo methods

@ Monte Carlo: a numerical method for estimating high-dimensional
integrals by random sampling

JOURNAL OF THE AMERICAN
STATISTICAL ASSOCIATION

Number 247 SEPTEMBER 1949 Volume 44

THE MONTE CARLO METHOD

Nicroras MeTroPOLIS AND S. UrLaM
Los Alamos Laboratory

We shall present here the motivation and a general descrip-
tion of a method dealing with a class of problems in mathe-
matical physics. The method is, essentially, a statistical
approach to the study of differential equations, or more
generally, of integro-differential equations that occur in
various branches of the natural sciences.

NNPSS 2022, MIT, Boston July 11 - 22, 2022



A tool for Lattice Simulations: Monte Carlo methods

@ Ratio of the surface area of the circle and the square:

2
Scz'frcle mr

- -

o 2
Ssquare 4r

@ We can then express:

- 4Sc7jfr'cle
- p—
Ssquare
o If we know Scircle/Ssquare’ we know the value of i

® Throw N random points on the surface of the square

o 4Scircle -~ Ninside
Ssquare N

- T

@ For N -large, the value of m will be very well approximated

NNPSS 2022, MIT, Boston July 11 - 22, 2022



A tool for Lattice Simulations: Monte Carlo methods

®

®

Calculating 1-dim integral:

- I:/Olf(x)daj

Again, throw N random points on the rectangular surface:
Count those under the value of the function f(x)
Then the value of the integral is obtained by:

Ninsie
- I~ (I)y =25x1x ¢

For larger N, better and better approximation of the integral
Monte Carlo error in d-dim: N —
N 1

Numerical integration error in d-dim: ~
g N2/d

For d>4, Monte Carlo is better than Numerical Integration!

NNPSS 2022, MIT, Boston

2.5

f(z) = (cos(7z) + sin(3x))?
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A tool for Lattice Simulations: Monte Carlo methods

®

®

Calculating 1-dim integral:

- I= /Olf(x)d:c

Again, throw N random points on the rectangular surface:
Count those under the value of the function f(x)

Then the value of the integral is obtained by:

Ninside

o I~ (\y=25x1x

For larger N, better and better approximation of the integral

1

Monte Carlo error in d-dim: ~ ——
/N 1

Numerical integration error (midpoint rule) in d-dim: = N2/d

For d>4, Monte Carlo is better than Numerical Integration!

NNPSS 2022, MIT, Boston

2.5

f(x) = (cos(7x) + sin(3z))?

f(x) = (cos(Tz) + sin(3z))?
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Expectation values in Monte Carlo

e Ising model Hamiltonian (without external magnetic field):

H ]Z SySy; (X,y) — nearest neighbours
(xx,y)

4
e Generate configurations of spins with probability ~ € 7 (importance sampling)

e [Expectation value of the observables as averages over ensemble of spin configurations

cnfg

(0) ~ O = > Ol b O

cnfg _ Ncnfg

o How do we generate the ensemble {5,} ?

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Numerical Simulations

e Numerical approach exploits the analogy:

| Euclidean QFT | »| Statistical Mechanics |

0l6l) = [ Do S+ 0

e Path integrals are computed by importance sampling

P[¢z] x G—SEW)]
e Generate ensemble of field configurations {¢z}

o Expectation values (O|¢]) are averages over the ensemble

0)~ 0= 3 0l + O~

NC’I”Lfg i=1 \/Ncnfg

)

e How do we generate ensemble {¢z} with the correct probability distribution?

NNPSS 2022, MIT, Boston July 11 - 22, 2022



Markov processes

o Recursive procedure that generates {¢®;} with specific algorithm s.t. aimed distribution is
asymptotically obtained

e Markov chains that converge exponentially to the equilibrium distr.

» The configurations {®:} are correlated by construction

Var [O] = Var|O] ( ]\?C:ig)

— integrated autocorrelation time

1
e The error of the estimator scales as (Monte Carlo)

v Nengg

@ The variance of the actual observable

L» property of QFT itself, should not depend of the Markov chain.

NNPSS 2022, MIT, Boston July 11 - 22, 2022



QFT on the lattice: symmetries

e Translational Symmetry:
Broken to discrete symmetry, but nicely restored in the continuum limit

e Rotational Symmetry:
Similar to translational symmetry. Finite number of irreducible representations (quantum
numbers) instead of spin, but correct states are obtained in the continuum limit

matter

\Y”4
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In today’s lecture:

e We have learned/reminded ourselves how to quantize:
t, _______ 7‘
= Quantum Mechanics 3 17
T X
yan,
g i
= Scalar Field Theory " y 2
T !

e Mapping to Classical Statistical Mechanics

o Monte Carlo Sampling of Spin Systems — Quantum Fields

e Monte Carlo Errors, other sources of errors

NNPSS 2022, MIT, Boston July 11 - 22, 2022



In tomorrow’s lecture:

e We shall generalize this approach to Quantum Chromodynamics (QCD)

¢ e

e We shall see how the numerical sampling is done in practice @

= for scalar field theory

= for QCD

e Why is QCD numerically so expensive?

e Practical examples

=N

l1ark's

0O
J
- g A4 U
” )
L

&
¢
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