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๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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๏ Local objects: plaquettes, extended plaquettes (rectangles, chairs … )

๏ Rate of convergence towards continuum limit:  

๏ Monte Carlo algorithms with local updates sufficient in the approximation:  

O(a), O(a2), …

det (γμDμ + mq) ≡ 1

Cost of the fermions on the lattice

hO[ , ,U]i = 1
Z

R
DUD D e�SG [U]�Sf [U, , ]

O[ , ,U]

SG Wilson Luscher-Weisz

SF

R
D  D  e

� (�µDµ+mq)  ⇡ det (�µDµ +mq)

Non-local object on the lattice ! impossible to compute exactly!

Solving:
� = (�µDµ +mq)

�1 �

very expensive for: small quark mass m, large L
a .

Marina Marinkovic Computing HVP from first principles CERN, 30 Jan, 2015 19 / 33

hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]

<latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit>

The cost of dynamical fermions
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Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)

1 

Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  

det (γμDμ + mq) ≡ 1
Development of Lattice QCD
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๏ The Metropolis Algorithm:

๏ Given , propose   in a reversible, area-preserving way 

๏ Accept the proposal as new entry with probability ,    

otherwise add  to the chain again.

๏   

{U} {U′ }

p
{U}

p = min(1, π(U′ )
π(U) )

The Metropolis algorithm
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๏ Most widely used exact method for lattice QCD  [Duane, Kennedy, Pendleton, Roweth, Phys. Lett. B, 195 (1987)]

๏ Introduce momenta  conjugate to fundamental fields  and the Hamiltonian

        

πμ(n) Uμ(n)

ℋ = 1
2 ∑

n,μ
π2

n,μ + S[U]

๏ Momentum Heat-bath: refresh momenta   (Gaussian random numbers)

๏ Molecular Dynamics (MD) evolution of  and  

➡ numerically integrating the corresponding equations of motion (fictitious time ):

๏ Metropolis accept/reject step 

➡ correcting for discretization errors of the numerical integration

                            

π

π U

τ

Pacc = min{1,e−(ℋ(π′ ,U′ )−ℋ(π,U))}

reversible, area-
preserving scheme such 
as leap-frog, Omelyan…

(π′ , U′ )

(π, U)

Hybrid Monte Carlo algorithm for QCD
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(1) Generate ensembles of field configurations using Monte Carlo

(2) Average over a set of configurations: 

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes

• Computational cost dominated by quarks: inverses of large, sparse matrix

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

๏ Lattice QCD path integrals are computed by importance sampling: 

๏ Markov chain:

๏ The configurations are correlated by construction:     Var [Ō] = Var[O] ( 2τO

Ncnfg
)

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[U ] + O(
1p

Ncnfg
)
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“Berlin Wall” [Lattice 2001 (Berlin)]

๏ Status in 2001: [A. Ukawa (2001)] 

➡ quarks 16x heavier than in nature; coarse lattices  (typical length scale is 1fm)

➡ Cost of a simulation:  

a ≈ 0.1 fm

C [ #conf
1000 ] [

mq

16mphys ]
−3

[ L
3fm ]

5

[ a
0.1fm ]

−7
; C ≈ 2.8
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17

Revolutionary progress since 2005 ; 
beating the critical slowing down

Current O(100)Tflops 
machines can (easily) 

reach this point!

Physical Point Simulation has become reality

O(10)-O(100) 
improvement  

Physical point 
i.e., mS=135MeV

Berlin Wall update

[A. Ukawa @CERN 2010]

Simulating physical quark masses becomes reality!

[2010, start of my PhD]
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E�cient implementation in lattice QCD codes

Nf = 2 O(a) improved Wilson quarks, Wilson plaquette action

DD-HMC program package [M. Lüscher ’06]

domain decomposition, deflated SAP-GCR solver

MP-HMC program package [M.M, S.Schaefer ’10]

Hasenbusch (mass) preconditioning, deflated SAP-GCR solver

Based on the very e�cient solver!

DD-HMC, 64⇥ 323 lattice with a = 0.08fm
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Marina Marinkovic Fund. param. of QCD from NP methods 31 May, 2013 11 / 35

๏ DD-HMC program package [M. Lüscher (2006)] 

➡ domain decomposition, deflated SAP-GCR solver  

๏ MP-HMC program package [M.M., S. Schaefer (2010)] 

➡ mass preconditioning, deflated SAP-GCR solver

[M.K.M., S. Schaefer, arXiv: arXiv:1011.0911] 

[M. Marinkovic, PhD Thesis  
https://edoc.hu-berlin.de/handle/18452/17597][M. Lüscher, arXiv:1002.4232]

E�cient implementation in lattice QCD codes

Nf = 2 O(a) improved Wilson quarks, Wilson plaquette action

DD-HMC program package [M. Lüscher ’06]

domain decomposition, deflated SAP-GCR solver

MP-HMC program package [M.M, S.Schaefer ’10]

Hasenbusch (mass) preconditioning, deflated SAP-GCR solver

Based on the very e�cient solver!

DD-HMC, 64⇥ 323 lattice with a = 0.08fm
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Comparison of mass preconditioned HMC and DD-HMC Marina Marinkovic
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Figure 1: History of the iteration numbers NGCR of the deflated Schwarz-preconditioned GCR solver along
a molecular-dynamics trajectory, using the DD-HMC (left side) andMP-HMC (right side) algorithm, plotted
against the molecular-dynamics time τ given in units of the integration step size ε2 = τ

N2 . The lattice size
in both cases is 48× 243 and κsea = 0.13625. The vertical lines indicate the refreshment of the deflation
subspace.

equations may occur, which manifest themselves in violent fluctuations in the energy violation ΔH
of the molecular dynamics evolution. According to the tests of the DD-HMC algorithm performed
so far, severe integration instabilities were rare [7]. This has to be demonstrated also for the MP-
HMC and for both algorithms when going to smaller quark masses.

