6.01 Final Exam N Fall 2008

1 Short-Answer Questions (10 points)

Part a. Consider the following circuit.

Vo
iy \ 1'3
n Ry = = R3
. Rg
e 16
Vo €1 W €
R4 :E = R5
igy yis
_:_gnd

Determine if the following equations and/or statements are

Db Always True D i.e., true for all possible values of the resistoRy ! Rg and voltage Vp

or

DNOT Always True b i.e., false for some or all resistor and voltage values.

Check the appropriate box for each of the following:

NOT
Always A%.‘;Vﬁgs
True
R2 R3 .
If —= = — then =0
X Ry Rs ‘o
X i2 + i3 = i4 + i5
X b +ig =13
Ry
= V.
X TR+ RO
, R2 R3
If ig =0 then =
X 6 =0 Ry+R; Rs+Rs
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Part b. Our goal is to design a dimmer for a light bulb that can be modelled as a constant
resistor of 10! . We have a singlelOV power supply. Our prst design uses a0k! poten-
tiometer, with the goal of controlling the current through the lamp so that the current is
proportional to the potentiometer setting, with a maximum current of 1A.

+10V light
bulb

10kQ)

BrieBy (using fewer than 50 words) describe problems with this circuit.

If the potentiometer is turned nearly all the way to the+10V side, then the current
through the light bulb will be near 1A. Otherwise, the resistance of the potentiometer
will limit the current through the light bulb to < 1mA. This the potentiometer will work
more like an on/d switch than like a dimmer.

Suggest a better circuit. Draw it in the following box.

potentiometer -> unity bu! er -> bulb -> ground

Explain brie3y why your circuit is better.

The current into the op-amp bu er will be nearly zero. Therefore, the potentiometer
will act as a voltage divider, and its output voltage will be proportional to the angle of
its shaft. The op-amp bd er will drive its output to match the potentiometer voltage.
Since we are modelling the light bulb as a resistor, its current will be proportional ta
the potentiometer shaft angle.
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Circuits (20 points)

Consider the following circuit.

ic
iB
10V 50
Part a. Findic if I =0.
ic = 0.4A
v 2
lc= 5g 451 ~ 5~ 704
Part b. Find ig if o =5A.
s = L4A
. 10V 20!
- + " BA = 4.4A
8= 50 +51 "5 200 °
Part c. Find Ip so thatic =0.
Iy = 2A
10V 5| 2 1
—0= | "a= SAT D
'c 200 +5! © 5 +200 AT 5" ©A



6.01 Final Exam N Fall 2008 13
Part e. Consider the following op-amp circuit.
Rq

—M—

Vi —W——- L
Vs \/\/\/ +

10kQ

Fill in the values of R1 and Ry required to satisfy the equations in the left column of the
following table. The values must be non-negative (i.e., in the rand®, # ]). If the equation
is impossible to implement with non-negative resistors, then write OimpossibleO for both

resistor values.

R Ry
Vo =2V, -2V 20kQ 20kQ
Vo=2Vy-Vy 10kQ o0
Vo=V -2V; 20kQ 5k Q)
Vo =4V, -2V |20kQ or impossible impossible
R> R1 10k! Ve

=V

V., = —— =  \/Hh=
YT Ik + Ry 2

= V1 +
1k! + Ry 17 1k! + Ry

Ve = 10k! + Ry . R2o Vo | Ry
°T Ikl + R, 1k 4T 1ok
Solving the Prst and third rows requires just simple algebra.

Solving the algebra for the fourth row suggests thaR» is negative. Therefore, this condition
cannot be realized with non-negative resistors.

Solving the second row is a bit more tricky, since the algebraic solution suggests

2R, = 2R5 + 20k!

which can only be satisbed in the limit aiR1 $ #



3. Circuits (30 / 100 points)

Motor driver

When we built the robot head, we made the motor move in both directions by connecting one
side of the head motor to an op amp circuit and the other side to a bliered voltage divider that

produced +5V. This method limited the peak speeds of the motor because the full +10V that is
available from the power supply never appeared across the motor.

Our goal is to build two circuits, one to drive each of the two motor wires. Let x represent the
input voltage and let y; and y, represent the voltages applied to the two motor wires. Assume
that you have a single 10-volt power supply, so that only +10V and 0OV are available.

