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In yesterday’s lecture:

๏ We have learned/reminded ourselves how to quantize: 

➡ Quantum Mechanics 

➡ Scalar Field Theory 

๏ Mapping to Classical Statistical Mechanics  

๏ Monte Carlo Sampling of Spin Systems  Quantum Fields

๏ Monte Carlo Errors vs. Numerical Integration

⟶
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Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20

1

0.8

0.6

0.4

0.2

0

⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode

10 /32 Von Monte-Carlo zur Masse des Protons
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In today’s lecture:

๏ We shall generalize this approach to Quantum Chromodynamics (QCD)

๏ We shall see how the numerical sampling is done in practice

➡ for Scalar Field Theory

➡ for QCD

๏ Why is QCD numerically so expensive? 

๏ Practical examples
Quarks

a {
Gluon
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๏ Calculating 1-dim integral: 

➡  

๏ Again, throw N random points on the rectangular surface:

๏ Count those under the value of the function  

๏ Then the value of the integral is obtained by:

๏

f(x)
2r

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ 〈I〉N = 2, 5× 1 Ninnen
N

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

I = 0.8291597

• je größer N, desto besser die Approximation
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Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ 〈I〉N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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I =

Z 1

0
f(x)dx

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ 〈I〉N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error (midpoint rule) in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 5, I ≈ 0.8689142

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 10, I ≈ 0.8376995

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 20, I ≈ 0.83112

• je größer N, desto besser die Approximation
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A tool for Lattice Simulations: Monte Carlo methods

I ⇡ hIiN = 2.5⇥ 1⇥ Ninside

N
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Classical statistical Mechanics: Ising Model

-

>
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Classical statistical Mechanics: Ising Model
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๏ Ising model Hamiltonian (without external magnetic field): 

 nearest neighbours

๏ Generate configurations of spins with probability   ~  (importance sampling)

๏ Expectation value of the observables as averages over ensemble of spin configurations 

๏ How do we generate the ensemble  ?

H = − J ∑
⟨x,y⟩

sxsy; ⟨x, y⟩ −

e− H
T

{s̄k}

Expectation values in the MC approach: spin systems

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

k=1

O[s̄k] + O(
1p

Ncnfg
)
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๏ Numerical approach exploits the analogy:  

Euclidean QFT                              Statistical Mechanics 

๏  Path integrals are computed by importance sampling 

๏ Generate ensemble of field configurations 

๏ Expectation values                are averages over the ensemble

๏ How do we generate ensemble               with the correct probability distribution? 
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Expectation values in the MC approach: QFT
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

๏ The configurations            are correlated by construction

                  — integrated autocorrelation time

๏ The error of the estimator scales as                     (Monte Carlo) 

๏ The variance of the actual observable 

                property of QFT itself, should not depend of the Markov chain.

Markov processes
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๏ Probability for a random transition : 

                                               

๏  Sequence of probabilities in Markov chain,   depends only on 

                         

๏ Probabilities of  being initial or final configuration in a random update are equal

                      

๏ The above is known as a “balance equation”

ϕ → ϕ′ 

R(ϕ′ ← ϕ)

Pk+1(ϕ′ ) Pk(ϕ)

Pk+1(ϕ′ ) = ∫ [dϕ] Pk(ϕ) R(ϕ′ ← ϕ)

ϕ′ 

∑
ϕ

R(ϕ′ ← ϕ)P(ϕ) = ∑
ϕ

R(ϕ ← ϕ′ )P(ϕ′ )

Detailed Balance
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๏ Calculate the sum using normalization of 

  

๏ Obtain that equilibrium distribution  is a fixed point of the Markov Process

 

๏ The solution of the balance equation can be obtained if detailed balance is fulfilled

     

R

0 ≤ R(ϕ ← ϕ′ ) ≤ 1, ∑
ϕ

R(ϕ ← ϕ′ ) = 1

P(ϕ′ )

∑
ϕ

R(ϕ′ ← ϕ)P(ϕ) = P(ϕ′ )

