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Lecture 3: What can we calculate?



Many-body Nuclear Interactions
Many-body Nuclear Hamiltonian • Accurate understanding of the 

interactions/correlations between 
nucleons in pairs, triplets,..(  and  are 
the two- and three-nucleon forces) 

• Operators constrained by experimental 
data; fitted parameters encode 
underlying QCD dynamics
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In our Quantum Monte Carlo calculations we use: 
• AV18+UIX; AV18+IL7 phenomenological models 
Wiringa, Stoks, Schiavilla PRC 51, 38 (1995); J. Carlson et al. NP A401, 59 (1983); S. Pieper et al. 
PRC 64, 014001 (2001)


• chiral  N3LO+N2LO Norfolk models  
MP et al. PRC 91, 024003 2015; PRC 94, 054007 2016; MP et al. PRL 120, 052503 (2018); A. 
Baroni, MP et al.PRC 98, 044003 (2018)


πNΔ

one-body two-body (NN) three-body (3N)



Binding energies of light nuclei

• Studied 37 different nuclear states in  nuclei. Comparison between the phenomenological AV18+IL7 model 
and experiment.  

• The agreement with experiment is good for both Hamiltonians: absolute binding energies very close to experiment, and 
excited states reproducing the observed ordering, indica_ng reasonable one-body spin orbit spli`ngs. 

A ∼ 4 − 12



Charge radii of light nuclei
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point-nucleon radius

proton radius = 0.770(9) fm2

neutron radius = − 0.116(2) fm2

Darwin-Foldy correc_on ≈ 0.033 fm2

spin-orbit correc_on
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‣  is the intrinsic nucleon coordinate  
‣  is the number of protons or neutrons, 
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𝒩
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=
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2

• Charge radii with respect to experimental 
data (GFMC for NV2+3-Ia and AFDMC for 
GT+E𝜏-1.0) 

• Overall agreement with the experimental 
data for both models 

• For NV2+3-Ia, 9Li charge radius 
underpredicted, 12C slightly overesQmated 

• For GT+E𝜏-1.0, 6Li charge radius 
underpredicted (issue with AFDMC w.f.)



Single-nucleon densities
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• In QMC methods, single-nucleon densiQes are calculated as:

• For symmetric nuclei N = Z nuclei, proton and neutron densiQes are the same. 
•  s-shell nuclei (A ≤ 4) exhibit large peaks at small separaQon, while the p-shell nuclei (A ≥ 6) are much reduced at small r and 

more spread out: due to cluster structure of these light p-shell nuclei puts the center of mass of these nuclei in between 
clusters and thus reduces the central density. 

• DensiQes are not observables but single-nucleon density can be related to longitudinal (charge) form factor physical quanQty 
experimentally accessible via electron-nucleon sca\ering processes
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Charge form factors in A=6 and A=12
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!el =
p
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: electric nucleonic form factorGN
E (Q2)

The charge form factor can be expressed as the ground-state expecta_on value of the one-body charge operator, 
which, ignoring small spin-orbit contribu_ons in the one-body current, results in the following expression:

∝ sin2(qrch) = 0 → qrch = π → rch ∝ 1/q
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Nuclear structure: two-nucleon densities
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• Within a fixed interacQon model,  at  fm for various nuclei exhibit a similar behavior: cooperaQon of the short-
range repulsion and the intermediate-range tensor a\racQon of the NN interacQon, with the tensor force being responsible of 
the large overshooQng at  between a  pair compared to a  pair.   

•  While the short-distance behavior is the same for all nuclei, it differs for each interacQon. Indeed, the probability of finding 
two nucleons at short distances is finite for the ”soa” NV2+3-Ia and NV2+3-Ia* chiral models, but approaches to zero as we 
progress from the ”hard” local chiral interacQon NV2+3-IIb* to the ”hardest” phenomenological AV18+UX.

ρNN (r) r ≲ 1.5

r ∼ 1.0 fm np pp

• In QMC methods, two-nucleon densiQes are calculated as:
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• The probability of finding two nucleons in a nucleus with rela_ve momentum q and total-center-of-mass momentum Q 
in a spin-isospin projec_on
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with experimental data is remarkably good at low energy transfers, but it deteriorates at energies higher 
than the quasi-elastic peak, mainly because of the missing relativistic effects. The latter are accounted for 
in the SF results, which better reproduce the width of the peak.       
 