Typically, the force F2 is the source of these instabilities, and in Fig. 2 we show Monte Carlo
time histories for F1 and F2 showing the maximal and average forces, together with the correspond-
ing ΔH throughout roughly 600 trajectories for DD-HMC and 300 in the MP-HMC case. One can
see that the average force in the case of MP-HMC fluctuates a lot less than in DD-HMC, which is
reflected in smaller magnitude and fluctuations in ΔH for the mass preconditioning.

6. Efficiency of the algorithms

The question of performance of the two algorithms must be addressed empirically and al-
though a final answer would require to include in the comparison a series of lattice sizes and quark
masses, our study could give us a first insight into how the two approaches relate in computa-
tional cost. This includes not only the cost of performing a single trajectory, but also the related
auto-correlation times, because what matters is the cost of achieving a certain statistical error. The
presented computations are performed on the SGI Altix which is built of Intel Xeon Gainestown
X5570 CPUs with InfiniBand connections at HLRN supercomputing system at ZIB in Berlin and
RRZN in Hannover, and the relative timings can certainly be different on other architectures.

In Table 2 we show the average plaquette value in both runs, integrated autocorrelation time
τint and the acceptance rate for the two cases. As we have already mentioned, the fraction of active
links in the DD-HMC for the chosen parameters is R = 36%, increasing it would mean to run
with fewer than 32 MPI processes. Note, however, that this is partially due to the relatively small
L/a = 24. It has been shown for the pure gauge theory that the autocorrelation time scales with
the inverse of this fraction[4] as long as the blocks are of a reasonable size. In order to be able to
compare the two algorithms, we have multiplied the current result for the integrated autocorrelation
time with R, and scaled the execution time accordingly. Since the available statistics is not enough
for the reliable estimation of the errors in the autocorrelation times, the values for the τint and its

5

Action and Solver Preconditioning

https://arxiv.org/abs/1011.0911
https://edoc.hu-berlin.de/handle/18452/17597
https://arxiv.org/abs/1011.0911
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๏ Deflation acceleration (preconditioning of the Dirac solver) [M. 
Lüscher (2007)] 

➡ removing low eigenmodes from the spectrum    
improved convergence 

➡ inexact deflation: efficiently suppresses the eigenspace 
associated to the low-lying modes of D 

➡ “Local Coherence”: low modes can be well 
approximated by few blocked basis vectors 

⇒

Action and Solver Preconditioning

[C.Urbach, K.Jansen, A.Shindler,  
U.Wenger, CPC 174 (2006)]

๏ Mass preconditioning [M. Hasenbusch (2001)] 

➡  

๏ Domain-decompositioning [M. Lüscher (2003)]  

➡ practical limitations on the parallelization 
and lattices that can be simulated

det D(m) = det D(m)
D(m1)

det D(m1)

IR modes UV modes
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Exascale Computing Era

๏Simulating physical quark masses became reality, still computationally expensive 

๏Recent progress in employing Machine Learning algorithms in configuration generation
[Hacket et al. 2020 2107.00734 [hep-lat]]
[Albergo et al. 2020 2106.05934 [hep-lat]]

๏Quantum algorithms for quantum computers/simulators  

๏Classical algorithms on Exascale supercomputers (  floating point operations per sec.)1018

[Credit:  Riken Center for Computational Science] [Credit:  Hewlett Packard Enterprise]

[Davoudi et al. 2104.09346 [quant-ph]]
[Farrell et al. 2020 2207.01731 [quant-ph]]

https://arxiv.org/abs/2107.00734
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2104.09346
https://arxiv.org/abs/2207.01731
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In previous lecture:

๏ QCD can be formulated on a Euclidean space time lattice in a gauge invariant way

๏ Quantization amounts to summing over all gauge configurations; this can again be computed by 
Monte Carlo methods

๏ Different discretizations give different lattice artefacts 

➡ universal in continuum limit!

๏ Simulations with dynamical fermions computationally costly; many tricks in algorithms need to be 
applied 

➡ precise predictions of hadron spectrum, non-pert. renormalization, muon g-2, CKM matrix 
elements, QCD phase diagram etc. 



NNPSS 2022, MIT, Boston                                                                                         July 11 - 22, 2022 

Hadron Spectrum [Aoki et. al 2008]Strong coupling [Bruno et. al 2017]
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Figure 2: Mass splittings in channels that are stable under the strong and electromagnetic interactions.
Both of these interactions are fully unquenched in our 1+1+1+1 flavor calculation. The horizontal lines are the
experimental values and the grey shaded regions represent the experimental error (2). Our results are shown by
red dots with their uncertainties. The error bars are the squared sums of the statistical and systematic errors.
The results for the �MN , �M⌃, and �MD mass splittings are post-dictions, in the sense that their values
are known experimentally with higher precision than from our calculation. On the other hand, our calculations
yield �M⌅, �M⌅cc splittings, and the Coleman-Glashow difference �CG, which have either not been measured
in experiment or are measured with less precision than obtained here. This feature is represented by a blue
shaded region around the label.

9

Mp-Mn [Borsanyi et. al 2014]

QCD Phase diagram 
[Hohne et. al 2009]

 640  660  680  700  720  740

ETM 14
HPQCD 16
BMWc 17 + FV + IB
BMWc + FV
BMWc (L=6fm)
RBC/UKQCD 18
ETM (prelim)
FHM (prelim)

Jegerlehner 17
DHMZ 17
KNT 18

RBC/UKQCD 18

No new physics

aµ
LO-HVP . 1010

LQCD (Nf≥2+1)
Pheno.

