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1. (a) The prior PDF of Θ is

fΘ(θ) =

{
1 if 0 ≤ θ ≤ 1
0 otherwise

and the conditional PDF of the observation is

fX|Θ(x | θ) =

{
1
θ if 0 ≤ x ≤ θ
0 otherwise

We can easily compute

fΘ,X(θ, x) = fΘ(θ)fX|Θ(x | θ) =

{
1
θ if 0 < x ≤ θ ≤ 1
0 otherwise

and

fX(x) =
∫ 1

0
fΘ(θ)fX|Θ(x | θ) dθ =

∫ 1

x

1
θ

dθ = ln
1
x

.

Using Bayes’ rule, we obtain the posterior PDF of Θ

fΘ|X(θ | x) =
fΘ(θ)fX|Θ(x | θ)

fX(x)
=

{
1

θ ln 1
x

if 0 < x ≤ θ ≤ 1

0 otherwise

(b) Similar to the case when n = 1, we have

fX1,...,Xn|Θ(x1, . . . , xn | θ) =

{
1
θn if 0 < xmax ≤ θ ≤ 1
0 otherwise

where
xmax = max{x1, · · · , xn}.

We can now obtain the joint distribution of X1, . . . , Xn for n > 1:

fX1,...,Xn(x1, . . . , xn) =
∫ 1

0
fΘ(θ)fX1,...,Xn|Θ(x1, . . . , xn | θ) dθ =

∫ 1

xmax

1
θn

dθ

=


1

xn−1
max

−1

n−1 if 0 < xmax ≤ 1
0 otherwise

The posterior PDF of Θ is therefore

fΘ|X1,...,Xn
(θ | x1, . . . , xn) =

{
c(xmax)

θn if 0 < xmax ≤ θ ≤ 1
0 otherwise

Where c(xmax) = n−1
1

xn−1
max

−1
is a normalizing constant that depends only on xmax.
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2. (a) From Bayes’ rule, the posterior PDF of Θ has the form

fΘ|X(θ | x) =

{
c(n, x) fΘ(θ) θx (1 − θ)n−x if 0 < θ < 1

0 otherwise

where c(n, x) is a normalizing constant (independent of θ).

(b) Substituting, we have the posterior PDF of Θ

fΘ|X(θ | k) ==

{
θα+x(1−θ)β+n−x

C(α,β,n,x) 0 < θ < 1
0 otherwise

,

where C(α, β, n, x) is again the normalization constant. The posterior PDF is also a beta
density, with parameters α′ = α + x and β′ = β + n − k.
The graph below illustrates the prior for α = 1, β = 1 and the resulting posterior for n = 8
and x = 1, 3, 4:
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