  

 
 
Calculations of two-nucleon momentum distributions in 12C and 12Be – We made variational Monte Carlo 
(VMC) calculations of two-nucleon momentum distributions in 12C and 12Be for two different realistic 
Hamiltonians.   Momentum distributions of nucleon pairs reflect features of the short-range structure of 
nuclei and provide useful insights into various reactions.  The short-range correlations are responsible for 

extended high-momentum tails not produced in mean-field approximation, which experiments have clearly 

Figure 5 (Left panel) Electromagnetic transverse response function of the 3He nucleus obtained with one-body 
currents only. The GFMC (solid orange), STA (dashed green), non-relativistic SF (dotted purple) and relativistic SF 
(red dot-dashed curve) results are in good agreement with experimental data (blue points). (Right panel) Inclusive 
electron-scattering cross section on 3He at incoming electron energy Ee = 790 MeV and a scattering angle of 54 
degrees.    
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Figure 6 Two-nucleon momentum distributions in 12C and 12Be.  Blue dots with Monte Carlo error bars are for pn 
pairs, red dots are for pp pairs, and green dots are for nn pairs. Curves are normalized to integrate to the total number 
of pairs – 36 pn and 15 pp ( = 15 nn) pairs in 12C and 32 pn, 6 pp, and 28 nn pairs in 12Be. 
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Figure 6 Two-nucleon momentum distributions in 12C and 12Be.  Blue dots with Monte Carlo error bars are for pn 
pairs, red dots are for pp pairs, and green dots are for nn pairs. Curves are normalized to integrate to the total number 
of pairs – 36 pn and 15 pp ( = 15 nn) pairs in 12C and 32 pn, 6 pp, and 28 nn pairs in 12Be. 
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• In 12C both Hamiltonian exhibit the large pn/pp ra_o around q = 2 fm-1 for small Q, which gradually reduces as Q 
increases. They also show the high-momentum tail in q, but it decays more rapidly with increasing q for the “soi” chiral 
force.
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Nuclear structure: two-nucleon densities
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• Tables and figures that tabulate 
the single-nucleon momentum 
distribution (including proton and 
neutron spin momentum 
distribution) and two-nucleon 
momentum distribution (including 
pair distributions in different 
combinations of ST) will be 
available online  

• A new capability in the VMC code: 
constraint in the momentum 
distribution according to pair 
separation distance 

Nuclear structure: two-nucleon momentum distribution



Dense matter equation of state of neutron matter

At low density from nuclear theory and experiment 

At very high density from pQCD 

No robust constraint ay intermediate densi_es 
from nuclear physics  

Sketch

Constraints:



• The EoS of pure neutron maler (PNM): neutrons stars

‣  Compact objects: R  10km,  
‣  Composed predominantly of neutrons 

between the inner crust and the outer 
core 
‣  NS from gravita_onal collapse of a 

massive star aier a supernova 
explosion

∼

Dense matter equation of state of neutron matter

At low density from nuclear theory and experiment 

At very high density from pQCD 

No robust constraint ay intermediate densi_es 
from nuclear physics  

Constraints:



Neutron matter with realistic NN+3N potentials
• Benchmark calculaQons between BHF, FHNC/SOC, AFDMC-UP for both the AV18 and chiral-EFT interacQons  

MP et al. Phys. Rev. C 101, 045801 (2020) 
Lovato, MP et al. arxiv 2202.10293 (2022)

w/o 3N with 3N

Model cD cE E0(
3
H) E0(

3
He) E0(

4
He)

2and E0(
3
He) E0(

4
He)

Ia* –0.635(255) –0.09(8) –7.825 –7.083 –25.15 1.085 –7.728 –28.31

Ib* –4.705(285) 0.550(150) –7.606 –6.878 –23.99 1.284 –7.730 –28.31

IIa* –0.610(280) –0.350(100) –7.956 –7.206 –25.80 0.993 –7.723 –28.17

IIb* –5.250(310) 0.05(180) –7.874 –7.126 –25.31 1.073 –7.720 –28.17

NV2+3s*

cD cE

• AFDMC-UC, BHF, FHNC/SOC are very close to each other up to   
(~1 MeV) 

• FHNC/SOC is below AFDMC and BHF at higher density; due to limited 
three-body terms into the cluster expansion  (~6 MeV) 

• Model dependence of the EOS at three-body level  (~16 MeV) 
• The exp error on the 3H beta decays in the NV2+3s* (numbers in 

parenthesis) is not propagated yet

ρ = ρ0

ρ = 2ρ0

ρ = 2ρ0

11

a2/3 a1 a2

NV2+3-Ia* 24.23± 0.44 �15.09± 0.99 6.02± 0.13
NV2+3-Ib* 26.17± 0.18 �18.71± 0.40 10.85± 0.05
NV2+3-IIb* 24.35± 0.46 �15.11± 0.90 6.49± 0.06

TABLE IV. Best-fit parameters from Eq. (41) for the AFDMC
energy per particle obtained from the NV2+3-Ia*/b* and
NV2+3-IIb* Hamiltonians.

for neutron star EOS. Finite energies are found at each
density, but models Ia and IIa, with their large negative
cE terms, have energy maxima near saturation density ⇢0
and become less repulsive or even bound at higher densi-
ties, indicative of collapse. Energies for models Ib and IIb
continue to increase slowly up to 2⇢0, but NV2+3-Ib is al-
ready less repulsive than NV2-Ib alone. Model IIb shows
the greatest stability, consistent with having the least
negative cE term, but the energy appears to be near a
maximum at 2⇢0. As mentioned above, the FHNC/SOC
energies for these models show relatively little sensitivity
to the variational �t parameter, i.e., no evidence for a
neutral pion condensate.