Pheno+LQCD

muon g-2: leading had. contib. 
K. Miura @LATTICE2018

cosmology

string theory

quantum
simulators

protein  
structure

condensed  
matter

In today’s lecture:
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➡ Lambda parameter: 

Λ(2)
MS

= 310(20) MeV

Fundamental parameters of QCD: Nf = 2

[Fritzsch, Knechtli, Leder, M.K.M., Schaefer, Sommer, Virotta, Nucl.Phys.B865 (2012)]

➡ Strange quark mass: 

ms
MS(μ = 2 GeV) = 102(3)(1) MeV

Fundamental parameters of QCD for Nf = 2 theory

[ LPHAA
Collaboration , 2004 ]

Lambda parameter, Nf = 2

⇤
(2)

MS
= 310(20)MeV

[Fritzsch, Knechtli, Leder, M. M., Schaefer,

Sommer, Virotta NPB865(2012)]

[ LPHAA
Collaboration , 2005 ]

Strange quark mass, Nf = 2

m
MS
s (µ = 2GeV) = 102(3)(1)MeV

[ , Fritzsch, Knechtli, Leder, M.M., Schaefer, Sommer, Virotta, NPB865 (2012) ]

Marina Marinkovic Fund. param. of QCD from NP methods 31 May, 2013 26 / 35

➡ Dimensionless quantities  
measured ( -dimensionful obs.) 

➡ calibration of the lattice spacing 
needed  

 

aQ
Q

a−1 [MeV] = Q[MeV]
aQ

Q = MN, mρ, fπ, fK, …
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112

Quarks and 
Gluons

Neutron Stars

Confinement of quarks [Credit: Peter Senger 

Lattice QCD at nonzero baryon density

http://theory.gsi.de/~friman/trento_06.html
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Quarks

a {
Gluon

Lattice QCD: Monte Carlo 
Simulations

113

Sign Problem at finite baryon densities
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Quarks

a {
Gluon

Lattice QCD: Monte Carlo 
Simulations

114

Boltzmann
Weight W real and positive

Sign Problem at finite baryon densities



NNPSS 2022, MIT, Boston                                                                                         July 11 - 22, 2022 

Quarks

a {
Gluon

Lattice QCD: Monte Carlo 
Simulations

115

?
[C. Sasaki, Nucl.Phys.A830 (2009)]

Sign Problem at finite baryon densities

Boltzmann
Weight W real and positive
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Quarks

a {
Gluon ?Lattice QCD: Monte Carlo 

Simulations

[C. Sasaki, Nucl.Phys.A830 (2009)]

116

Complex
Weight W SIGN PROBLEM

Sign Problem at finite baryon densities
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๏ Use Quantum Technologies and Machine Learning to enhance our fundamental 
understanding of the phases of matter

Quarks

a {
Gluon ?Lattice QCD: Monte Carlo 

Simulations

[C. Sasaki, Nucl.Phys.A830 (2009)]

117

Sign Problem at finite baryon densities

Complex
Weight W SIGN PROBLEM



NNPSS 2022, MIT, Boston                                                                                         July 11 - 22, 2022 

[Shiina et. al, Scientific Reports 10 (2020)]
[Giannetti et al. Nucl. Phys. B (2019)]
[Carrasquilla, Melko, Nature Physics (2017)]
[Broecker, Carrasquilla, Melko, Trebst, Sci.Rept.7 
(2017)

ML has proven successful in 
classifying phases of matter 
in two and three dimensions 

also in theories with sign problem

training for 
temperatures far away 
from the critical region 
(T=0.5 and T=5.0) gives 
precise predictions of 
the critical parameters

118[De Giorgi, MKM, LATTICE21]

[Broecker, Carrasquilla, Melko, Trebst, Sci.Rept.7 
(2017)]

Why would ML work at finite densities?



NNPSS 2022, MIT, Boston                                                                                         July 11 - 22, 2022 

World-line type of representations [Gattringer, Langfeld, Int.J.Mod. 
Phys. A31 (2016)]

Density of states approach [Körner et al. Phys.Rev. D102 (2020)]

Langenvin dynamics [Attanasio et al. Eur. Phys. J. A 56 (2020)]

Fermion bag approach [Chandrasekharan, Phys. Rev. D82 (2010)]

Reweighting the phase [Danzer, MKM et. al, Phys. Lett. B682 
(2009)]

. . .

polynomial time 
needed to obtain 
aimed precision

Bazavov et al., Eur. Phys. J. A55 (2019) 

Ratti Rept. Prog. Phys. 81 (2019)

Borsanyi et al. Nature 539 (2016) 

[Troyer, Wiese Phys. Rev. Lett. 94 (2005)]

At finite : exponential time needed to 
obtain the aimed precision

μB

NP-hardClassical algorithms:

[Modified figure from C. Sasaki, 

119

Could Quantum computing solve the Sign Problem?

?

Alternative methods for finite 
densities  difficult to generalise⟶
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Bazavov et al., Eur. Phys. J. A55 (2019) 

Ratti Rept. Prog. Phys. 81 (2019)

Borsanyi et al. Nature 539 (2016) 

[Troyer, Wiese Phys. Rev. Lett. 94 (2005)]NP-hardClassical algorithms:
Alternative methods for finite 
densities  difficult to generalise⟶

[Modified figure from C. Sasaki, 

120

Could Quantum computing solve the Sign Problem?

