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Homework #4 Solution
Handout F98-31

Exercise 4-1: For the two Boolean expressions given below, express C' as a function of A and
B in the form of a truth table. Also, implement each expression using NOT, NAND and/or NOR
gates.

Ci=A+B Cy=A4A-

Sy

Answer:

Applying DeMorgan’s Law, we find that C; = A+ B = A-B = Cs.
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C1 and C5 can be directly implemented with NOT, NAND, and NOR gates:
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Exercise 4-2: The truth table for an EXCLUSIVE OR gate is given below; the output of an
EXCLUSIVE OR gate is TRUE if and only if either input is TRUE alone. Give a logic-gate
implementation of the EXCLUSIVE-OR gate in terms of NOT, NAND and NOR gates.

INPUT 1 | INPUT 2 | OUTPUT
0 0 0
0 1 1
1 0 1
1 1 0




Answer:

Let A=INPUT 1, B=INPUT 2, C=0OUTPUT, and $=XOR, then from the truth table we find
A®PB=A-B+ A-B.

To implement the above logic expression in NOT, NAND, and NOR gates, we need to apply
DeMorgan’s Law:

A®oB=(A-B)-(A-B)
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Problem 4-1: This problem continues to explore the implementation of Boolean logic functions

with MOSFET switches.
(a) Determine the Boolean expression implemented by each of the following circuits. As-

sume that each input is TRUE if it is large enough to turn its corresponding MOSFET
on, and FALSE if it is not.
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Circuit (c)



(b)

Answer:

circuit(a) The output is low if either /N1 is high or both /N2 and IN3 are high.
The logic function for this is

OUT = IN1+ (IN2-IN3)

circuit(b) The output is low if IN1 is high and either ITN2 or IN3 is high. This
results in the logic function

OUT =IN1-(IN2 + IN3)

circuit(c) Nested logic gates work the same way provided that the static discipline
is satisfied. In this circuit, we simply replace the input IN1 in circuit (b) by the
output of circuit (a). The result is

OUT = (IN1 + IN2-IN3) - (IN4 + IN5)

Note that an OR gate can be made from a NOR gate followed by a NOT gate, and that
an AND gate can be made from a NAND gate followed by a NOT gate. Following this
reasoning, develop a MOSFET-resistor implementation of a three-input OR gate and a
three-input AND gate.

Answer:

AND and OR are implemented by inverting the output of NAND and NOR logic func-
tions. This requires one extra gate for each case.
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3-Input AND 3-Input OR



Problem 4-2: An inverting MOSFET amplifier is shown below, together with an ipg-vpg char-
acteristic for the MOSFET. The characteristic describes ideal switch behavior that is extended to
exhibit a saturating drain-source current. For vgg < v, the MOSFET behaves like an open switch
with ips = 0. For vgs > v, the MOSFET behaves like a closed switch with vpg = 0 provided
that ipg < 0.5K (vgs — vr)?. However, once ips reaches 0.5K (vgs — vr)?, which is the maximum
current the MOSFET can carry for a given vgs, MOSFET operation enters a saturation region in
which the MOSFET behaves as a current source of value 0.5K (vgs — vr)?. Saturated operation is
as described by the saturation model given below.

Note that the MOSFET characteristic described above and shown below is simpler than the SCS
model presented in class and discussed in the notes. The characteristic shown here has no linear
region.
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(a) Determine voyt as a function of vy for 0 < vyy.

Answer:

When there is current going through R, the current is limited by two quantities: either
Vs/R or 0.5K (vgs — vr)?, whichever is lower. If the limit is Vs/R, then the MOSFET
is in the closed-switch region. If the limit is 0.5K (vgs — vT)?, then the MOSFET is in
the saturation region.

open-switch region For vgg < v, the MOSFET is open, therefore vout = Vs.

saturation region When vgg begins to exceed v, the quantity vgs — v is still small,
so the current is limited by 0.5K (vgs — vr)?. This current determines the output
voltage, which is given by vout = Vs — 0.5K R(vix — vr)®.



(b)

()

(d)

closed-switch region ipg increases until it reaches Vg/R at some gate voltage vin,.
Now wpg drops to zeros, and both ipg and vpg are no longer affected by the increase
in vgs.