The NV2+3-Ia*/b* and NV2+3-IIa*/b* Hamiltonians
are characterized by smaller values of cE than NV2+3-
Ia/b and NV2+3-IIa/b. As a consequence, among the
models fitted to also reproduce tritium � decay, only
NV2+3-IIa* causes PNM to collapse at ⇢ = ⇢0. In the
latter case however, the uncertainty in cE , found by prop-
agating the experimental error of � decay rate, is about
0.1. Therefore, it may be possible to find a value for
cE for this model that does not yield collapsing PNM
while still providing a �-decay rate compatible with the
experimental value, at least within three-sigma.

The EOS obtained with all the other models using the
BHF, FHNC/SOC, and the AFDMC methods are dis-
played in Fig. 3. The solid curves correspond to the
polynomial fit of Eq. (41), whose best parameters for
the AFDMC method are listed in Table IV. Similarly
to the AV6P+UIX and AV18+UIX cases, the BHF and
AFDMC energies are remarkably close up to twice sat-
uration density — the maximum di↵erence remaining
within 2.7 MeV per particle. On the other hand, the EOS
computed within the FHNC/SOC method are softer, es-
pecially in the high-density region. It is however remark-
able that the three many-body methods di↵er at most by
1.9 MeV per particle for ⇢  ⇢0. Extending the compar-
ison to the high-density region, the discrepancies among
the many-body methods remain below 5.9 MeV per par-
ticle, and hence significantly smaller than the 16.2 MeV
di↵erence between the AFDMC results obtained with the
NV2+3-Ia* and NV2+3-Ib* Hamitlonians at ⇢ = 2⇢0.
Hence, the theoretical uncertainty associated with mod-
eling nuclear dynamics is more relevant than the one
pertaining to the many-body methods — even exclud-
ing from this comparison the Hamiltonians that yield a
deeply-bound EOS of PNM.

FIG. 3. Pure neutron-matter EOS as obtained from the
NV2+3-1a⇤ (upper panel) and NV2+3-1b⇤ (middle panel),
and NV2+3-2b⇤ Hamiltonians.

V. CONCLUSIONS

Using as input the phenomenological AV6P+UIX and
AV18+UIX Hamiltonians, we observe an excellent agree-
ment between the AFDMC, BHF, and FHNC/SOC



Many-body Nuclear Electroweak Currents
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• Electroweak structure and reactions: - Electroweak form factors 
- Magnetic moments and radii 
- Electroweak Response functions 
- Radiative/weak captures 
- G.T. matrix elements involved in beta decays 
- ……..

• Accurate understanding of the electroweak interactions of 
external probes with nucleons, correlated nucleon-pairs,... 

• Two-body currents are a manifestation of two-body 
correlations 

• Electromagnetic two-body currents are required to satisfy 
current conservation

<latexit sha1_base64="+a3pcaPtGDPnJLaknCUUb30s4eA="></latexit>
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Nuclear charge operator

Nuclear vector operator

‣  Meson exchange currents: R. Schiavilla et al., PRC 45, 2628 (1992), Marcucci et al. PRC 72, 014001 (2005), L. Marcucci et al., PRC 78, 
065501 (2008)

‣  Chiral EFT currents: Park et al. NPA 596, 515 (1996); Pastore et al. PRC 78, 064002 (2008), PRC 80, 034004 (2009); Piarulli et al. PRC 87, 
014006 (2013), Baroni et al. PRC 93, 015501 (2016); Phillips et al. PRC 72, 014006 (2005), Kölling et al. PRC 80, 045502 (2009), PRC 84, 
054008, PRC 86, 047001 (2012); Krebs et al., Ann. Phys. 378, 317 (2017)



Basic model

Chiral 2N
interactions

Chiral 3N
interactions

EWK
interactions

EWK QE
response

Outlook

Magnetic moments in A  10 nuclei
Pastore et al. (2013)

GFMC calculations use AV18/IL7 (rather than chiral)
potentials with �EFT EM currents
Predictions for A > 3; about 40% of µ(9C) due to
corrections beyond LO
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Pastore el al. PRC 87, 035503 (2013)

• GFMC calcula_ons using AV18/IL7 (rather then chiral) and EM 𝝌EFT currents— hybrid calcula_on

Electromagne.c data are explained when two-body correla.ons and currents are accounted for!