Quantum link models [Chandrasekharan, 
Wiese Nucl. Phys. B 492 (1997), Wiese 
Nucl.Phys.A 931 (2014)]

Analogue quantum simulations [Banuls Eur. 
Phys. J. D74 (2020), Paulson et al. PRX 
Quantum 2 (2021)]

Digital Simulations of the Schwinger Model 
[Chakraborty et al. 
Phys.Rev.D 105 (2022) 9, 094503]

Quantum algorithms:

?
polynomial time 
needed to obtain 
aimed precision

At finite : exponential time needed to 
obtain the aimed precision

μB

World-line type of representations [Gattringer, Langfeld, Int.J.Mod. 
Phys. A31 (2016)]

Density of states approach [Körner et al. Phys.Rev. D102 (2020)]

Langenvin dynamics [Attanasio et al. Eur. Phys. J. A 56 (2020)]

Fermion bag approach [Chandrasekharan, Phys. Rev. D82 (2010)]

Reweighting the phase [Danzer, MKM et. al, Phys. Lett. B682 
(2009)]

. . .
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๏ Searches for rare processes and for tiny deviations from Standard model expectations 

๏ Heavy flavour physics

๏ Muon anomalous magnetic moment

“HEAVY”

[Credit: Hitoshi Murayama] 

➡ Experimental measurement (BaBar, Belle, LHCb, CMS) vs. SM prediction >   

➡ Recent result by LHCb on  br. fract. and angular analysis [LHCb Collab, FPCP21 arXiv:2105.14007]

➡ Recent result by LHCb on  neutral charm meson oscillations [R. Aaij et al., arXiv:2106.03744]

➡ Recent result by LHCb on  oscillation frequency [R. Aaij et al., arXiv:2104.04421]

➡ Recent result by LHCb on probing Lepton Flavour Universality [R. Aaij et al., arXiv:2103.11769] …

3σ

Bs → ϕμ+μ−

D0 − D̄0

Bs
0 − B̄s

0

[Credit: https://vms.fnal.gov/] [Credit: Z.Fodor, DESY Seminar, 13 April 2021]

Indirect New Physics Searches

http://lhcb-public.web.cern.ch/
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Essentials of the Muon g − 2 3

where µB is the Bohr magneton which has the value

µB =
e!

2mec
= 5.788381804(39)× 10−11 MeVT−1 . (5)

Formally, the anomalous magnetic moment is given by a form factor, de-
fined by the matrix element

〈!−(p′)|jµ
em(0)|!−(p)〉

where |!−(p)〉 is a lepton state of momentum p. The relativistically covariant
decomposition of the matrix element reads

γ(q)
µ(p′)

µ(p)

= (−ie) ū(p′)
[
γµFE(q2) + iσµν qν

2mµ
FM(q2)

]
u(p)

with q = p′ − p and where u(p) denotes a Dirac spinor, the relativistic wave
function of a free lepton, a classical solution of the Dirac equation (γµpµ −
m) u(p) = 0. FE(q2) is the electric charge or Dirac form factor and FM(q2)
is the magnetic or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ]
represents the spin 1/2 angular momentum tensor. In the static (classical)
limit q2 → 0 we have

FE(0) = 1 ; FM(0) = aµ (6)

where the first relation is the charge normalization condition, which must be
satisfied by the electrical form factor, while the second relation defines the
anomalous magnetic moment. aµ is a finite prediction in any renormalizable
QFT: QED, the Standard Model (SM) or any renormalizable extension of it.

By end of the 1940’s the breakthrough in understanding and handling
renormalization of QED (Tomonaga, Schwinger, Feynman, and others) had
made unambiguous predictions of higher order effects possible, and in particu-
lar of the leading (one-loop diagram) contribution to the anomalous magnetic
moment

aQED(1)
# =

α

2π
, (! = e, µ, τ) (7)

by Schwinger in 1948 [3]. This contribution is due to quantum fluctuations
via virtual photon-lepton interactions and in QED is universal for all leptons.
At higher orders, in the perturbative expansion1, other effects come into play:
strong interaction, weak interaction, both included in the SM, as well as yet
unknown physics which would contribute to the anomalous magnetic moment.

In fact, shortly before Schwinger’s QED prediction, Kusch and Foley in
1948 established the existence of the electron “anomaly” ge = 2 (1.00119 ±
0.00005), a 1.2 per mill deviation from the value 2 predicted by Dirac in 1928.

1 which is equivalent to the loop-expansion, referring to the number of closed loops
in corresponding Feynman diagrams.

q = p0 � p; q2 = 0 : FE(0) = 1, FM (0) = al =
gl�2
2 , l = e, µ, ⌧

๏ Intrinsic magnetic moment of any spinning particle 

๏ For leptons,             , the giromagnetic factor from Dirac theory: s =
1

2

~µ = gl
e~

2mlc
~S

gl = 2
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where µB is the Bohr magneton which has the value

µB =
e!

2mec
= 5.788381804(39)× 10−11 MeVT−1 . (5)

Formally, the anomalous magnetic moment is given by a form factor, de-
fined by the matrix element

〈!−(p′)|jµ
em(0)|!−(p)〉

where |!−(p)〉 is a lepton state of momentum p. The relativistically covariant
decomposition of the matrix element reads

γ(q)
µ(p′)

µ(p)

= (−ie) ū(p′)
[
γµFE(q2) + iσµν qν

2mµ
FM(q2)

]
u(p)

with q = p′ − p and where u(p) denotes a Dirac spinor, the relativistic wave
function of a free lepton, a classical solution of the Dirac equation (γµpµ −
m) u(p) = 0. FE(q2) is the electric charge or Dirac form factor and FM(q2)
is the magnetic or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ]
represents the spin 1/2 angular momentum tensor. In the static (classical)
limit q2 → 0 we have

FE(0) = 1 ; FM(0) = aµ (6)

where the first relation is the charge normalization condition, which must be
satisfied by the electrical form factor, while the second relation defines the
anomalous magnetic moment. aµ is a finite prediction in any renormalizable
QFT: QED, the Standard Model (SM) or any renormalizable extension of it.

