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1.

(a)
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November 20, 2008

We will decide the alternative hypothesis is true if

fxe(z | Dpe(l) = fxe(z|0)pe(0)
2c-p > 1-(1—p)
r > 12—pp7 for z € [0,1].

If p = 1/2, the rule above corresponds to = > 1/2.
If p = 2/3, the rule above corresponds to x > 1/4.

If p = 1/3, the rule above corresponds to > 1. In other words, we will always decide that
the null hypothesis is true. Since the threshold is a monotonic function of p, this is true for
any p < 1/3.

If the null hypothesis is true, the error occurs when we decide the alternative hypothesis
was true. For p = 2/3, this corresponds to the event {X > 1/4}. Therefore,

o) 1
P(error|@:0):P(X21/4|®:0):/ fo(x | 0)dx = [ 1dx =3/4.
1/4 1/4

Similar to the computation above, we find for p > 1/3

o l-p i a_m_ [~ [t . 1-p 3p-1
P(error[@-O)—P(XZ2p|@—0)—/12_ppfx|@(x|O)dx—/g_;ldx—l— 3 = o
1— = = 1-p)\?2
P(error[®:1):P(X<7p|@:1):/ pr|@(x\1)dx:/ p2XdX:(p> .
2p —o0 0 2p

Now using the total probability law, we find

P(error) = P(error | © = 0)pe(0) + P(error | © = 1)pe(1)
Br=D0-p)  (=p?_ (=p)Gp-1)

2p 4p 4p

For p < 1/3, we will always decide on the null hypothesis, and the resulting probability of
error is

P(error) = P(error | © = 0)pe(0) + P(error | © = 1)pe(1) =0- (1 —p)+1-p=p.

For the boundary value of p = 1/3, both formulas yield P(error) = 1/3.

Page 1 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2008)

2. (a) We first find the posterior distribution for ©:

pxje(k | 0) - fo(0)
px (k)
pxje(k | 0) - fo(0)

Io pX|9(k |t)- fo(t)dt
(00" (1—0)h .1
Jo (1) tk (1*75)(” k). 1dt

(b) - 0% - (1—0)"
()fo (1 t)”kdt
6k . (1 —6)n=h)

K(n_k)!
Tern—Rt 1)l
(n+1! (n—k)
_ T gk _ )
El(n — k)! " (1-9)

foix (0| k) =

To find the MAP estimate, we need to find the value 6 that maximizes the posterior. We
differentiate the posterior PDF and set the derivative to 0 then solve for 6, obtaining,

kOF (1 —0)"F —(n—k)oF(1—0)" 1 =0
which yields

- k
Onap (k) = -

(b) The conditional mean estimate can be found by integrating

1)!
EO|X =k = /ek,” 65 (1—6)" ) dg
(n+1) / k1 (n—k)
= — 7 (1=
=k Jo (1—6)™dé
_ (n+1) (Rt Dn—k)
 kl(n—k)! (n+2)!
k41
on42
and
. k+1
:E X: - .
Ocr(k) = E[© | =3

(¢) The conditional mean estimator adjusts the counts of both heads and tails by 1 each in the
formula above.

Page 2 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2008)

(d) We recompute the conditional distribution using this new prior

pxje(k | 0) - fo(0)
px (k)
pxje(k | 0) - fo(0)
Jo pxj0(k | 1) - fo(t)dt
(1) - 0% - (1 — g)(n=k) . 2 (1=0)°

foix (0] k)

_ B(a,8)
T lym n—k)  te(1-t)8
Jo ()t (L= )b G0 ar
() pag 0 (L —g)HEP

(D) - ey Jo - (L= )R +0dn
gkto (1 - 0)(nfk)+ﬂ
fol thta . (1— t)(n—k)-i-ﬂdt

(104 0) sy g
S Gt ke’ A-0mH

To find the MAP estimate, we differentiate the posterior PDF and set the derivative to 0
then solve for 6, obtaining,

(k + a)ekJrafl(l o H)nkarﬁ _ (n —k+ ﬂ)@kJra(l i 9)n7k+ﬁ—1 -0
which yields

k+«a
n+a+p

and we can compute the conditional expectation similarly as we had done before,

Oniap (k) =

(n+1+a+8)!

EO0|X =k = 065 . (1 —g)nRts. do
&1 ) / ) (k+a)l(n—k+pB)!
(n+14a+p) kta+l (1 p)\(n—k)+p

(k+a)l(n—k+ B)! /9 %) d0

m+l+a+pf)!  (F+a+1)!(n—k+p)

(k+a)(n—k+p8) (n+a+p8+2)
B k4+a+1
T n+a+p+2
and
k4+a+1

Note how the prior affects the estimators.
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