Magnetic moment and EM decay

6

In this case the χEFT MEC is a large (80%) addition to
the IA m.m.
In both examples the statistical fluctuations in the IA

term are much larger than in the MEC term. However
the evaluation of the MEC requires much more compu-
tational effort per walker than does the propagation and
IA term. Therefore for most of the calculations, we prop-
agate a large number of walkers using nu = 60 or 80 to
obtain the IA m.m. term (and also the other reported
quantities). The MEC is obtained with comparable sta-
tistical error using fewer walkers and the two numbers
and their errors combined to get the total m.m. The
propagations are averaged over τ = 0.2 to 0.8 MeV−1.
The large statistical fluctuations (and possible nu sen-

sitivity) are coming from the IV combination of the spin
term of the IA m.m., Eq. (14). The IV convection term
and both IS terms have much smaller fluctuations. Thus
if isospin symmetry is assumed for the wave functions of
isobaric analogs, we can make precise statements about
the IS m.m. However if we do not want to assume such
isospin symmetry, as in the 9C–9Li case below, then we
have to make separate calculations for each nucleus and
the large errors in the IV parts make the extraction of an
IS m.m. with small statistical error impossible.
The energies E, point proton rms radii rp (and point

neutron rms radii rn for N != Z nuclei), m.m.’s µ in IA,
and quadrupole moments Q for the nuclear states calcu-
lated in this work are presented in Table II along with ex-
perimental values where available. Experimental energies
are from Ref. [33], EM moments are from Refs. [34–37],
and point radii are converted from the charge radii given
in Refs. [38–42]. Many energies for A ≤ 7 nuclei evalu-
ated with the AV18+IL7 Hamiltonian have been reported
previously in Ref. [43]. The present energies, which are
from independent calculations, are in agreement with the
previous results within the Monte Carlo statistical errors
shown in parentheses.
For many of the isobaric analog states, the energy

and moments are calculated using the GFMC wave func-
tions generated for the Tz = −T state and then sim-
ply interchanging protons and neutrons to evaluate the
Tz = +T state. These calculations are denoted by an as-
terisk (*) in the table, and will be referred to as charge-
symmetry-conserving (CSC) results. For 3He, 8B, and
9C ground states we also made independent calculations
with different starting VMC wave functions and different
isoscalar Coulomb terms [1, 32] in the GFMC propaga-
tor appropriate to the Tz = +T state. We then use these
wave functions to predict the quantities in their isobaric
analogs, i.e., 3H, 8Li, and 9Li. The pairs of independent
solutions for the isobaric analogs will be referred to as
charge-symmetry-breaking (CSB) results. Thus six nu-
clear states have two entries in the table, comparing a
direct calculation with the prediction by charge symme-
try from its isobaric analog.
We see from the table that the energies in these paired

calculations are in generally good agreement, with the
largest discrepancy for A = 9, where the difference is

∼ 2% and the statistical errors almost touch. In each of
the CSB cases, the T = −Tz state is more bound than its
isobaric analog, and the expectation values of individual
terms in the nuclear Hamiltonian, like 〈Ki〉 and 〈vij〉, are
larger in magnitude.
The point nucleon rms radii are slightly larger for the

proton-rich nuclei compared to the charge symmetric so-
lution from the proton-poor isobaric analog. For exam-
ple, the proton rms radius of 9Li (9C) is smaller (larger)
when the appropriate Coulomb term is included in the
GFMC propagator, indicating that the system is more
compact (diffuse). If 9Li (9C) is constructed from the
9C (9Li) solution, then it appears to be a more diffuse
(compact) system. Consistently with this weak sensitiv-
ity of the calculated energies and radii to the charge sym-
metry picture implemented to derive the nuclear wave
functions, we find that the calculated m.m.’s in IA are
not statistically different in the T = 1

2 , 1 cases and we
see only very weak evidence that the IA m.m.’s of the
A = 9, T = 3/2 systems are affected by charge symme-
try. The quadrupole moments are also fairly consistent
in the paired results and close to the experimental values.

A. Magnetic Moments in A=2–9 Nuclei

The calculations of the matrix elements, both diagonal
and off diagonal, have been described in detail in Refs. [1,
2]. In particular, the IA matrix element is evaluated
using the M1 operator induced by the one-body current
given in Eq. (14), namely

µIA =
∑

i

(eN,iLi + µN,i σi) . (21)

The matrix element associated with the MEC contribu-
tion is

〈Jπ
f ,Mf |µMEC | Jπ

i ,Mi〉 =

−i lim
q→0

2mN

q
〈Jπ

f ,Mf |jMEC
y (q x̂) | Jπ

i ,Mi〉 , (22)

where the spin-quantization axis and momentum transfer
q are, respectively, along the ẑ and x̂ axes, and MJ = J .
The various contributions are evaluated for two small val-
ues of q < 0.02 fm−1 and then extrapolated smoothly to
the limit q=0. The error due to extrapolation is much
smaller than the statistical error in the Monte Carlo sam-
pling.