R(ϕ′ ← ϕ)P(ϕ) = R(ϕ ← ϕ′ )P(ϕ′ )

Detailed Balance
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• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�

<latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit>

p
<latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

�0
<latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

The MR2T2 algorithm



Introduction to Lattice Gauge Theories                                                                                                  SoSe2020 — Week 3

• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�
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• The Metropolis Algorithm for Scalar F.T.:

• Given  propose 

• Choose a random number 

• If  always accept, 
otherwise add    to the chain again if

; 

ϕ ϕ′ 

r ∈ [0,1]

SE(ϕ′ ) < SE(ϕ),
ϕ′ 

e−ΔS > r
ΔS = SE(ϕ′ ) − SE(ϕ)

The MR2T2 algorithm
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QFT on the lattice: symmetries
๏ Translational Symmetry:                                                                                                       

Broken to discrete symmetry, but nicely restored in the continuum limit

๏ Rotational Symmetry:                                                                                                           
Similar to translational symmetry. Finite number of irreducible representations (quantum 
numbers) instead of spin, but correct states are obtained in the continuum limit

Quarks

a {
Gluon

Quarks

a {
Gluon

Quarks

a {
Gluon

Quarks

a {
Gluon

gauge

matter
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Strong interaction 
A little bit of history . . .

Describing strong interactions:

after 1963 [Quark model]:

�! quarks (qi = u, d , s, c, b, [t]) elementary constituens of:

mesons (qq̄)

barions (qqq),(q̄q̄q̄)
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A little bit of history . . .

Describing strong interactions:

Two puzzles:

1

2 Spectrum of baryons:

Wavefunction of 3 quarks, e.g. �++ = uuu to be totally symmetric
under spin/flavour quantum nr. (s=3/2, Q=2)

Fermi-Dirac statistics is obeyed if an additional degree of freedom is
intoduced:

COLOUR: SU(3) symmetry

�! Assumption: Baryon wavefunction is totally antisymmetric in
colour quantum numbers

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 3 / 36
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Quantum ChromodynamicsQuantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Covariant derivative: Dµ = @µ � igsAµ
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Quantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Bare QCD parameters (Nf+1)

gauge coupling gs
quark masses mu, md , . . .

p

u
u

d

g

g

g

s s

u

u
d

d

gg

g

g
g

g
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Quantum ChromodynamicsQuantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Covariant derivative: Dµ = @µ � igsAµ
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Perturbative QCD

High energy regime: weakly coupled

Expand in ↵s : Feynman graphs

Fantastic successes: describes to a very high precision the high-energy regime of
strong interactions

Problems not accessible by perturbation theory

confinement
chiral symmetry breaking
hadron mass spectrum, . . .

Low energies �! since the ↵s is not small, the PT expansion is not valid

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 9 / 36

QCD: accessing Non-Perturbative regime

Wick rotation: Minkowski ! Euclidean x0 ! ixE

Analytical continuation of time-ordered correlators Euclidean ! Minkowski

xµM = (x0,~x) �! xEµ = (~x, xE ) ⌘ xµ

pµM = (p0,~p) �! xEµ = (~p, pE ) ⌘ pµ pE = ip0

Euclidean QCD Lagrangian (t ⌘ x
E $ � ix0)

LQCD = 1

2g2 F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
�µ (@µ + iAa

µT
a) +mf

 
 f

SQCD =

Z
d4x LQCD

No distinction between space and time!
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Path Integrals in Quantum ChromodynamicsFunctional Integral Formalism

Feynman’s QM Path Integral ! Quantum Field Theory

Each specific field configuration:

P( , ,A) ⇠ e
�S( , ,A)

Expectation value of an operator O( , ,A):

hO( , ,A)i = hhO( , ,A)iF iG

= 1

Z

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)

O( , ,A)

Z =

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)
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Lattice regularization of QCDRegularization: The Lattice

Divergencies in continuum QCD ! regularization is necessary!