By end of the 1940’s the breakthrough in understanding and handling
renormalization of QED (Tomonaga, Schwinger, Feynman, and others) had
made unambiguous predictions of higher order effects possible, and in particu-
lar of the leading (one-loop diagram) contribution to the anomalous magnetic
moment

aQED(1)
# =

α

2π
, (! = e, µ, τ) (7)

by Schwinger in 1948 [3]. This contribution is due to quantum fluctuations
via virtual photon-lepton interactions and in QED is universal for all leptons.
At higher orders, in the perturbative expansion1, other effects come into play:
strong interaction, weak interaction, both included in the SM, as well as yet
unknown physics which would contribute to the anomalous magnetic moment.

In fact, shortly before Schwinger’s QED prediction, Kusch and Foley in
1948 established the existence of the electron “anomaly” ge = 2 (1.00119 ±
0.00005), a 1.2 per mill deviation from the value 2 predicted by Dirac in 1928.

1 which is equivalent to the loop-expansion, referring to the number of closed loops
in corresponding Feynman diagrams.

q = p0 � p; q2 = 0 : FE(0) = 1, FM (0) = al =
gl�2
2 , l = e, µ, ⌧

l(p’)

l(p)

γ(q)

๏ Intrinsic magnetic moment of any spinning particle 

๏ For leptons,             , the giromagnetic factor from Dirac theory: s =
1

2

~µ = gl
e~

2mlc
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(1) Q.E.D.
(2) Electroweak
(3) Hadronic
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<latexit sha1_base64="P9Z+MD7Ix28N0seizz1GaxOeVFY=">AAAB/HicdZBPSwJBGMZn7Z/Zvy2PXYYk6CS7aqY3qUtHg0xBF5kdX3VwdnaZmQ1k0a/SpUMRXfsg3fo2jatBRT0w8PC878v7zs+POFPacT6szNr6xuZWdju3s7u3f2AfHt2pMJYUWjTkoez4RAFnAlqaaQ6dSAIJfA5tf3K1qLfvQSoWils9jcALyEiwIaNEm6hv53uxGID0JaGQzFPN+nbBKVZrZbd6jp1iqexU6q4xbq1ec0vYLTqpCmilZt9+7w1CGgcgNOVEqa7rRNpLiNSMcpjlerGCiNAJGUHXWEECUF6SHj/DpyYZ4GEozRMap+n3iYQESk0D33QGRI/V79oi/KvWjfWw5iVMRLEGQZeLhjHHOsQLEnjAJFDNp8YQKpm5FdMxMSC04ZUzEL5+iv83d6Wia8jcVAqNyxWOLDpGJ+gMuegCNdA1aqIWomiKHtATerbm1qP1Yr0uWzPWaiaPfsh6+wSwHpYZ</latexit><latexit sha1_base64="P9Z+MD7Ix28N0seizz1GaxOeVFY=">AAAB/HicdZBPSwJBGMZn7Z/Zvy2PXYYk6CS7aqY3qUtHg0xBF5kdX3VwdnaZmQ1k0a/SpUMRXfsg3fo2jatBRT0w8PC878v7zs+POFPacT6szNr6xuZWdju3s7u3f2AfHt2pMJYUWjTkoez4RAFnAlqaaQ6dSAIJfA5tf3K1qLfvQSoWils9jcALyEiwIaNEm6hv53uxGID0JaGQzFPN+nbBKVZrZbd6jp1iqexU6q4xbq1ec0vYLTqpCmilZt9+7w1CGgcgNOVEqa7rRNpLiNSMcpjlerGCiNAJGUHXWEECUF6SHj/DpyYZ4GEozRMap+n3iYQESk0D33QGRI/V79oi/KvWjfWw5iVMRLEGQZeLhjHHOsQLEnjAJFDNp8YQKpm5FdMxMSC04ZUzEL5+iv83d6Wia8jcVAqNyxWOLDpGJ+gMuegCNdA1aqIWomiKHtATerbm1qP1Yr0uWzPWaiaPfsh6+wSwHpYZ</latexit><latexit sha1_base64="P9Z+MD7Ix28N0seizz1GaxOeVFY=">AAAB/HicdZBPSwJBGMZn7Z/Zvy2PXYYk6CS7aqY3qUtHg0xBF5kdX3VwdnaZmQ1k0a/SpUMRXfsg3fo2jatBRT0w8PC878v7zs+POFPacT6szNr6xuZWdju3s7u3f2AfHt2pMJYUWjTkoez4RAFnAlqaaQ6dSAIJfA5tf3K1qLfvQSoWils9jcALyEiwIaNEm6hv53uxGID0JaGQzFPN+nbBKVZrZbd6jp1iqexU6q4xbq1ec0vYLTqpCmilZt9+7w1CGgcgNOVEqa7rRNpLiNSMcpjlerGCiNAJGUHXWEECUF6SHj/DpyYZ4GEozRMap+n3iYQESk0D33QGRI/V79oi/KvWjfWw5iVMRLEGQZeLhjHHOsQLEnjAJFDNp8YQKpm5FdMxMSC04ZUzEL5+iv83d6Wia8jcVAqNyxWOLDpGJ+gMuegCNdA1aqIWomiKHtATerbm1qP1Yr0uWzPWaiaPfsh6+wSwHpYZ</latexit><latexit sha1_base64="P9Z+MD7Ix28N0seizz1GaxOeVFY=">AAAB/HicdZBPSwJBGMZn7Z/Zvy2PXYYk6CS7aqY3qUtHg0xBF5kdX3VwdnaZmQ1k0a/SpUMRXfsg3fo2jatBRT0w8PC878v7zs+POFPacT6szNr6xuZWdju3s7u3f2AfHt2pMJYUWjTkoez4RAFnAlqaaQ6dSAIJfA5tf3K1qLfvQSoWils9jcALyEiwIaNEm6hv53uxGID0JaGQzFPN+nbBKVZrZbd6jp1iqexU6q4xbq1ec0vYLTqpCmilZt9+7w1CGgcgNOVEqa7rRNpLiNSMcpjlerGCiNAJGUHXWEECUF6SHj/DpyYZ4GEozRMap+n3iYQESk0D33QGRI/V79oi/KvWjfWw5iVMRLEGQZeLhjHHOsQLEnjAJFDNp8YQKpm5FdMxMSC04ZUzEL5+iv83d6Wia8jcVAqNyxWOLDpGJ+gMuegCNdA1aqIWomiKHtATerbm1qP1Yr0uWzPWaiaPfsh6+wSwHpYZ</latexit>