In Table III, we show, in addition to the proton and neu-
tron experimental m.m.’s, the experimental and calcu-
lated m.m.’s for the A = 2 and 3 nuclei, including MEC
contributions from the EM currents in the SNPA and
χEFT models. In the table we label with IS and IV the
isoscalar and isovector combinations of the magnetic mo-
ments as given by:

µ(T, Tz) = µ(IS) + µ(IV)Tz. (23)

Magnetic Moments in A≤ 10 Nuclei

Predictions for A > 3 nuclei
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! µ(IA) = µN ∑i[(Li +gpSi)(1+ τi,z)/2+gnSi(1− τi,z)/2]
! GFMC calculations based on H = T + AV18 + IL7→ hybrid framework
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The Basic Model: Nuclear Electromagnetic Currents - Impulse Approximation

! Current and charge operators describe the interaction of nuclei with external

fields. They are expanded as a sum of 1−, 2−, ... nucleon operators:

ρ =
A

∑
i=1

ρi +∑
i<j

ρij + ... , j =
A

∑
i=1

ji +∑
i<j

jij + ...

! In Impulse Approximation IA nuclear EM currents are expressed in terms of

those associated with individual protons and nucleons, i.e., ρi and ji

!Sp

!Sn

!Lp

! IA picture is however incomplete; Historical evidence is the 10% underestimate

of the np radiative capture ‘fixed’ by incorporating corrections from two-body

meson-exchange EM currents - Riska&Brown 1972

6 / 30

Magnetic Moments in A≤ 10 Nuclei - bis

Predictions for A > 3 nuclei

-3

-2

-1

0

1

2

3

4

µ
�(
µ

N
)

EXPT

GFMC(IA)
GFMC(FULL)

n

p

2H

3H

3He

6Li

6Li*

7Li

7Be

8Li 8B

9Li

9Be

9B

9C

10B

10B*
9Be

9C

p n

! µN (IA) = ∑i[(Li +gpSi)(1+ τi,z)/2+gnSi(1− τi,z)/2]

! 9C (9Li) dominant spatial symmetry [s.s.] = [432] = [α ,3He(3H),pp(nn)]→ Large MEC

! 9Be (9B) dominant spatial symmetry [s.s.] = [441] = [α ,α ,n(p)]

PRC87(2013)035503
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Single-Beta decay matrix elements

GFMC calcula_ons using AV18/IL7 (rather then chiral) 
and axial 𝝌EFT currents— hybrid calcula_on

Pastore et al. PRC 97 022501 (2018)
GFMC calcula_ons using chiral and axial 𝝌EFT 
currents— consistent calcula_on

G. King et al. PRC 102, 025501 (2020)

Baroni et al. PRC 93, 015501 (2016)• Beta decay occurs when, in a nucleus with too many protons 
or too many neutrons, one of the protons or neutrons is 
transformed into the other.



Neutrinoless Double Beta Decay
In the hypothesis that the 0𝜈DBD is mediated by the exchange of a light neutrino:

Lepton space-phase integral Nuclear matrix element (NME) Effective Majorana mass
✤Depends on the Q-value of the 

decay and the charge of the final 
state of the nucleus 


✤Can be calculated precisely: for 
most of the emitters of interest 

✤Open issues for theorists 

✤Spread of about a factor 2-3 in the 

predicted values for NME for a given 
isotope


✤Theoretical predictions for these 
models compared with single beta 
decays: g_A quenching 

✤Depends on combination of 
neutrino masses and oscillation 
parameters


✤Uncertainties in the parameters 
extracted by oscillation 
experiments and cosmology

10�15 � 10�16yr�1

[T 0⌫
1/2]

�1 = G0⌫(Q,Z) |M0⌫ |2 m2
�� Javier Menendez arXiv:1703.08921 (2017)



Neutrinoless double-beta decay

W. Furry, Phys. Rev. 56 1134 (1939).
• Neutrino physics: Majorana particles 

• Lepton number violation 

• B-L number violation: relevant to explain asymmetry matter-antimatter 

• OvDBD: decay mode with the emission of two electrons but without the associated neutrinos:
Light-neutrino exchange 
Supersymmetric particle exchange 
Emission of Majorons (heavy bosons) 
…….. 

