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Recitation 4, Thursday, October 6
Constraint Satisfaction               Prof. Bob Berwick, 32D-728

Constraint satisfaction algorithms that we have learned about:
1. DFS with  Backtracking  (BT).  No  constraint  checks  are  propagated  [“Assignments  only”].  One  variable   is

assigned a single value at a time, and then the next variable, and the next, etc. Check to see if the current partial
solution violates any constraint.  Whenever this check produces a zero-value domain, backup occurs.

2. DFS with Backtracking + Forward-checking. A variable is assigned a unique value, and then only its neighbors
are checked to see if their values are consistent with this assignment. That is: assume the current partial assignment,
apply constraints and reduce domain of neighboring variables.  [“ Check neighbors of current variable only”].

3. DFS with Backtracking + Forward-checking + propagation through singleton domains.  If  during forward
checking you reduce a domain to size 1 (singleton domain), then assume the assignment of the singleton domain
and repeat forward checking from this variable. (Note that reduction to a singleton domain and repeated forward
checking might lead to yet another singleton domain in some cases.) 

4. DFS with Backtracking + Forward checking + propagation through reduced domains (this is also known as:
Arc-consistency,  AC-2,  since it  ensures  that  all  pairs of  variables  have consistent  values).  Constraints  are
propagated through all  reduced domains  of  variable  values,  possibly  beyond immediate  neighbors  of  current
variable, until closure. [“Propagate through reduced domains”; also called “Waltz labeling”]

1. Map coloring – comparing Backtracking (BT) with Forward-checking+propagation through singleton domains.

(a) How long will it take to color (two adjacent states cannot have the same color) the following map with 4 colors with
just Backtracking (BT)?        

Assume that:
• Color the states in the order they are numbered.
• Use R(ed), G(reen), B(lue) and Y(ellow) in  the given order & then in rotation, starting with R; i.e., when you

finish assigning Y, start again with R
• coloring a location takes 1/100 sec

Draw the shape of the search tree for BT:
   

BT will take on the order of 415 / 100 seconds.

The search has a branching factor of 4, and for the above map, a depth of 15, since blocks 1-4 are assigned R-G-B-Y.

(b) How many seconds will  Forward checking+propagation through singleton domains take on the same map?  
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FC+prop through singletons will take  0.2 seconds.
“R” is selected for square #1; this reduces the possible values for squares #2 and #19 to {G,B,Y}. Then square #2 is
selected, and the next color in the rotation, G, is picked.  This reduces #3 to the colors {R,B,Y} AND #19 to {B,Y}.
#3 is then assigned B, and so #4 is reduced to {R,G,Y} and #19 to just {Y}.  #19 is now a singleton, so Y has been in
fact assigned to 19 so that this constrains square #4 to just {R,G}.  Next, #4 is assigned R (the next color in the rotation
after Y- remember, Y was just used), and so #5 is constrained to be {G,B,Y}, etc. (the rest continues down the line to
square #18). About 20 colors are assigned, which takes about 20/100 = 0.2 sec.

(c) Can FC+propagation through singletons finish the map below quickly?  Why or why not? What about AC-2?
(Propagation through reduced domains.)

Forward checking + propagation through singletons takes years (one must back up to square 14); because the
colors available for 51, 52, and 53 are not reduced to 1, there is no propagation to their neighbors when they are
checked. 

Forward checking + propagation through reduced domains (AC-2) takes years as well; there is propagation, but
the pairwise checking allows both yellow and blue for 51, 52, and 53, so there is no early backup, but then, at the
end of the search, there are only 2 colors available for three states.

Suppose we proceeded not from square #1 to #53 but from #53 to #1.   Would our result now change? What principle
of efficient constraint propagation does this illustrate? Are there any other principles of efficient constraint propagation
that you can think of?

Yes, both would finish in under a second.  These examples are instances of the  “use the most constraint first”
idea.
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2. Converting problems into constraint propagation form

“Paul, John, and Ringo are musicians. One of them plays bass, another plays guitar, and the third plays drums. As it
happens, one of them is afraid of things associated with the number 13, another is afraid of Apple Computers, and the
third is afraid of heights. Paul and the guitar player skydive; John and the bass player enjoy Apple Computers; and the
drummer lives in an open penthouse apartment 13 on the thirteenth floor.  What instrument does Paul play?”  

How can we solve this problem?  Try it yourself first, by any means you care, then we’ll see how to do it by – ta-da! –
the magic of constraint propagation!  (You might want to think about constraints when you solve it, and what the
constraints are.)

What are the constraints?  How might they be represented?  We want to use the facts in the story to determine whether
certain identity relations hold ore are eXcluded.  Here is our notation: assume X(Peter, Guitar Player) means “the
person who is John is not the person who plays the guitar.” Further, this relation is symmetrical, so that if we have
X(Peter, Guitar Player) then we also have, X(Guitar Player, Peter).  In this notation, the facts become the following (of
course all the symmetrical facts hold as well):

1. X(Paul, Guitar Player)
2. X(Paul, Fears Heights)
3. X(Guitar Player, Fears Heights)
4. X(John, Fears Apple Computers)
5. X(John, Bass Player)
6. X(Bass Player, Fears Apple Computers)
7. X(Drummer, Fears 13)
8. X(Drummer, Fears Heights)

Now we can represent the possible relations implicitly by means of entries in tables, and use constraint propagation. An
X entry in a table denotes that the identity relation is excluded, and an I denotes that the identity relation actually holds.
We can then use three tables, one to represent the possible identities between people and instrument players; one to
represent the possible identities between people and fears; and a third to represent the possible relationships between
instrument players and fears. 
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1. X(Paul, Guitar Player)
2. X(Paul, Fears Heights)
3. X(Guitar Player, Fears Heights)
4. X(John, Fears Apple Computers)
5. X(John, Bass Player)
6. X(Bass Player, Fears Apple Computers)
7. X(Drummer, Fears 13)
8. X(Drummer, Fears Heights)

Instrument Player

Bass Player Guitar Player Drum Player

Paul X X I

John X I X

Ringo I X X

Fears

13 Apple Computers Heights

Paul X I X

John I X X

Ringo X X I

`

Fears

13 Apple Computers Heights

Bass player X X I

Guitar player I X X

Drum Player X I X

How do we do constraint propagation in this system?  Note that we can deduce rules like the following to fill in the
three tables:

1. If all but one entry in a row are X, then the remaining entry is I.
2. If you know I(x,y) and X(y,z) then you may conclude X(x,z). 
If two names pick out the same thing (are identical), then they must share all the same properties.  
What other rules do we need? 
3. If you know X(x,y) & X(z,y) then you may conclude X(x,z)
4. If you know X(x,y) & X(x,z) then you may conclude X(y,z)
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