One possible regularization:
Introduce momentum ultraviolet-cuto↵ , minimum distance (FT)

If required also: local gauge symmetry ! Lattice QCD

Finite number of integrals over fields (
R
d
4
x ! a

4
P

n)

Computable with the help of Monte Carlo techniques
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Lattice regularization of QCD
Lattice discretization

SQCD [ ,  ̄,A] = SG + SF

= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
x  ̄(x) [�µ (@µ + iAµ(x)) +m]  (x)

Discretization prescription:

x �! n = (n1, n2, n3, n4) n1 = 0, . . . ,N � 1

 (x),  ̄(x) �!  (n),  ̄(n)

Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 13 / 36

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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Naive Lattice Fermion Action

Lattice discretization

SQCD [ ,  ̄,A] = SG + SF

= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
x  ̄(x) [�µ (@µ + iAµ(x)) +m]  (x)

Discretization prescription:

x �! n = (n1, n2, n3, n4) n1 = 0, . . . ,N � 1

 (x),  ̄(x) �!  (n),  ̄(n)

Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)
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Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤

 (n)

 
4X

µ=1

�µ
 (n+µ̂)� (n�µ̂)

2a +m (n)

!

Let us examine gauge invariance !
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Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤

 (n)

 
4X

µ=1

�µ
 (n+µ̂)� (n�µ̂)

2a +m (n)

!

Let us examine gauge invariance !
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Gauge Invariance
Gauge Invariance

⌦(n) 2 SU(3):

 0(n) = ⌦(n) (n)

 
0
(n) =  (n)⌦(n)†

 
0
(n) 0(n + µ̂) =  (n)⌦(n)†⌦(n + µ̂) (n + µ̂) (!)

(!) not gauge invariant

Introduce link variables Uµ(n):

U
0
µ(n) = ⌦(n)Uµ(n)⌦(n + µ̂)†

 
0
(n)U 0

µ(n) 
0(n + µ̂) =  (n)Uµ(n) (n + µ̂)

Uµ(n) ! fundamental gluonic variables on the lattice

U (x)
µ

µx+ax
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Quark and gluon fields on the lattice
Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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Lattice fermion action (I)
Lattice Fermion Action

Fermionic action: SF = a
4
P

f  (n)D(n,m) (m)

Naive fermion action

D(n,m) = m�n,m + 1

2a

±4X

µ=±1

�µUµ(n) �n+µ̂,m

Propagator in momentum space:

D̃(p)�1 =
m1�ia�1

P±4

µ=±1
�µsin(pµa)

m2+a�2
P±4

µ=±1
sin(pµa)2

Important: case of massless fermions, m = 0:

D̃(p)�1|m=0 =
�ia�1

P
µ �µsin(pµa)

a�2
P

µ sin(pµa)2

Unphysical poles at pµ = ⇡
a

Unwanted doublers: obtainded 16 instead of 1 fermionic particles!
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Lattice fermion action (II)Lattice Fermion Action II

Wilson Dirac matrix DW

DW (n,m) =
�
m + 4

a

�
�n,m � 1

2a

±4X

µ=±1

�
1� �µ

�
Uµ(n) �n+µ̂,m

Wilson term: shifting the mass of the doublers to infinity, as a ! 0

Only the physical pole, no doublers!

Problem: Additional term breaks chiral symmetry explicitly

No-Go Theorem on the lattice [Nielsen & Ninomiya, 1981]:
simple action without doublers $ broken chiral symmetry

Di↵erent choices of lattice derivatives

! O(a),O(a2), . . . discretization errors

! di↵erent rates to approach continuum limit
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Lattice gauge action (I)Lattice Gauge Action - shortly

SG = 1

2gTr Fµ⌫(x) Fµ⌫(x)

Need gauge invariant object: trace over closed loop of gauge links

Smallest possible closed loop: Plaquette

Uµ⌫(n) = Uµ(n)U⌫(n + µ̂)U�µ(n + µ̂+ ⌫̂)U�⌫(n + ⌫̂)