• Matrix elements for nuclei of experimental interest are currently affected 
by large uncertainties due to truncation in the model space and partial (or 
missing) inclusion of many-body effects 

• We study neutrinoless double beta decay in light nuclei that have been 
successfully described by ab initio models where correlations and currents 
can be fully accounted for 

• These studies serve as benchmark and to establish the relevance of the 
various two-body (or more) dynamics inducing the decay

Engel and Menéndez, Rep. Prog. Phys. 80 046301 (2017)



‣ The CIB counter term extracted from poten_al:  gν
NN = CCIB

‣ Study impact of short-range versus long-range neutrino poten_al: l C(r) = CL(r) + CS(r)

Neutrinoless double beta matrix elements

- ΔI=2 transi_ons: orthogonal ini_al and final-state wave func_ons 
- Feature of all isotopes of experimental interest: 48Ca, 76Ge, 136Xe 
- Presence of nodes in the long-range transi_on densi_es  
- 100% correc_ons to ΔI=2 transi_ons from:  
- If similar in heavier nuclei: large impact on neutrino mass extrac_ons

gν
NN

Cirigliano et al. PLB769(2017)460, JHEP12(2017)082, 
PRC97(2018)065501

• Leading operators in neutrinoless double beta decay are two-body operators 
• These observables are par_cularly sensi_ve to short-range and two-body 

physics 
• Transi_on densi_es calculated in momentum space indicate that the 

momentum transfer in this process is of the order of  200 MeV∼

m.e. =

Z
dr C(r)

�I = 2

12Be !12 C + e+ e

 Cirigliano, MP, et al. Phys. Rev. C 100, 055504 (2019)



Partial Muon Capture in Light Nuclei

Weak-interaction Hamiltonian
• Momentum transfer q 100MeV 

• Validation of vector and axial 
charges and currents 

• For light nuclei, you can 
approximate the muon as at rest in 
a Hydrogen-like 1s orbital

∼



Partial Muon Capture Rates with QMC: 
Momentum transfer q∼100 MeV

• The inclusion of 2b electroweak currents increase the 
rate by about 9% to 16%.

• uncertainty estimates: 

- Cutoff: 8 s-1 (0.5%) 

- Energy range of fit: 11 s-1 (0.7%) 

- Three-body fit: 27 s-1 (1.8%) 
- Systematic: 9 s-1 (0.6%)

• QMC rate for 3He(1/2+;1/2) → 3H(1/2+;1/2) 

‣ ΓVMC = 1512 s-1 ± 32 s-1  

‣ ΓGFMC = 1476 s-1 ± 43 s-1  

‣ Γexpt = 1496.0 s-1  ± 4.0 s-1  

[Ackerbauer et al. Phys. Lett. B417 (1998)]

King et al. PRC 105 (2022) 4, L042501

<latexit sha1_base64="e4/arvPyD1f4+bb7La4ElkAh8z4="></latexit>
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• Inclusive lepton scalering off a the nucleus: five response func_ons

• For the EM case only two response func_ons survive: longitudinal   and transverse  which are obtained from the 
charge and transverse current operators  

R00 Rxx

Z 1

0

d! e
�⌧!

R↵�(q,!)=hi | j†↵(q) e�⌧(H�Ei) j�(q) | ii

Euclidean response: GFMC calculations 
Inversion back to obtain the response by 
maximum entropy methods

| i i

| f i

Longitudinal Transverse

Lovato el al. PRL 117, 082501 (2016)Lovato el al. PRC 91, 062501 (2015)Lovato el al. PRL 112, 182592 (2014)

Lepton-Nucleus Scattering: Inclusive Processes
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Figure 8

(Top two panels) Electromagnetic longitudinal (left panel) and transverse (right panel) response
functions of 12C for q = 570 MeV obtained with one-body only (red dashed line) and one- and
two-body (black solid line) terms in the electromagnetic current. Experimental data are from
References (139). (Bottom two panels) Weak neutral ⌫ (black curves) and ⌫̄ (red curves)
di↵erential cross sections of 12C at q = 570 MeV/c, obtained with one-body only and one- and
two-body terms in the neutral current operator, for final neutrino angle ✓ = 30� (left panel) and
✓ = 120� (right panel). The insets show ratios of the ⌫ to ⌫̄ cross sections. The figure is adapted
from Reference (135) (top two panels) and Reference (64) (bottom two panels).

techniques, the authors of Reference (64) have demonstrated that accurate calculations of

the response, based on a realistic correlated nuclear wave function and containing one-

and two-body currents, can reproduce the 12C electromagnetic response functions in the

quasielastic region. In the top two panels of Figure 8, the GFMC response functions

of 12C at q = 570 MeV in which only one-body or both one- and two-body terms are

included in the electromagnetic current operators – denoted by (red) dashed and (black)

solid lines and labeled GFMC-J1b and GFMC-J1b+2b, respectively – are compared to the

experimental world data analysis of Reference (139). The red and gray shaded areas show

the uncertainty of the inversion procedure, ultimately associated with the statistical error

of the corresponding Euclidean responses. While the contributions from two-body charge

operators tend to slightly reduce the longitudinal response in the threshold region, those

from two-body currents generate a large excess of strength in the transverse channel, sig-

nificantly improving the agreement with experimental data. The absence of explicit pion

production mechanisms restricts the applicability of the GFMC method to the quasielastic

region of the transverse response. Within this picture, the so-called quenching of the longi-

tudinal response near the quasielastic peak emerges as a result of initial- state correlations

and final-state interactions, as opposed to the in-medium modification of the nucleon form

factors advocated in Reference (140).