Standard 
Model:

gl = 2 + quantum
corrections
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The magnetic moment of the lepton:    
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where µB is the Bohr magneton which has the value

µB =
e!

2mec
= 5.788381804(39)× 10−11 MeVT−1 . (5)

Formally, the anomalous magnetic moment is given by a form factor, de-
fined by the matrix element

〈!−(p′)|jµ
em(0)|!−(p)〉

where |!−(p)〉 is a lepton state of momentum p. The relativistically covariant
decomposition of the matrix element reads

γ(q)
µ(p′)

µ(p)

= (−ie) ū(p′)
[
γµFE(q2) + iσµν qν

2mµ
FM(q2)

]
u(p)

with q = p′ − p and where u(p) denotes a Dirac spinor, the relativistic wave
function of a free lepton, a classical solution of the Dirac equation (γµpµ −
m) u(p) = 0. FE(q2) is the electric charge or Dirac form factor and FM(q2)
is the magnetic or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ]
represents the spin 1/2 angular momentum tensor. In the static (classical)
limit q2 → 0 we have

FE(0) = 1 ; FM(0) = aµ (6)

where the first relation is the charge normalization condition, which must be
satisfied by the electrical form factor, while the second relation defines the
anomalous magnetic moment. aµ is a finite prediction in any renormalizable
QFT: QED, the Standard Model (SM) or any renormalizable extension of it.

By end of the 1940’s the breakthrough in understanding and handling
renormalization of QED (Tomonaga, Schwinger, Feynman, and others) had
made unambiguous predictions of higher order effects possible, and in particu-
lar of the leading (one-loop diagram) contribution to the anomalous magnetic
moment

aQED(1)
# =

α

2π
, (! = e, µ, τ) (7)

by Schwinger in 1948 [3]. This contribution is due to quantum fluctuations
via virtual photon-lepton interactions and in QED is universal for all leptons.
At higher orders, in the perturbative expansion1, other effects come into play:
strong interaction, weak interaction, both included in the SM, as well as yet
unknown physics which would contribute to the anomalous magnetic moment.

In fact, shortly before Schwinger’s QED prediction, Kusch and Foley in
1948 established the existence of the electron “anomaly” ge = 2 (1.00119 ±
0.00005), a 1.2 per mill deviation from the value 2 predicted by Dirac in 1928.

1 which is equivalent to the loop-expansion, referring to the number of closed loops
in corresponding Feynman diagrams.

q = p0 � p; q2 = 0 : FE(0) = 1, FM (0) = al =
gl�2
2 , l = e, µ, ⌧

l(p’)

l(p)

γ(q)

๏ Intrinsic magnetic moment of any spinning particle 

๏ For leptons,             , the giromagnetic factor from Dirac theory: s =
1

2

~µ = gl
e~

2mlc
~S

gl = 2 + quantum
corrections
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(1) Q.E.D.
(2) Electroweak
(3) Hadronic

Standard 
Model:

additional BSM heavier particles or 
contrib. from higher energy scales:

δal

al
∝ m2

l

M2
NP

?
gl = 2 + quantum

corrections
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The magnetic moment of the lepton:    
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• =  11659208.0(6.3) × 10 -10 (0.54ppm) [BNL, 2006-2008 ]  
• =  11659204.0(5.4) × 10 -10     (0.46ppm) [Fermilab, 2018-2021 ] 
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• =  11659208.0(6.3) × 10 -10 (0.54ppm) [BNL, 2006-2008 ]  
• =  11659204.0(5.4) × 10 -10     (0.46ppm) [Fermilab, 2018-2021 ]  

• New experiments (FNAL E989) expected to perform 4× more 
precise measurement, J-PARC for crosscheck of systematics 

• Improved precision of the theoretical estimates with dominating 
uncertainty required
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Essentials of the Muon g − 2 3

where µB is the Bohr magneton which has the value

µB =
e!

2mec
= 5.788381804(39)× 10−11 MeVT−1 . (5)

Formally, the anomalous magnetic moment is given by a form factor, de-
fined by the matrix element

〈!−(p′)|jµ
em(0)|!−(p)〉

where |!−(p)〉 is a lepton state of momentum p. The relativistically covariant
decomposition of the matrix element reads

γ(q)
µ(p′)

µ(p)

= (−ie) ū(p′)
[
γµFE(q2) + iσµν qν

2mµ
FM(q2)

]
u(p)

with q = p′ − p and where u(p) denotes a Dirac spinor, the relativistic wave
function of a free lepton, a classical solution of the Dirac equation (γµpµ −
m) u(p) = 0. FE(q2) is the electric charge or Dirac form factor and FM(q2)
is the magnetic or Pauli form factor. Note that the matrix σµν = i

2 [γµ, γν ]
represents the spin 1/2 angular momentum tensor. In the static (classical)
limit q2 → 0 we have

FE(0) = 1 ; FM(0) = aµ (6)

where the first relation is the charge normalization condition, which must be
satisfied by the electrical form factor, while the second relation defines the
anomalous magnetic moment. aµ is a finite prediction in any renormalizable
QFT: QED, the Standard Model (SM) or any renormalizable extension of it.

