LECTURE 22: LINEAR LEAST MEAN-SQUARED
ERROR (LMS) ESTIMATION

November 26, 2008

Reading: Sect. 8.4

Given Y, we want an estimator X (Y) = g(Y) that gives a
good estimate for X. Here, good means it has the LMS
(least mean squared) error property.

If we find the best linear estimator (i.e., one with less LMS
error than any other linear estimator), then

1) (the bad news) poorer performance results:
the optimum (i.e., minimum) expected squared error
increases over that of the conditional mean (or stays the
same if the conditional mean was linear in the first
place), and

2) ( the good news) the estimator is generally simpler to
find, requires much less knowledge of the joint
distribution of X and Y, and is easier to implement.




Covariance
cov[X,Y]éE[{X—E[XD-(Y—E[Ym (1)

Zero-mean case: cov[X Y ]=E [XY ]

COV[X,Y)=E[XY:| -E[X]E[Y]
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COV{X X ]
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independent = cov(X Y ]=O
(converse is not true)




To find the linear LMS (least mean squared) error estimator
of X given Y, minimize

E[(X-(aY+b))*]. 2)

Use the zero-mean variables (X — ) and (¥ — 4, ) and
set the derivative of E[(X — ) -a(Y —4,))°’]  with respect

- to a to zero:
d 2
0= El((X — ) -all = 44)) ] =
a

dia{E[(X—qu DE[(X — XY — 1)+ 2EL(Y 14, ] =
DE[(X — 4, ¥ — 1))+ 28EL(Y — 1, 1=0

_E(X )Y~ )] _ cov(X,Y)
E[(Y - 14,)"] o




Thus the linear LMS estimator of (X — 4, ) is:

X s (V) 1y = a(¥ — 1) =D iy,
Therefore
~ COV X Y
XlinearLMS (Y) — ﬂX ( ) (Y ﬂy) (3)
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Is the linear LMS estimator biased?

cov(X,Y)
oy

eI'I’Ol_‘ éeé}LinearIMS(Y)—X:ﬂX‘F (Y—/LLY)—X

B = e + Sy~ )11, =0,

1.€.,

E[X Linear ivs(Y)] = E[ X]

so the linear LMS estimator 18 unbiased.




How Well Does the Linear Estimator Work?

Mean-squared error in the linear LMS estimator:

Ele*] = El(u, + °°V(X Y)

¥ -u)-X)'1=

Y

cov X Y
EI(EED vy (X - 1)1
Y
Y
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oy o
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O, O'X\/l pX,Y

Pxy = UGB, ,(-1<p,y <1),1s the
| O xOy ’

correlation coefficient relating X and Y

0,X0,

c,=0, & cov(X,Y)=0
e Construction of LMMSE estimator

Py vO
2 (Y _ﬂy)
O-Y

requires knowing only five expectations:

)?LMMSE(Y) = U, +

E[X], E[Y], E[X], E[Y"], E[XY]

(4)




o ~15p,; <1, XY indep. = p,, =0.

o Var(i} LMMSE ) = pff,y var(X) < var(X)

e If X and Y are jointly Gaussian (as in tire pressure
example in Lecture 21), then the MMSE estimator
turns out to be automatically linear.

In the Gaussian case:

LMS estimator = Linear LMS estimator.




Simple Example
X is a uniform random variable, —1< X <1

Observation Y = X + N, where N 1s a uniform
random variable, —a<N<a, independent of X.

E[X] = E[Y] = E[N] = 0.

x2 dx = a2/3, o2 =1/3,

o X

2 ‘}_1_
N 4 2a

2
2 _ 2 .2 _ (a +1/
Oy = O0x*0n 3

cov(X,Y) = E[XY] = E[X(X +N)] = E[X2] = 1/3

flinearLMS(Y) = /UX_!-COV;_)Q(’V’Y)(Y_IUY) = ( 1 )Y |

2
% a<+1
P a cov(X,Y) _ % _ 1
XY OxOy I3 1/3(a2+1) a2+l
1 a2

E[(Y!inearLMS(Y)#X)z] = O-g((l_sz Y) = 3a2+1




Much of this is quite intuitive. The expected
squared error is always less than the expected
squared error for your best estimate made with no

data, i.e., it is always less than ogp and it

approaches o%( from below as a becomes so large

the measurement becomes useless.

The largest possible value of Y is 1 + a. For
certain values of a, e.g., a = 0.5, the largest value
of X 1s

XY _)=X(+a)=112 =6/5,
1+a2

which is larger than the largest possible value of X
(which is 1).
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Back to the Dating Example

Your date has a maximum amount of time &

(s)he will show up late, with 6 uniformly
distributed in [0, 1 hour]. On each date (s)he will
show up late by an amount X, where X is
uniformly distributed in [0, @]. Given your first
date (which includes a single measurement X), find
the best linear estimate of 4, given X.

This is the same problem as the one in which a

- stick is broken twice. The first break is uniform in
[0,1], like &, and the second is uniform in [0, €],
like X.

alinearLMS (X ) =U 0 + COV(é(, 9) (X — U X)
°X

In the stick problem (Ex. 4.17) we showed that

_ 2 —
JuX*-I/4, o5 = 7/144

M, = 1/2, O"g = 1/12
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To find cov(X, 8), we use

cov(X, ) = E[6X] - E[F]E[X]

and

L1
4 3

1

H§%] = og+(ug)* = =

E[0X] = EE[6X|6] =
X

FOH X|6) = [169) = E[%z] = 1/6

Thus
cov(X, @) = E[6X] — E[]E[X]=
(1/6) — (1/2)(1/4) = 1/24
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and finally,

OlinearLMS(X)=p ,+ +cov(X.0) (X-u,)=
o 0-12Y X

L 1/24 6
+ 2 (X -1 4=Gx+2/7.
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Figure 8.12. Three estimators and their mean squared errors, as functions of

the observed value z, for the problem in Example 8.15.
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