The ⌫ and ⌫ di↵erential cross sections and the ⌫/⌫ ratios for a fixed value of the three-

momentum transfer (q=570 MeV/c) as function of the energy transfer for a number of

22 Lynn et al.



Short Time Approximation

• The nuclear response function can be expressed as an integral over real time

• The two main assumption underlying the Short Time Approximation are:

1. Only the one- and two-body terms are kept in the current-current correlator

R↵�(!,q) =

Z
dt

2⇡
ei(!+E0)th0|J†

↵
(q)e�iHtJ�(q)|0i

j†(i)e�iHtj(i) + j†(i)e�iHtj(j) + j†(i)e�iHtj(ij) + j†(ij)e�iHtj(ij)

2. In the particle propagator the Hamiltonian is rewritten as 

H =
X

i

p
2
i

2m
+
X

ij

vij

Correlated pair

✐ S. Pastore et al. Phys.Rev.C 101 (2020) 4, 044612

Assumption: for short times (moderate q) only the active 
pair of nucleons propagates

The STA method utilizes QMC techniques to predict the response function of nuclei in the 
quasielastic region. 

Short-Time-Approximation: 

• Based on factorization 

• Response functions are given by the 
scattering from pairs of fully interacting 
nucleons that propagate into a 
correlated pair of nucleons 

• Allows to retain both two-body 
correlations and currents at the vertex 

• Describe electroweak scattering for 
A>12 without losing two-body physics 

• Incorporate relativistic effects 

• Provides “more” exclusive information 
in terms of nucleon-pair kinematics via 
the Response Densities 

Response Densities:  

Response Functions: integral over real time  

 and e are the CM and relative 
energy of the struck nucleon pair 
Ecm

Lepton-Nucleus Scattering: Exclusive Processes

Short Time Approximation

• The nuclear response function can be expressed as an integral over real time

• The two main assumption underlying the Short Time Approximation are:

1. Only the one- and two-body terms are kept in the current-current correlator

R↵�(!,q) =

Z
dt

2⇡
ei(!+E0)th0|J†
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2. In the particle propagator the Hamiltonian is rewritten as 
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Correlated pair

✐ S. Pastore et al. Phys.Rev.C 101 (2020) 4, 044612

Assumption: for short times (moderate q) only the active 
pair of nucleons propagates

The STA method utilizes QMC techniques to predict the response function of nuclei in the 
quasielastic region. 

The two main assump_on underlying the STA are: 
1. Only the one- and two-body terms are kept in the 

current-current correlator 

2. In the par_cle propagator the Hamiltonian is rewrilen as  

Short Time Approximation

• The nuclear response function can be expressed as an integral over real time

• The two main assumption underlying the Short Time Approximation are:

1. Only the one- and two-body terms are kept in the current-current correlator
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Assumption: for short times (moderate q) only the active 
pair of nucleons propagates

The STA method utilizes QMC techniques to predict the response function of nuclei in the 
quasielastic region. 

Short Time Approximation

• The nuclear response function can be expressed as an integral over real time

• The two main assumption underlying the Short Time Approximation are:

1. Only the one- and two-body terms are kept in the current-current correlator

R↵�(!,q) =

Z
dt

2⇡
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j†(i)e�iHtj(i) + j†(i)e�iHtj(j) + j†(i)e�iHtj(ij) + j†(ij)e�iHtj(ij)

2. In the particle propagator the Hamiltonian is rewritten as 

H =
X
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+
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vij

Correlated pair

✐ S. Pastore et al. Phys.Rev.C 101 (2020) 4, 044612

Assumption: for short times (moderate q) only the active 
pair of nucleons propagates

The STA method utilizes QMC techniques to predict the response function of nuclei in the 
quasielastic region. 

Short Time Approximation
The real-time matrix element of the current-current correlator is evaluated for short times, retaining the 
full ground state and final-state interactions at the two- nucleon level

Interference between one- and two-body terms 
are accounted for, access to exclusive channels

The response function is written as an integral over the center-of-mass and relative energies of the pair

✐  S. Pastore et al, Phys.Rev.C 101 (2020) 4, 044612  9

Motivation

Nuclear physics, and, in particular, theoretical neutrino-nucleus cross sections are a fundamental prerequisite
for the correct interpretation of the wealth of data taken from existing and planned neutrino-oscillation
experiments. Neutrino-oscillation parameters are extracted from the energy distribution of the oscillated
flux, which has to be reconstructed from the final hadronic states observed in the detector and, in the case of
charged-current transitions, from the kinematics of the outgoing lepton. To this aim, neutrino experiments
rely on simulations carried out by neutrino event generators, such as GENIE1, NuWro2, and GiBUU3,
which in turn use as inputs theoretical calculations of neutrino-nucleus cross sections. Therefore, the success
of the experimental program relies on i) a theoretical control of neutrino interactions with nucleons and
nuclei, and ii) the prompt implementation of sophisticated nuclear models into neutrino event generators.