= Uµ(n)U⌫(n + µ̂)Uµ(n + ⌫̂)†U⌫(n)†

Wilson gauge action:

Sg ⇠
P

n

P
µ<⌫ Re tr

⇥
1� Uµ⌫(n)

⇤
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Lattice gauge action (II)
Lattice Gauge Action II

Improvement: taking into account larger Wilson loops

All in the same universality class:

�! converge to tr
⇥
Fµ⌫(x)Fµ⌫(x)

⇤
in the continuum limit

�! improvement reduces the discretization errors!

Lattice artefacts in scaling behaviour:

�! Wilson gauge action: O(a2)

�! Luscher-Weisz: O(a4) [K. Symanzik, 1981; Luscher and Weisz, 1985]
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(1) Generate ensembles of field configurations using Monte Carlo

(2) Average over a set of configurations: 

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes

• Computational cost dominated by quarks: inverses of large, sparse matrix

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

๏ Lattice QCD path integrals are computed by importance sampling: 

๏ Markov chain:

๏ The configurations are correlated by construction:     Var [Ō] = Var[O] ( 2τO

Ncnfg
)

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[U ] + O(
1p

Ncnfg
)
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The cost of dynamical fermions

๏ Fermions represented by Grassmann variables in P.I: expensive to manipulate on a computer

๏ Easy to evaluate integral over fermionic (anti-commuting) fields: 

๏ Integration rules:  

ηiηj = − ηjηi

∫ dη = 0; ∫ dη η = 1

Z
D  D  e� (�µDµ+mq)  ⇡ det (�µDµ +mq)

<latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="jAsjfU5TWzEl4OxmCs4QYgOAZyQ="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit>

z }| {
<latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit>

hO[ , , U ]i = 1

Z

Z
DUD D e�SG[U ]�Sf [U, , ]

O[ , , U ]
<latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit>

SE
QCD = SG[U ] + Sf [U, , ]

<latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit>

classical
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hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]

<latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit>

� = (�µDµ +mq)
�1�

<latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit>

Z
D � D �† e��† (D†(mq)D(mq))

�1 � / [det (�µDµ +mq)]
2

<latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit>

๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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� = (�µDµ +mq)
�1�

<latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit>

Z
D � D �† e��† (D†(mq)D(mq))

�1 � / [det (�µDµ +mq)]
2

<latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit>

hO[ , , U ]i = 1

Z

Z
D U D � D �

†
e
�SG[U ]��† (D†(mq)D(mq))

�
Nf
2 �

O[U,�,�†]
<latexit sha1_base64="9YaRdSu11raGtVUTldWkQ9EuZXA="></latexit><latexit sha1_base64="9YaRdSu11raGtVUTldWkQ9EuZXA="></latexit><latexit sha1_base64="9YaRdSu11raGtVUTldWkQ9EuZXA="></latexit><latexit sha1_base64="9YaRdSu11raGtVUTldWkQ9EuZXA="></latexit>

๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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๏ Local objects: plaquettes, extended plaquettes (rectangles, chairs … )

๏ Rate of convergence towards continuum limit:  

๏ Monte Carlo algorithms with local updates sufficient in the approximation:  

O(a), O(a2), …

det (γμDμ + mq) ≡ 1

Cost of the fermions on the lattice

hO[ , ,U]i = 1
Z

R
DUD D e�SG [U]�Sf [U, , ]

O[ , ,U]

SG Wilson Luscher-Weisz

SF

R
D  D  e

� (�µDµ+mq)  ⇡ det (�µDµ +mq)

Non-local object on the lattice ! impossible to compute exactly!

Solving:
� = (�µDµ +mq)

�1 �

very expensive for: small quark mass m, large L
a .