By end of the 1940’s the breakthrough in understanding and handling
renormalization of QED (Tomonaga, Schwinger, Feynman, and others) had
made unambiguous predictions of higher order effects possible, and in particu-
lar of the leading (one-loop diagram) contribution to the anomalous magnetic
moment

aQED(1)
# =

α

2π
, (! = e, µ, τ) (7)

by Schwinger in 1948 [3]. This contribution is due to quantum fluctuations
via virtual photon-lepton interactions and in QED is universal for all leptons.
At higher orders, in the perturbative expansion1, other effects come into play:
strong interaction, weak interaction, both included in the SM, as well as yet
unknown physics which would contribute to the anomalous magnetic moment.

In fact, shortly before Schwinger’s QED prediction, Kusch and Foley in
1948 established the existence of the electron “anomaly” ge = 2 (1.00119 ±
0.00005), a 1.2 per mill deviation from the value 2 predicted by Dirac in 1928.

1 which is equivalent to the loop-expansion, referring to the number of closed loops
in corresponding Feynman diagrams.

(1) Q.E.D.
(2) Electroweak
(3) Hadronic

Standard 
Model:

1%

51% 48%

99.99%

0.006%
HLbL
HVP
EW+QED

aμ Δaμ

aµ =
gµ � 2

2
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EXPERIMENT:

THEORY:

aµ =
gµ � 2

2
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The magnetic moment of the muon:    

            = 11659208.0(6.3) × 10 -10     (0.54ppm)      [BNL E821, 2006-2008 ]  
  = 11659204.0(5.4) × 10 -10     (0.46ppm)      [Fermilab Muon g-2, 2018-2021 ] 

              =  11659181.0(4.3) × 10 -10     (0.37ppm)     [Muon g-2 Theory Initiative, 
                                              Phys.Rept. 887 (2020), 1-166]  

      TENSION: 4.2 

aexp
μ

aexp
μ

ath
μ

σ
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Introduction HVP HLbL Summary/Outlook References non-perturbative QED Perturbative QED in configuration space next steps

Hadronic light-by-light (HLbL) scattering

+ + · · ·

Models: (105 ± 26) ⇥ 10�11
[Prades et al., 2009, Benayoun et al., 2014]

(116 ± 40) ⇥ 10�11
[Jegerlehner and Ny↵eler, 2009]

systematic errors di�cult to quantify
Dispersive approach di�cult, but progress is being made
[Colangelo et al., 2014b, Colangelo et al., 2014a, Pauk and Vanderhaeghen, 2014b,

Pauk and Vanderhaeghen, 2014a, Colangelo et al., 2015]

First non-PT QED+QCD calculation [Blum et al., 2015]

Very rapid progress with pQED+QCD [Jin et al., 2015]

New HLbL scattering calculation by Mainz group [Green et al., 2015]

Tom Blum (UCONN / RBRC) Progress on computing the muon anomalous magnetic moment from lattice QCD(+QED)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3

Results KNT18 update

KNT18 aSMµ update [KNT18: arXiv:1802.02995, PRD (in press)]

2011 2017

QED 11658471.81 (0.02) �! 11658471.90 (0.01) [arXiv:1712.06060]

EW 15.40 (0.20) �! 15.36 (0.10) [Phys. Rev. D 88 (2013) 053005]

LO HLbL 10.50 (2.60) �! 9.80 (2.60) [EPJ Web Conf. 118 (2016) 01016]

NLO HLbL 0.30 (0.20) [Phys. Lett. B 735 (2014) 90]

————————————————————————————————————————
HLMNT11 KNT18

LO HVP 694.91 (4.27) �! 693.27 (2.46) this work

NLO HVP -9.84 (0.07) �! -9.82 (0.04) this work
————————————————————————————————————————
NNLO HVP 1.24 (0.01) [Phys. Lett. B 734 (2014) 144]

————————————————————————————————————————

Theory total 11659182.80 (4.94) �! 11659182.05 (3.56) this work

Experiment 11659209.10 (6.33) world avg

Exp - Theory 26.1 (8.0) �! 27.1 (7.3) this work
————————————————————————————————————————
�aµ 3.3� �! 3.7� this work

Alex Keshavarzi (KNT18) The muon g � 2: HVP 20th June 2018 12 / 14

[WP20] T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166 
White Paper Muon g-2 Theory Initiative: https://muon-gm2-theory.illinois.edu

[Phys.Rev. D 97 (2018) 

[WP20]

2020

11659206.1 (4.1)  
11659181.0 (4.3)  

11658471.89 (0.01)  [WP20]

[WP20]

 693.1 (4.0)  [WP20]

 -9.83 (0.07)  [Phys.Rev. D 97 (2018) 114025]

April 2021: WP20/exp.

 9.20 (1.90)  [WP20]

 25.1 (5.9)

4.2 σ April 2021: WP20/exp.

0.20 (0.10)  [WP20]

[Phys. Lett. B 735 (2014) 90]

Muon g-2 from Theory and Experiment    

https://muon-gm2-theory.illinois.edu
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(1) Generate ensembles of field configurations using Monte Carlo 

(2) Average over a set of configurations:  

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes 

• Computational cost dominated by quarks: inverses of large, sparse matrix 

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

HVP

The status of                    : BNL E821 experiment vs SM predictionIntro HLbL: gauge & crossing HLbL dispersive Conclusions Status of (g − 2)µ Approaches to HLbL

Status of (g − 2)µ, experiment vs SM
aµ

[

10−11
]

∆aµ
[

10−11
]

experiment 116 592089. 63.