Several microscopic approaches to the nuclear many-body problem4–6, in which the fundamental de-
grees of freedom are protons and neutrons and nuclear properties emerges form their individual interactions,
clearly demonstrated that multi-nucleon correlations and currents are needed to quantitatively reproduce
available electron-scattering experimental data. Quantum Monte Carlo (QMC) methods, and more specif-
ically the variational Monte Carlo (VMC) and Green’s function Monte Carlo (GFMC) approaches, allow
one to fully retain the complexity of many-body correlations and associated electroweak currents. They
have been extensively applied to study the structure and electroweak properties of light nuclei, including
electromagnetic moments and form factors, low-energy transitions and beta decays7. The GFMC has also
been employed to perform virtually exact calculations of inclusive electron- and neutrino-scattering8–10 on
4He and 12C, which turned out to be in excellent agreement with experiments in the quasi-elastic region.
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Figure 1: Electromagnetic transverse response den-
sity for 4He in terms of the center of mass (Ec.m)
and relative (e) energies of the struck pair of nucle-
ons for momentum transfer q = 500MeV/c.

Since its computational cost grows exponentially
with the number of nucleons, the GFMC will be lim-
ited to light nuclei, with A.14 even when Exascale
computers become available. As an additional limi-
tation, within the GFMC it is difficult to compute in-
elastic scattering, and include fully-relativistic kine-
matics and currents. Alternative methods based on
the factorization of the final hadronic state, such as
those relying on the spectral function (SF) of the nu-
cleus11;12 and the short-time approximation (STA)13

are suitable to study larger nuclear systems relevant
to the experimental program, while retaining most
of the important effects coming from multi-nucleon
physics. These methods can accommodate fully-
relativistic kinematic and currents, as well as pion
production mechanisms — as already demonstrated
within the SF formalism14. They also provide de-
tailed information on the kinematic variables associ-
ated with the hadronic final states. As an example,
the 4He response density induced by electrons com-
puted with the STA is displayed in Fig. 1 as a function of the center of mass and relative energies of the
struck pair of nucleons. The densities retain the information at the interaction vertex with the external probe.

Outlook

In the forthcoming years, we expect to develop and consolidate a set of consistent microscopic algorithms
that are suitable to perform accurate calculations of neutrino-nucleus cross sections on nuclei and energy
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FIG. 5. STA results for 4He(e, e0) inclusive scattering. Longitudinal response at q = 500 MeV/c.

Notation as in Fig. 4.

free-particle propagator via the replacement in Eq. (20). As shown in Fig. 6, the final state

interactions within the pair at q=300 and 500 MeV/c shift strength to lower energies. At

low energy, this is especially apparent before the inclusion of the shift in ! via the inclusion

of the threshold !th.
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FIG. 6. Comparison of transverse responses without (dashed lines) and with (full lines) interact-

ing two-nucleon final states. Various contributions are shown, including one-body current diagonal

terms, one-body current o↵-diagonal (i 6= j) terms, interference between one- and two-body cur-

rents, and two-body currents only. See text for further explanations. Results at q=300 MeV/c

(left panel) and q=500 MeV/c (right panel).

The response can also be divided into one-body diagonal or incoherent terms (those

where the same single-nucleon current operator acts at the initial and final times, namely
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Transverse Response Density: e-4He scattering
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Cross sections 3H and 3He: benchmark between GFMC and STA

Andreoli et al. Phys. Rev. C 105, 014002

14

FIG. 8: Inclusive double-di↵erential cross sections for electron scattering on 3H.

13

FIG. 7: Inclusive double-di↵erential cross sections for electron scattering on 3He.

3H 3He



100

200

50
100

150
200

0

18,000

e [MeV]E [MeV]

D
T
(E

,e
)
[M

eV
�
2
]

Transverse Density q = 570 MeV

100

200
100

200

0

6,000

e [MeV]E [MeV]

D
L
(E

,e
)
[M

eV
�
2
]

Longitudinal Density q = 570 MeV

Prelim
inary

Prelim
inary

Preliminary results for longitudinal and transverse response densities in 12C

Response densities for 12C



Lattice QCD  
QFT in a Finite and Discretized Spacetime

Lattice Spacing :

1/Λχa << 

m⇡L >> 2⇡
Lattice Volume : 

Extrapolate to a = 0 and L =1

(Nearly Continuum)

(Nearly Infinite Volume)

Systematically remove non-QCD parts of calculation
11

Quantum Chromodynamcs 

Accurate nuclear many-body methods

H| ni = En| ni
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Jmn = h m|J | ni
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Atomic nuclei and nucleonic matter

Hamiltonian and electroweak currents

Summary: Workflow for the microscopic model nuclear theory
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