- Y1
X circuit #1 —|—L|
O motor
y2
circuit #2 —IT'

Question 13: Recall the supply voltage constraints: ALL voltages (including X, Y1
and y») must be between 0V and +10V . Determine expressions fory; and y» so that
the voltage across the motor is given by

!
_.._ 1o ifx=10
Y1TY2T 10 ifx=0

and both y; and y, have the formy; = mijx + b;, where m; and b; are constants.

Solution: Since the voltages are limited to the range [0,10], there is only one way to make
Yy =y = 10: y1 = 10 and yp = 0. Similarly, to make y; = y> = —10: y; = 0 and y, = 10.
Thus y; ramps from 0 to 10 asx ramps from 0 to 10, so that

Yyir =X

and y, ramps down from 10 to 0 asx ramps from 0 to 10, so that

Yo = 10 —x.




Question 14: Design circuits to implement your solutions to question 14 using resistors, op
amps, and a single +10V power supply. You can assume that X is bu! ered (i.e., it is the
output of an op amp). Draw the circuits and label them clearly.

Solution: The y; output is equal to the X input (which is bu! ered), so y; can be connected
to X with a wire. The Y, output decreases as X increases, which can be implemented with
an inverting amplifier. To get the endpoints right (e.g., X = 0 maps to y, = 10 and x = 10
maps to Y, = 0) we must make the positive input to the op amp be 5V, which can be
obtained with a voltage divider. The following figure shows the result:

y1 \/\/\/

X ‘/\/\’ >— y2

+10V —A\\N—AAN— ov

where all of the resistors have equal values (e.g., 10KQ).

Analysis

A “bridge” circuit consisting of five resistors is connected to a 12 volt source as shown below.

12KQ 4KQ

6KQ
No
+ Vo —

4KQ 12KQ

Bridge circuit
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Question 15: Simplify the bridge circuit down to a circuit that consists of a single loop by

applying a series of circuit reductions (such as series combinations, parallel combination
Thevenin equivalents, etc.). Draw the circuit that results after each reduction that you
apply. Finally, solve the last circuit for vy.

Hint: The bridge circuit is equivalent to the following circuit; you can use this as the
starting point for your reductions if you prefer.

We can replace the circuit to the left of the 6K Q resistor (+12V source and 12K Q resistor
and 4K Q) resistor) with its Thevenin equivalent. The open-circuit (Thevenin) voltage is

pr— ' p—
Voc i1 12V =3V
and the Thevenin resistance is
41 12
= 4K 2KQ = —— =3KQ.
Rt Q12ZKQ 111 3KQ

Similarly, we can replace the circuit to the right of the 6K Q resistor (+12V source and4K Q
resistor and 12K Q resistor) with its Thevenin equivalent. The open-circuit (Thevenin)
voltage is

Voc = 4_:_212 112V =9V
and the Thevenin resistance is
R = 4K Q[12KQ = m =3KQ.
These resulting circuit is shown below.
3K! 6K! 3K!
+J\\/{\/!

3V 9V

n
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Now, combine everything except the6K! resistor into a single Thevenin equivalent circuit. The
open-circuit (Thevenin) voltage is the (algebraic) sum of the voltage sources

Voc =(3! 9)=16V

and the Thevenin resistance is
Ry =(3+3)=6!.

So the bnal circuit is as follows:
6K!

From the voltage divider relation, vog = ! 3V.
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Name:

Part 1: Thevenin equivalents. Find the Thevenin equivalent voltage and resistance as
seen from theV, port.

100

VW o
1OQ§ 5A® 5Q§ Vo

To Pnd the open-circuit (Thevenin) voltage, we can assume that no current 3ows out of the
Vo port. Therefore, by the voltage divider relation,Vy = %Ve, where Ve represents the
voltage across the current source.

To bPnd Vg, we can combine the two (series) resistors to the right of the current source into
a single15! resistor. Combining this singlel5! resistor with the (parallel) 10! resistor on

; - - 015 _
the left yields an equivalent resistance ofgz = 6! .

Then Ve is 5A times 6! = 30V. So Vr = 330 = 10V.

The short-circuit (Norton) current is the current that would Row through a wire connected
across theV, port. Such a wire shorts the5! resistor, so that no current 3ows through the
5! resistor. By the current divider relation, the current from the 5A source is then split
equally between the left and right10! resistors. Thus the short-circuit current is2.5A.

