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1. (a) We will decide the alternative hypothesis is true if

fX|Θ(x | 1)pΘ(1) ≥ fX|Θ(x | 0)pΘ(0)
2x · p ≥ 1 · (1− p)

x ≥ 1− p

2p
, for x ∈ [0, 1].

If p = 1/2, the rule above corresponds to x ≥ 1/2.
If p = 2/3, the rule above corresponds to x ≥ 1/4.
If p = 1/3, the rule above corresponds to x ≥ 1. In other words, we will always decide that
the null hypothesis is true. Since the threshold is a monotonic function of p, this is true for
any p ≤ 1/3.

(b) If the null hypothesis is true, the error occurs when we decide the alternative hypothesis
was true. For p = 2/3, this corresponds to the event {X ≥ 1/4}. Therefore,

P(error | Θ = 0) = P(X ≥ 1/4 | Θ = 0) =
∫ ∞

1/4
fX|Θ(x | 0) dx =

∫ 1

1/4
1 dx = 3/4.

(c) Similar to the computation above, we find for p > 1/3

P(error | Θ = 0) = P(X ≥ 1− p
2p

| Θ = 0) =
∫ ∞

1−p
2p

fX|Θ(x | 0) dx =
∫ 1

1−p
2p

1 dx = 1−1− p
2p

=
3p− 1

2p
.

P(error | Θ = 1) = P(X <
1− p
2p

| Θ = 1) =
∫ 1−p

2p

−∞
fX|Θ(x | 1) dx =

∫ 1−p
2p

0
2x dx =

(
1− p
2p

)2

.

Now using the total probability law, we find

P(error) = P(error | Θ = 0)pΘ(0) + P(error | Θ = 1)pΘ(1)

=
(3p− 1)(1− p)

2p
+

(1− p)2

4p
=

(1− p)(5p− 1)
4p

.

For p ≤ 1/3, we will always decide on the null hypothesis, and the resulting probability of
error is

P(error) = P(error | Θ = 0)pΘ(0) + P(error | Θ = 1)pΘ(1) = 0 · (1− p) + 1 · p = p.

For the boundary value of p = 1/3, both formulas yield P(error) = 1/3.
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2. (a) We first find the posterior distribution for Θ:

fΘ|X(θ | k) =
pX|Θ(k | θ) · fΘ(θ)

pX(k)

=
pX|Θ(k | θ) · fΘ(θ)∫ 1

0 pX|Θ(k | t) · fΘ(t)dt

=
(n
k

)
· θk · (1− θ)(n−k) · 1∫ 1

0

(n
k

)
· tk · (1− t)(n−k) · 1dt

=
(n
k

)
· θk · (1− θ)(n−k)(n

k

) ∫ 1
0 ·tk · (1− t)(n−k)dt

=
θk · (1− θ)(n−k)

k!(n−k)!
(k+n−k+1)!

=
(n + 1)!

k!(n− k)!
θk (1− θ)(n−k)

To find the MAP estimate, we need to find the value θ̂ that maximizes the posterior. We
differentiate the posterior PDF and set the derivative to 0 then solve for θ, obtaining,

kθk−1(1− θ)n−k − (n− k)θk(1− θ)n−k−1 = 0

which yields

θ̂MAP(k) =
k

n
.

(b) The conditional mean estimate can be found by integrating

E[Θ | X = k] =
∫ 1

0
θ

(n + 1)!
k!(n− k)!

θk (1− θ)(n−k) dθ

=
(n + 1)

k!(n− k)!

∫ 1

0
θk+1 · (1− θ)(n−k)dθ

=
(n + 1)

k!(n− k)!
· (k + 1)!(n− k)!

(n + 2)!

=
k + 1
n + 2

and

θ̂CE(k) = E[Θ | X = k] =
k + 1
n + 2

.

(c) The conditional mean estimator adjusts the counts of both heads and tails by 1 each in the
formula above.
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(d) We recompute the conditional distribution using this new prior

fΘ|X(θ | k) =
pX|Θ(k | θ) · fΘ(θ)

pX(k)

=
pX|Θ(k | θ) · fΘ(θ)∫ 1

0 pX|Θ(k | t) · fΘ(t)dt

=

(n
k

)
· θk · (1− θ)(n−k) · θα(1−θ)β

B(α,β)∫ 1
0

(n
k

)
· tk · (1− t)(n−k) · tα(1−t)β

B(α,β) dt

=

(n
k

)
· 1

B(α,β) · θ
k+α · (1− θ)(n−k)+β(n

k

)
· 1

B(α,β) ·
∫ 1
0 tk+α · (1− t)(n−k)+βdt

=
θk+α · (1− θ)(n−k)+β∫ 1

0 tk+α · (1− t)(n−k)+βdt

=
(n + 1 + α + β)!

(k + α)!(n− k + β)!
θk+α (1− θ)(n−k)+β

To find the MAP estimate, we differentiate the posterior PDF and set the derivative to 0
then solve for θ, obtaining,

(k + α)θk+α−1(1− θ)n−k+β − (n− k + β)θk+α(1− θ)n−k+β−1 = 0

which yields

θ̂MAP(k) =
k + α

n + α + β

and we can compute the conditional expectation similarly as we had done before,

E[Θ | X = k] =
∫ 1

0
θ · θk+α · (1− θ)(n−k)+β · (n + 1 + α + β)!

(k + α)!(n− k + β)!
dθ

=
(n + 1 + α + β)!

(k + α)!(n− k + β)!

∫ 1

0
θk+α+1 · (1− θ)(n−k)+βdθ

=
(n + 1 + α + β)!

(k + α)!(n− k + β)!
· (k + α + 1)!(n− k + β)!

(n + α + β + 2)!

=
k + α + 1

n + α + β + 2

and

θ̂CE(k) = E[Θ | X = k] =
k + α + 1

n + α + β + 2
.

Note how the prior affects the estimators.
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