MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2008)

Problem Set 4: Solutions !
Due: October 1, 2008

1. We are given the following information:

1/, ifk=1,2,34;
pi (k) = { 0, otherwise
leK(n | k) = { 0, otherwise

(a) We use the fact that py k(n, k) = pyjx(n | k)pk (k) to arrive at the following joint PMEF:

1/(4k),

PNk (n, k) = { 0, otherwise

The joint PMF pn g (n, k) is plotted below.

ifk=1,234andn=1,...,k;

A
n 1/16
4 —— 0 0 0 o
1/12 1/16
3— 0 0 o
1/8 1/12 1/16
2T 0 [ [
1/4 1/8 1/12 1/16
1 o
0 ! I |
1 2 3 4 k
(b) The marginal PMF py(n) is given by the following formula:
1
pn(n) = pni(n k)= o
k k=n
On simplification this yields
1/4+1/8+1/12 +1/16 = 25/48, n = 1;
1/8+1/124+1/16 = 13/48, n=2;
pn(n) =< 1/12+1/16 = 7/48, n=3;
1/16 = 3/48, n =4
0, otherwise.
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(¢) The conditional PMF is

6/13, k=2

_pNk(2,k) ) 4/13, k=3;

prin(k | 2) = Ton@ ) 3/13, k=4
0, otherwise.

(d) Let A be the event 2 < N < 3. We first find the conditional PMF of K given A.

P(K =k, A)
prjalk) = T P(A)
5
P(4) = pn(2)+pn(3) =5
1 — 9.
P, o3
P(K=kda) = { Brip M=%
16 + 16° - 47
0, otherwise
3 )
( %_07 : = 27
2 — 3
prja(k) = y )
| 10° k= 47
( 0, otherwise
Because the conditional PMF of K given A is symmetric around & = 3, we know

E[K | A] = 3| We now find the conditional variance of K given A.

var(K | A) = E[(K - E[K | A])* | A]
= %.(2—3)2+§-0+%-(4—3)2

- |3

-
(a) Use the total probability theorem by conditioning on the number of questions that
Professor Right has to answer. Let A be the event that she gives all wrong answers in a

given lecture, let By be the event that she gets one question in a given lecture, and let
By be the event that she gets two questions in a given lecture. Then

P(A) = P(A[B1)P(B1) + P(A|B2)P(By).

From the problem statement, she is equally likely to get one or two questions in a given

lecture, so P(By) = P(By) = 3. Also, from the problem statement, P(A|B;) = 1, and,

because of independence, P(A|By) = (%)2 = %. Thus we have

1

1
P(A) = +1—6-§ 35

DO =

1
4
(b) Let events A and B3 be defined as in the previous part. Using Bayes’s Rule:

P(By|A) = %
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From the previous part, we said P(By) = 1, P(A|B,) = 1, and P(A) = 2. Thus

N~
[a—

1,
P@ﬂ@:lg =
32

As one would expect, given that Professor Right answers all the questions in a given
lecture incorrectly, it’s more likely that she got only one question rather than two.

(c) We start by finding the PMFs for X and Y. The PMF px () is given from the problem

statement: L 1.2)
_J 3 ifere{1,2
px(w) { 0, otherwise.

The PMF for Y can be found by conditioning on X for each value that Y can take on.
Because Professor Right can be asked at most two questions in any lecture, the range of
Y is from 0 to 2. Looking at each possible value of Y, we find

11 1 1 )
py(O)—P(Y—O’X—1)P(X—1)+P(Y—O‘X—2)P(X—2)—Z 54‘@‘5—5,
31 311 9

1 3,1 9

py(2) = P(Y =2|X = JP(X = )+ P(Y =2|X =2)P(X =2) =05+ (3% 5 = .

Note that when calculating P(Y = 1|X = 2), we got 2- % : % because there are two ways
for Professor Right to answer one question right when she’s asked two questions: either
she answers the first question correctly or she answers the second question correctly.
Thus, overall

5/32, if y = 0;

) 9/16, ify=1;

YW =9 932, ity —2:
0, otherwise.

Now the mean and variance can be calculated explicitly from the PMF's:

1 1 3
EX]=1--4+2.-=2
[X] 5+25=73
3\% 1 3\21 1
5 9 9 9
EV[=0-5+l 5+ -5

9\* 5 9\* 9 9\*> 9 27
Vi=(0-2) 24+ (1-2) =+ (2-2) =22
var(Y) < 8> 32*_< 8> 16*_< 8> 32 64
(d) The joint PMF px y(z,y) is plotted below. There are only five possible (z,y) pairs. For
each point, px y(z,y) was calculated by px y(z,y) = px (z)py|x (y]z).
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9/32
2T °
3/8 3/16
1T [ ) )
18 132
0 ® ®
1 2 X
(e) By linearity of expectations,
3 9 15
E[Z] = E[X +2Y] = E[X] + 2E[Y] = §+2‘§ -2

Calculating var(Z) is a little bit more tricky because X and Y are not independent;
therefore we cannot add the variance of X to the variance of 2Y to obtain the variance
of Z. (X and Y are clearly not independent because if we are told, for example, that
X =1, then we know that Y cannot equal 2, although normally without any information
about X, Y could equal 2.)

