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1. Let © be the car speed and let X be the radar’s measurement. The joint PDF of © and X is
uniform over the set of pairs (6, x) that satisfy 55 <6 <75 and § < x <6 +5.

For any given x, the value of © is constrained to lie on a particular interval, the posterior PDF
of © is uniform over that interval, and the conditional mean is the midpoint of that interval. In

particular,

§+27.5, if 55 < x < 60,

EO|X—a={2—25 if60<z<75

§+35, if 75 < 2 < 80.

2. (a) hypothesis testing

(b) estimation

(c) The LMS (Least Mean Squares) estimator, A, is given by E[A|K = 2]. We first calculate
the posterior PDF f4 i (al2). From Bayes’ rule , the posterior PDF of M has the following
form,

Pia(2|a) fa(a)
Pk (2)

fax(al2)
Pk 4(2]a) is a binomial distribution with parameters n = 3 and p = a. Therefore,
Pra(2la) = 3a*(1 — a).
The probability , Pk (2), can be derived through the total probability theorem, in particular,
1
Pe(2) = [ Pra(2la)fa(a)da,
1
— [ 301~ @)fa(a)da
0
1
1

The LMS (Least Mean Squares), A, is therefore given by,

1
BAIK =2 = [ afalada,
1
= /12@3(1—a)da,
0
= 0.6.

d) You would expect the conditional mean, given K = 2, to move down toward 1/2 because
P g
the new density is more centered (i.e., has a lower standard deviation) about the same mean
(= 0.5) as the previous one.
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We proceed in a similar manner to (c). Since fas(m) has changed, the probability , Px(2),
is now given by,

1
.&@>=béammwmwm,

= /1 18a3(1 — a)%fa(a)da,
0
3

1_0.

The new LMS (Least Mean Squares) estimator, A, is given by,
1
BAIK =2 = [ afaula2da,

1
= /60a4(1—a)da,
0
1

2
= — =0.571.
21

3. (a) In the absence of any observation, E {(@ - é)ﬂ is minimized when § = E[O]. Since the

distribution of € is symmetric around its mean, 6 =2. Alternatively:

) ? 3 5 7
ezE[e]zfl 9(9—1)d0+/2 03— 0)ds =211 =

(b) We need to compute fo x (6,x) :
fox (8,2) = fo () fx|o (x]0)
Let us first compute fiye (w|0) :

05/(0—1) if 1<6<2, —204+3<w<1

Fre (w]) = fwe(w.0) ] 05/(3-0) if 2<0<3, —1<w<-20+5
wie  fo(9) | undefined if 6<1, orf>3.
0 , otherwise.
Hence:
05/(0—1) if 1<6<2, —0+3<zx<1+6
Frre (2]f) = 05/(3—0) if 2<0<3, —1+0<x<-0+5
Xl ~ ] undefined if <1, or 6> 3.
0 , otherwise.
we have:

) Cfo5 L e-2+lp-2 <1
fox (0,7) = fo (0) fxje (]0) = { 0 , otherwise

The region over which the joint distribution is nonzero is shown in Figure 2. Over this
region, the joint distribution is uniform. Hence, the LMS estimator equals the midpoint of
the density footprint. That is:

=E[O| X =2 =
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Figure 1: The joint distribution of ® and X is uniform over the shaded area.

(This can be verified analytically as well). Hence, 0, the LMS estimate of © is the same in
the presence or absence of observation of X. In other words, observing the value of X does
not change our estimate. Does this mean that observations of X are useless? The answer
is no. In the absence of any observation, the expected value of the square of the estimation

error is:
25 1

o[ (10 -0 2 -1}

In the presence of the observation, the expected value of the square of the estimation error
is:

E[(é—@)Q \X:x] = E[0’|X=2] -7

050200 —4 i 1< 2 <2
o o R20%d0 -4 if 2< 2 <3
B %(27—1)2 it 1<x<2
B %(x—3)2 if 2<z<3

The function is plotted below.

Figure 2: Plot of the Conditional Mean Squared Estimation Error as a function of z

For instance, whether the observed value of X is closer to 1 or to 2, our estimate of © is
0 = 2. However, in the latter case (z ~ 2), we know that we would be potentially making a larger
error than the former case (z ~ 1).
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