In summary,

Vs 0<wn <wr
vour =4 Vs — 05K R(viy —vr)? vt < oin < ving
0 UINy < UIN < VINyax

What is the lowest value of vy for which voyT = 07
Answer:

The lowest value of vy for which voguT = 0 occurs when vpy is at the transition between
the saturation region and the closed-switch region. At this point, the saturation region
current limit and the closed-switch region current limit are the same,

) Ve
iDs — ES = 0-5K(UINT — UT)2

2Vg
VINt = ﬁ + T

Assume that Vg = 15 V, R=15kQ, vr =1 V and K = 2 mA/V2. Graph vouT versus
U[Nf0r0V§U1N§3V.

Solving for vin, we get

Answer:
Combining the results of part (a) and (b), we obtain the following equations.

15 OSU[NSI
vour =< 15— 15(uy —1)?2 1 <o <2
0 2<un<3

The graph is shown on the next page.

On the input-output graph, identify the regions over which the MOSFET behaves as
an open circuit, behaves as a short circuit, and exhibits saturated behavior.

Answer:

Region I is the open switch region, where vouyt = Vg = 15. Region II is the saturation
region, where voyT drops according to Vs — 0.5K R(vix — vr)? . The MOSFET enters
the closed-switch region when viy = ving, = 2. In this region, vouT = 0.
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Problem 4-3: A two-stage amplifier is shown in the figure below. It is constructed by cascading
two one-stage amplifiers of the type studied in Problem 4-2. In analyzing this amplifier, use the
MOSFET model described in Problem 4-2.
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R R
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(a) The fact that a second amplifier stage is connected to the first amplifier stage does not
change the operation of the first stage. That is, the relation between vyp and vin here
is the same as the relation between voyT and viy in Problem 4-2. Why? What terminal
characteristic of the second MOSFET must change in order for this not to be true?

Answer:

The second amplifier does not change the operation of the first because its input draws
no current. If the second amplifier drew current from the first, then the output of the
first amplifier would be affected by the input resistance of the second amplifier.

(b) Derive the relation between vyp and vy for 0 < vry, and the relation between vour
and vy for 0 < vymp < Vs. Hint: see Problem 4-2.
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Answer:
Each amplifier obeys the model described in Problem 4-2.
For the first amplifier,

Vs 0 <o <ot
ommp = Vs — 0.5KR(vin —vr)? vr < vy < viNg,
0 UINp < UIN < UINyax
For the second amplifier,
Vs 0 <wvvip < vr
vour =8 Vs — 0.5KR(vmip — vr)? vr < vmip < vming
0 UMIDr < UMID < UMIDyax

Derive the relation between voyT and vy for 0 < vpy.

Answer:

This part is slightly trickier. Since the two inverters are in series, we should expect
three regions of operations: low vy = low voyT, nonlinear transition, and high vy =
high vouTr. To compute the boundary values between the regions, we first need to find
the values of vyp that cause transition in vouT, then we can solve for the vy values
that produce those particular vyp values.

low-low region voytr = 0 for vmmp, < vmmp < UMDy .- This corresponds to 0 <

VIN S VIN, where

UMIDt = Vs — 0.5KR(1)1N1 — UT)2

solving for vin; we get

2(Vs — vmipy)

KR + v

VIN; =

saturation region The second amplifier is in the saturation region for vr < vyp <
vMID,- This corresponds to the input voltage range vin, < vin < viN,, Where vin,
is given by

vr = Vs — 0.5K R(viN, — vr)?
Solving for vin, we get

2(Vg —ur)

KR + v

VIN, =

Furthemore, in this region
vouUT = Vs — 0.5KR(Q)M[D — Q)T)2

substituting
UMID — Vs — 0.5KR(U[N — Q)T)2

into the previous equation, we get

vouT = VS - 05KR(VS — 0.5KR(Q)IN — ’UT)2 — Q)T)2



high-high region voyr = Vs for vyp < v, or equivalently, vin > viN,

In summary,

0 0 <wuN <oy
vouUT = Vs — 0.5KR(VS — 0.5KR(1)1N — Q)T)2 — UT)2 UINl S VIN S UIN2
Vs VIN, < UIN < UINyax

(d) Using the numerical parameters given in Problem 4-2, graph voyr versus vy for 0 V
< vy < 3 V. Compare this graph to the input-output graph found in Problem 4-2, and
explain the differences.