The Thevenin equivalent resistance is the ratio of the open-circuit voltage and short-circuit
current: 10V over 2.5! , which is 4! .

The Thevenin equivalent resistance can also be found more directly by determining the

equivalent resistance when all of the sources are set to zero. Setting the current source to
zero means that no current 3ows through it. Thus the current source is replaced by an open

circuit. This leaves a5! resistor in parallel with the series combination of twd 0! resistors.

5120
5+20

41

Rt = 5||(10 + 10) = 5]|20 =

. continued on back of page



Part 2: Op Amps. Consider the following circuit:

V; \/\/\/ + B
R4 —
YW\
R3
Ry ; ; Ry

-5V -5V

where all of the resistors have the same valug =1 k! .

If Vi =3V, then V, = 3V
If Vi =7V, then 1, = FaY4
If Vi =9V, then V, = Qv

Because no current Bows into the positive input to an op-amp, all of the current through;
Rows through R,. Therefore, the voltage drops across these resistors are equal. It follows
that the voltage Vi is half way betweenl; and! 5V:

Vil 5
Vi = I2
Similarly, the voltage V1 is half way betweenl, and! 5V:
[
V= Vo.2 5
SinceV; = Vi, it follows that V5 = V4.
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Name:

Part 1: Op Amps. Assume the op-amps in the following circuit are "ideal."

Vs Va

=l

Determine the currently whenV; =1V and Vo, = 2V.

IX: 1A

Determine the voltageVa whenVy =1V and V, = 2V.

Vo= 4V

Determine a general expression fofa in terms of V1 and Vs.

Vp = I2 Vi + 3 "V

The plus and minus input voltages must be equal for each op-amp. Therefore, the voltage
across thel2 resistor isVo ! V4, and the current through the 1€ resistor is

o Vo! 'V B 211
T 1
The voltage Vo equals the voltage at the minus input of the top op-amp plus the voltage

drop across the top2(2 resistor. Since the current into the minus input to the op-amp is
zero, then the same currentl(y) Rows through the2() resistor as well. Therefore

= 1A.

Va=Vo+Ix#20=2+1#2=4V

More generally,
Vo! Vi

Va=Vo+I1x#20=Vo+ #QQ:V2+2(V2! V]_):!2V1—|—3V2

.. continued on back of page



Part 2: Thevenin equivalents. Find Ry so that the Thevenin equivalent voltage iSV
when viewed from the port labelled/ and 1.

6V 3V

Ry = 2Q)

To Pnd the Thevenin (open-circuit) voltage, we may assume thdt= 0. Then we can write
a single KCL equation for the top node:

V-6 V-3
+ =

0
1 Ry
We want to Pnd Ry so that IV = 5V. Substitute V' = 5V above to get
5-6 N 5-3 -0
1 Ry

Solving for Ry yields

Ry =20
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Name:

Problem 1. Find R; and R2 so that the Thevenin voltage is 1V and the Thevenin resistance
is 4! when looking in the port labeled V¢ and I¢.

Ry Ic
J’_
5V R, V¢
°
Ry = 200
Ry = 5l

To find the Thevenin (open-circuit) voltage, we may assume that |c = 0. Then V¢ can be
obtained from a voltage divider relation:

R>

Vo= — 2 |
T R+ R

5V

In order to make Vg =1, R1+ R2 =5R5 so that

R1=4Ro.

. . . . | . .
The Thevenin equivalent resistance is R1||R2 = Ei; Sz. To make this resistance equal to 4!

while R1 = 4R», we must have

Ri!' R, 4R>! R, 4
= = —Ry =4
Ri+R, 4R+ R, b5

So that R =5! and therefore Ry = 20! .

.. continued on back of page



Problem 2. Find Vgg andR so that the Thevenin voltage isLV and the Thevenin resistance
is 42 when looking in the port labeledVg and Ig.

R 2Q)

VB B — 2V

To bnd the Thevenin (open-circuit) voltage, we may assume thdg = 0. Then Vg can be
obtained from a voltage divider relation:
1

R
Vg = Veg = =V,
B R+RX BB 2BB

Therefore,Vgg = 2V.

The Thevenin equivalent resistance is the equivalent resistance when all of the sources are
set equal to zero. IfVgg = 0, then the source is kectively a wire. Thus the Thevenin
equivalent resistance i2Q2 + R||[R =2Q + %R. For this resistance to be4(2, R must be 4.