QED O(α) 116140973.21 0.03
QED O(α2) 413217.63 0.01
QED O(α3) 30141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584718.95 0.04

electroweak, total 153.6 1.0
HVP (LO) [Hagiwara et al. 11] 6 949. 43.
HVP (NLO) [Hagiwara et al. 11] −98. 1.
HLbL [Jegerlehner-Nyffeler 09] 116. 40.

HVP (NNLO) [Kurz, Liu, Marquard, Steinhauser 14] 12.4 0.1
HLbL (NLO) [GC, Hoferichter, Nyffeler, Passera, Stoffer 14] 3. 2.

theory 116 591855. 59.

aµ = (g � 2)µ/2

aexp
µ � aSM

µ ⇠ 3 �

The Standard Model prediction for aµ

aµ [10−11] ∆aµ [10−11]

experiment 116 592 089. 63.

QED O(α) 116 140 973.21 0.03
QED O(α2) 413 217.63 0.01
QED O(α3) 30 141.90 0.00
QED O(α4) 381.01 0.02
QED O(α5) 5.09 0.01
QED total 116 584 718.85 0.04

electroweak 153.2 1.8

had. VP (LO) 6923. 42.
had. VP (NLO) –98. 1.

had. LbL 116. 40.

total 116 591 813. 58.

µ µ

hadrons

B. Kubis, Theπ0 and η Transition Form Factors and the Anomalous Magnetic Moment of the Muon – p. 5

| {z }
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Master formula

• Standard approach

aHLO
µ =

1
4⇡3

Z 1

4m2
⇡

ds K(s) �0
e+e�!had

(s)

K(s) =

Z 1

0

x2(1� x)
x2 + (1� x) s

m2
µ

• Alternatively (exchanging s and x integrations in a
HLO
µ )

aHLO
µ =

↵
⇡

Z 1

0

dx (1� x) �↵had[t(x)]

t(x) =
x2m2

µ

x� 1
< 0

Lautrup, Peterman, De Rafael, Phys. Rept. 3 (1972) 193

? �↵had(t) can be directly measured in a (single) experiment involving t-channel
(space-like) scattering

Arbuzov et al. EPJC 34 (2004) 267
Abbiendi et al. (OPAL) EPJC 45 (2006) 1
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Hadrons

muon

Hadrons

Our strategy�

!  Muon on lattice, photon on lattice, and let 
lattice calculate the form factor (two loop QED)�

EQUATIONS

N. YAMADA

Γ(Hlbl)
µ (p2, p1) = ie6

∫
d4k1

(2π)4

d4k2

(2π)4

Π(4)
µνρσ(q, k1, k3, k2)

k2
1 k2

2 k2
3

×γνS
(µ)(p2 + k2)γρS

(µ)(p1 + k1)γσ

Π(4)
µνρσ(q, k1, k3, k2) =

∫
d4x1 d4x2 d4x3 exp[−i(k1 · x1 + k2 · x2 + k3 · x3)]

×〈0|T [jµ(0)jν(x1)jρ(x2)jσ(x3)]|0〉

aSM
µ = (11 659 182.8 ± 4.9) × 10−10 (using [1])(1)

aEXP
µ = (11 659 208.9 ± 6.3) × 10−10 [PDG](2)

aEXP
µ − aSM

µ = (26.1 ± 8.0) × 10−10(3)

Breakdown
aSM

µ = (11 659 182.8 ±4.9 ) × 10−10

aQED
µ = (11 658 471.808 ±0.015 ) × 10−10

aEW
µ = ( 15.4 ±0.2 ) × 10−10

ahad,LOVP
µ = ( 694.91 ±4.27 ) × 10−10

ahad,HOVP
µ = ( −9.84 ±0.07 ) × 10−10

ahad,lbl
µ = ( 10.5 ±2.6 ) × 10−10

V (x) = −#µl · #B(4)

#µl = gl
e

2ml

#Sl(5)

al =
gl − 2

2
(6)

Γµ(q) = γµ F1(q
2) +

iσµνqν

2 ml
F2(q

2)(7)

F1(q
2) = 1, F2(q

2) = 0(8)

F1(0) = 1, F2(0) = al(9)

al = F2(0)(10)

Date: July 5, 2012.
1

"  set%spacial%momentum%for%%
%%%:%external%EM%vertex%q%

%%%:%in:%and%out:%%muon%p,%p’%
%%%%%%%%q%=%p:p’%
%
•  set%Jme%slice%of%muon%%

source(t=0),%%sink(t’)%and%operator%(top)%
%
•  take%large%Jme%separaJon%for%
ground%state%matrix%element�

✕

(0,%p)� (t’,%p’)�

(top,%q)�

muon�

3%photons�
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muonmuon

photonphoton

photon

3 photons

muon
electron

muonHLbL

Recipe for Lattice QCD Computation

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36
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Challenging lattice computation of   aHVP,LO
μ

[Muon g-2 theory Initiative, White Paper 2006.04822 [hep-ph]] [Snowmass22 2203.15810 [hep-ph]]

https://inspirehep.net/literature/1800513
https://arxiv.org/abs/2006.04822
https://arxiv.org/abs/2203.15810
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๏ Exciting time for lattice QCD computations: mature and innovative!

๏ Large computing power and advanced (clever) algorithms needed

๏ Muon anomalous magnetic moment (muon g-2): good quantity for constraining new physics 

➡ Lattice QCD(+QED) gives an independent theory prediction of HVP and HLbL 

๏ Exascale classical comp. resources will help better control systematics in next 5 years

๏ Solving the sign problem requires a paradigm shift: AI, quantum computing, reformulating the theory … 

๏ Lattice computations instrumental also for other NP searches (e.g. heavy flavour, kaon physics, BSM 
simulations )

Summary & Outlook