Answer:

Using the formulas derived in part (c), we find

0 0 S VIN S 1.93
vouT = —2925 + 6300(vrxy — 1)% — 3375(vry — 1) 1.93 < oy < 1.97
15 1.97 S VIN S 3
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Note that the transition region of this two-stage amplifier is much narrower than that
of the single-stage amplifier in Problem 4-2. This is because when the second amplifier
is saturated, the first amplifier is also saturated. Since vyp is the output of the first
stage, its range maps into a much smaller range of vy values.



Problem 4-4: This problem studies the small-signal analysis of the MOSFET amplifier studied
in Problem 4-3.

(a) First consider biasing the amplifier. Determine Vi, the bias component of vix, so that

(b)

vouT is biased to Vour where 0 < Voyur < V5. Find Vyip, the bias component of vyp
in the process. Hint: see Problem 4-3.

Answer:

Vamp = Vs —IhHR
= Vs —0.5KR(Vix —vr)?

Vour = Vs—IpR
= Vs — 0.5KR(VM[D — Q)T)2

From above we can solve for Vyp,

2(Ve — V4
Vmm = —( & KROUT) + vp
Similarly,
2(Vg — V4
Vin = ( SKRMID) .
_ J 205 - (V25w on))
B KR T

Next, let vy = Vin + vin where v, is considered to be a small perturbation of vy
around Vin. Make the substitution for viny and linearize the resulting expression for
vouT. Your answer should take the form vouyT = VouT + Vout, Where voy takes the
form vyt = Guin. Note that voyt is the small-signal output and G is the small-signal
gain. Derive an expression for G.

Answer:

Let viy = VIN + vip, we first solve for the current i}, going through the first amplifier,

iy = SK(ViN+ vip —vr)?

= B5K(Vix —vr)? + Kvip,(Vin — vt) + .5K0Z,
.5K(VIN — UT)2 + K’Uz'n(VIN - UT)
= Ip+iy

vmip is related to if, by the following equations:



ommp = Vs—(Ih+ig)R
= Vs — S5KR(Vix —vr)? — RKvip(Vin — vT)

Now we solve for the current if), which goes through the second amplifier,

i, = .5K(vyp — vr)?
5K (Vs — 5KR(Vixy — vr)? — RKvip (Vi — vT) — vT)?
= 5K[Vs — .5KR(Vix — vr)? — vr)?

—[Vs = 5KR(Vixn — vr)? — vr][RK2(Vix — vT)]vin

+ 5K3R?(Vix — vT)Zv?n
BS5K[Vs — 5KR(Vixy — vr)? — vp]?
—[Vs = 5KR(Vix — vr)? — vr][RK%(Vin — v1)]vin

Q

Finally we relate voy to vy,

vour = Vs —iHR
= Vs — .5KR[Vs — .5KR(Vix —vr)? — vr)?
+ K?R?[Vs — 5KR(Vix — vr)? — v1](ViN — vT)vin
= Vour + vout
= Vour + Gnvin

where G, = K?2R*[Vs — 5KR(Vix — vr)? — v7](Vin — v7).

For what value of Vix is vout biased to Vour = Vs/27 For this value of Vix, evaluate
G using the numerical parameters given in Problem 4-2. You should find that this gain
is the slope of the input-output graph from Problem 4-3 evaluated at the bias point.

Answer:

The equation derived in part (a) gives us Viy = 1.941, and the final equation in part
(b) yields G, = 608.
In part (d) of Problem 4-3 we find that the large signal

vouT = —2925 + 6300(viny — 1)? — 3375(viy — 1)*
Taking the derivative of the above we get

dvouTt

= 12600 (vix — 1) — 13500(vpn — 1)3
dviN

Evaluating the above equation at Vix = 1.941 yields % = 608.

This shows that G, equals to the slope of the input-output graph evaluated at the bias
point.
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