To calculate var(Z), first calculate the PMF for Z from the joint PDF for X and Y. For
each (z,y) pair, we assign a value of Z. Then for each value z of Z, we calculate pyz(z)
by summing over the probabilities of all (x,y) pairs that map to z. Thus we get

1/8, ifz=1;
1/32, if z =2;
) 3/8, ifz=3;
pz(2) = 3/16, if z = 4;
9/32, if z = 6;
0, otherwise.

In this example, each (x,y) mapped to exactly one value of Z, but this does not have to
be the case in general. Now the variance can be calculated as:

1 15\% 1 15\% 3 15\% 3 15\ 9 15\% 43
Let Y be the number of questions she will answer wrong in a randomly chosen lecture.
We can find E[Y] by conditioning on whether the lecture is in math or in science. Let
M be the event that the lecture is in math, and let S be the event that the lecture is in
science. Then

E[Y] = E[Y|M|P(M) + E[Y|S]P(S).

Since there are an equal number of math and science lectures and we are choosing
randomly among them, P(M) = P(S) = 3. Now we need to calculate E[Y|M] and
E[Y|S] by finding the respective conditional PMFs first. The PMFs can be determined
in an manner analagous to how we calculated the PMF for the number of correct answers
in part (c).

1.3, 13 i :

?.%+?(Z2)21:%)1/325716 iy:(l),

L1, 1.9, 1.5 ny=1

pr— 4 4 4 ’ ’

py|s(y) %.OJF g(%y =1/32, if y = 2;
0 otherwise.
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% %Jr%(%) = 171/223, i£y=0;
s i t3 2 1515 =7/50, ify=1;
pyiv@) =0 10" 12 2 oo, if y = 2;
0, otherwise.
Therefore 21 5 1 3
Y[S]=0- s +1- —+2 ==
E[Y|S]=0- 32+ 16+ 32 8’
171 7 1 3
EY[M]=0-—+1-—+2: = __.
[Y|M] = 200+ 50 200 20
This implies that
31 31 21
EY]= 0 s+2 5=
Yi=% 32t 3 %

3. All possible outcomes are:
(1, 1), (1, 2), (1, 3), (1,4), (2, 1), (2, 2), (2, 3), (2, 4),
(3, 1), (3,2), (3,3), (3,4), (4, 1), (4, 2), (4, 3), and (4, 4)

Given that the sum of the down-face values is greater than the product of the down-face
values, our universe is restricted to:

(1, 1), (1, 2), (1, 3), (1, 4), (2, 1), (3, 1), and (4, 1)

Then we have that:

1ife=1

5 ifz=2
px(z) = % ifz=3

2 ifx=4

0 otherwise

Let Z = X2. Then we have:

1 ifz=1

5 ifz=4
pz(2) = % itz=9

= if2=16

0 otherwise

E[Z) = 3(1) + 2(4)
1 )2

9
Var(Z) = 1(%2 (54)2 + 2(=22)? = 1388 ~ 29.96.

7

4. Define the following two random variables:

Y = number of undergraduate students who get an A

Z = number of graduate students who get an A

Page 5 of 8



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2008)

Each of these is a binomial random variable. Their PMFs are:
250\ [/ 1\Y [2\*0¥
ro = () (5) ()
50\ /1)
) = (7))
(a) We wish to find the PMF of X =Y + Z.

px(z) = > pvizy.2)

() [(y+2)=x

= Z py(y)pz(z) (Y and Z are independent)
(y:2)|(y+2)=z

min(xz,50 r—1 —x+1
ST GO RGP0, 0 <@ < 250;
= e om0 () (30 (20) ()77 (30 =+, 251 < 2 < 300;
0, otherwise.

Notice how closely the PMF of X defined as a function of the PMF of Y and Z resembles
the convolution operation.

(b) Define random variables X7, Xo, ..., X300 by

Y, 1, if student i gets A;
10, if student ¢ does not get A.