Marina Marinkovic Computing HVP from first principles CERN, 30 Jan, 2015 19 / 33

hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]
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The cost of dynamical fermions
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Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)
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Quantum Chromodynamics  
on a space-time lattice 
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University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  

det (γμDμ + mq) ≡ 1
Development of Lattice QCD
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๏ The Metropolis Algorithm:

๏ Given , propose   in a reversible, area-preserving way 

๏ Accept the proposal as new entry with probability ,    

otherwise add  to the chain again.

๏   

{U} {U′ }

p
{U}

p = min(1, π(U′ )
π(U) )

The Metropolis algorithm
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๏ Most widely used exact method for lattice QCD  [Duane, Kennedy, Pendleton, Roweth, Phys. Lett. B, 195 (1987)]

๏ Introduce momenta  conjugate to fundamental fields  and the Hamiltonian

        

πμ(n) Uμ(n)

ℋ = 1
2 ∑

n,μ
π2

n,μ + S[U]

๏ Momentum Heat-bath: refresh momenta   (Gaussian random numbers)

๏ Molecular Dynamics (MD) evolution of  and  

➡ numerically integrating the corresponding equations of motion (fictitious time ):

๏ Metropolis accept/reject step 

➡ correcting for discretization errors of the numerical integration

                            

π

π U

τ

Pacc = min{1,e−(ℋ(π′ ,U′ )−ℋ(π,U))}

reversible, area-
preserving scheme such 
as leap-frog, Omelyan…

(π′ , U′ )

(π, U)

Hybrid Monte Carlo algorithm for QCD
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“Berlin Wall” [Lattice 2001 (Berlin)]

๏ Status in 2001: [A. Ukawa (2001)] 

➡ quarks 16x heavier than in nature; coarse lattices  (typical length scale is 1fm)

➡ Cost of a simulation:  

a ≈ 0.1 fm

C [ #conf
1000 ] [

mq

16mphys ]
−3

[ L
3fm ]

5

[ a
0.1fm ]

−7
; C ≈ 2.8
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17

Revolutionary progress since 2005 ; 
beating the critical slowing down

Current O(100)Tflops 
machines can (easily) 

reach this point!

Physical Point Simulation has become reality

O(10)-O(100) 
improvement  

Physical point 
i.e., mS=135MeV

Berlin Wall update

[A. Ukawa @CERN 2010]

Simulating physical quark masses becomes reality!

[2010, start of my PhD]
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In today’s lecture:

๏ QCD can be formulated on a Euclidean space time lattice

๏ Quantization amounts to summing over all gauge configurations; this can again be computed by 
Monte Carlo methods

๏ Different discretizations give different lattice artefacts 

➡ universal in continuum limit!

๏ Simulations with dynamical fermions computationally costly; many tricks in algorithms need to be 
applied 

➡ precise predictions of hadron spectrum, non-pert. renormalization, muon g-2, CKM matrix 
elements, QCD phase diagram etc. 
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Hadron Spectrum [Aoki et. al 2008]Strong coupling [Bruno et. al 2017]

0
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6U

6D

6CG

6Ucc

experiment
QCD+QED
prediction

BMW 2014    HCH

Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions.
Both of these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the
experimental values and the grey shaded regions represent the experimental error (2). Our results are shown by
red dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors.
The results for the �MN , �M⌃, and �MD mass splittings are post-dictions, in the sense that their values
are known experimentally with higher precision than from our calculation. On the other hand, our calculations
yield �M⌅, �M⌅cc splittings, and the Coleman-Glashow difference �CG, which have either not been measured
in experiment or are measured with less precision than obtained here. This feature is represented by a blue
shaded region around the label.

9

Mp-Mn [Borsanyi et. al 2014]

QCD Phase diagram 
[Hohne et. al 2009]
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No new physics

aµ
LO-HVP . 1010

LQCD (Nf≥2+1)
Pheno.

Pheno+LQCD

muon g-2: leading had. contib. 
K. Miura @LATTICE2018

cosmology

string theory

quantum
simulators

protein  
structure

condensed  
matter

In tomorrow’s lecture:



Thank you!