Then X = X; + X9 + -+ + X300, and since E[X] = 25’201 E[X;], the problem reduces to
computing E[X;].
The computation of E[X;] is simplified by the total expectation theorem. Consider the
numbering of the students to be random, irrespective of the student being an under-
graduate or graduate. To have short expressions in the following, let A; be the event
that student ¢ is an undergraduate. Then

1 250 50 13

C C 1
E[X;] = E[X; | 4]P(4;) + E[X; | Af]P(4f) = 3300 72 300 36

and E[X] = 300E[X;] = 325/3.
(c) E[W]=FE[X]+2=325/3+2=2331/3
5. The problem statement says that a topping 7 is added to a pizza independently of all other
toppings and the toppings on all other pizzas. Therefore, the number of pizzas with a certain

topping ¢ is independent of the number of pizzas with another topping j, and we may say
that:

PNl,N2,N3,N4 (nl’ n2z,ny, 7”L4) = PN1 (nl)PNz (n2)PN3 (n3)PN4 (’I’L4)
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G1f.

Gaf.

Now we have to find the distribution Py;(n;) for each topping i. The distribution will be
binomial where we equate each of the n pizzas with an independent trial and p; with the
probability of success for each trial. Because p; = 27°, we get:

Py, (n;) = (")2—"“(1 — 27N ) <ny <
ng
and
=4

PNy Ny Ng, N (1, 12, m3,m0) = T ] <
i=1

77;)2_"”(1 - 2_7;)”_7“7 0< ny,n2,ng,ng <N
Let Xi, Xy, ..., X,, be independent, identically distributed (IID) random variables.

We note that
BIXy + -+ Xp| X1 + - + X, = 20] = 0.

It follows from the linearity of expectations that

o = EXi+ 4+ X, X1+ + X, = ]
= EXi|Xi+ -+ X, =20) + -+ EX,| X1+ + X,, = 7]

Because the X;’s are identically distributed, we have the following relationship.

EX;|Xi+ -+ X, =20 =E[X;| X1+ -+ X, =2, forany 1 <i<n,1<j<n

Therefore,
nE[X1| X1+ -+ X, =z = a0
x
EXi|Xai+--+ Xp =120 = ;0-
(a) For each i =1, 2, ...,n, let X; be the number of beans in jar i.

The crucial observation is that X; has a binomial PMF. Consider each bean. It chooses
a jar independently and uniformly. Thus, the probability the bean lands in jar 7 is
%. There are m jelly beans, so X; is distributed like a binomial random variable with
parameters m and % Thus, we obtain

px.(k) = (Z‘) <%>k<1—%>m_k,k:0,1,...,m

E[X;] =

=13

(b) For each k=0, 1, ...,m, let Y} be the number of jars that have exactly k beans.
Define indicator random variables I, I>, ..., I, as follows: I; is 1 if jar ¢ has exactly k
beans, and 0 otherwise. With this definition, Yy = """ ; I;. By linearity of expectation,
we see that E[Yy] =" | E[L].

To calculate E[[;], note that E[I;] = P(X; = k) = px,(k). From (a), we know that
px.(K) = (7) (2)" (1= 1Y, This means E[Yi] = n-(7) (2)" (1 = 1)" " and E[Yy] =
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(¢) To determine the desired probability, we will compute 1 — P(some jar is empty). Define
events A;,i = 1,2,...,n such that A; is the event {X; = 0}, i.e. that jar i is empty.
Then, P(some jar is empty) = P(4; U Ay ... U A,,). We will use the inclusion-exclusion
principle to calculate the probability of the union of the A; (see chapter 1, problem 12
for a detailed discussion of the inclusion-exclusion principle).

The inclusion-exclusion formula states

P(AjUAy. . UA,) =) PA)— > PANA)+ Y PANANA)+
i=1 1<i<j<n 1<i<j<k<n
A (=D)TIP(AI N Ay N AY).

Let us calculate P(A; N Ay ...NAg) for any k < n. This intersection represents the event
that the first k£ jars are all empty. The probability the first k jars are empty is simply
the probability that every bean misses these k jars, which is (1 — %)m By symmetry,
this formula works for any fixed set of k jars. Plugging this into the inclusion-exclusion
formula, we get

P(A1UA2...UAn):Zn:<1—%>m— > (1—%>m+ > (1_%>m+

1<i<j<k<n

To simplify this expression, consider the first sum. There are n terms in the sum, so the
first sum is just n (1 — %)m In the next sum, there are (g‘) terms. In general, the k**
sum has (Z) terms. Thus, we get

P(A1UA2...UAn):n<1—%>m— <Z> <1—%>m+ <g> <1—%>m+...
-

We subtract this probability from 1 to get the final answer,
P(every jar receives at least one jelly bean)

= 1 — P(some jar is empty)
= 1—P(A1UA2...UAn)

(=) G 03 e (e =)

- Eer -

(We can leave out the k = n term since that term is always 0.)
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